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LOCAL GALOIS GROUP OF IRREGULAR
¢-DIFFERENCE EQUATIONS

by Virginie BUGEAUD

ABSTRACT. — Relying on the normal forms of pure isoclinic modules with non
integral slopes, due to van der Put and Reversat, we extend the isoformal analytic
classification of Ramis, Sauloy and Zang made for the case of integral slopes. We
obtain an analogue of Birkhoff-Guenther normal forms in the case of two slopes
which are not integral. Computing Stokes operators in the case of two slopes, we
prove a theorem of classification by the H!. Moreover, we describe in a matricial
form the formal Galois group when the denominator of the slopes is fixed. Finally,
we prove a density theorem similar to that of Ramis and Sauloy to describe the
Galois group.

RESUME. —  Sur la base des travaux de van der Put et Reversat sur les formes
normales des modules purs isoclines & pentes non entiéres, nous poursuivons la
classification analytique locale des modules aux g-différences réalisée pour le cas des
modules & pentes entiéres par Ramis, Sauloy et Zang. Nous obtenons un analoque
des formes normales de Birkhoff-Guenther dans le cas & deux pentes non entiéres.
En calculant les opérateurs de Stokes dans le cas & deux pentes, nous démontrons
un théoréme de classification par le H!. De plus, nous décrivons le groupe de Galois
sous forme matricielle dans le cas ot le dénominateur des pentes est fixé. Enfin,
nous démontrons un théoréme de densité similaire & celui de Ramis et Sauloy pour
décrire le groupe de Galois.

Introduction

This article deals with linear g-difference equations. These are functional
equations defined with an operator denoted by o, which operates on com-
plex functions by o4(f(2)) = f(gz). As in differential theory, a Newton
polygon can be associated to a g-difference equation, and it gives rational
slopes.

Keywords: irregular g-difference equations, normals forms, isoformal classification,
Stokes operators, Galois group.
2010 Mathematics Subject Classification: 39A13, 34M40.
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Studying analytic linear g-difference equations is the same as studying
the systems:

Y(gz) = A(2)Y (2),

where A(z) is an invertible matrix with analytic coefficients, that is, in
K = C({z}). In this article, we study pairs (K™, ®4) which represent g¢-
difference modules and where ®4 : K™ — K" is a 04-linear automorphism
of K™ defined by ®4(X) = A~ 1o, (X).

Birkhoff and Guenther in [1] said that any g-difference system is equiva-
lent to a polynomial system, which means that the matrix A has polynomial
coeflicients. It is easy to prove that a g-difference module with only one in-
tegral slope p is equivalent to a module with matrix A of the form z#C'
where C' € GL,,(C). This form, under some additional conditions, is called
normal form.

van der Put and Reversat gave a normal form to any g¢-difference module
with only one non integral slope, considering irreducible and indecompos-
able modules. As for g-difference module with several slopes, Ramis, Sauloy
and Zhang found an explicit method to obtain a matrix with coefficients in
Clz, 271]. Nevertheless, it was only done when the slopes are integral. This
form is called the Birkhoff-Guenther normal form. Local analytic classifica-
tion, in the case of integral slopes, is partially built thanks to these normal
forms.

Another aspect of g-difference equations is Galois theory. Many ap-
proaches exist to define the Galois group associated with a g¢-difference
module (Picard—Vessiot theory by van der Put and Singer in [8], tannakian
theory...). The main difficulty compared to differential equations, lies in
the fact that the constant field is the field of elliptic functions, so it is
rather big: yet, one looks for classification and Galois theory over the com-
plex numbers.

The approach of Sauloy in [14] is analytic and uses tannakian theory.
In his article, Sauloy obtained a description of the local Galois group of
g-difference equations with null slope. Later, Ramis and Sauloy deduced
an explicit matricial description of the formal Galois group of ¢-difference
equations with integral slopes.

Local analytic classification by Ramis, Sauloy and Zhang and the con-
struction of Stokes operators enabled Ramis and Sauloy to study the local
Galois group of g-difference equations with integral slopes. They obtained
a Zariski dense subgroup of the local Galois group generated by the local
formal Galois group and by Stokes operators associated to g-alien deriva-
tions.

ANNALES DE L’INSTITUT FOURIER
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In this article, we have tried to complete local analytic classification
of g-difference modules and to compute Stokes operators in the case of
non integral slopes. The case of two slopes is totally done. We also go on
understanding local Galois theory: we obtain an explicit description of the
local formal Galois group and a density theorem to describe the local Galois
group in the case of non integral slopes. The case of three slopes or more
is incomplete here, we comment on this at the beginning of Section 2.

Contents

The complete description of normal forms associated with pure isoclinic
modules with non integral slopes, by van der Put and Reversat in [7], is
our starting point to extend a part of the results of [10], [11] and [12] about
classification and Galois group. Note that van der Put and Reversat use
Picard—Vessiot theory, while we follow a tannakian approach, so that our
results in Galois theory are mostly independent of theirs.

In the first section, we introduce notations and definitions about g¢-
difference modules. We define the Newton polygon and the slopes. We
give a new, effective proof of the theorems of [7] which describe the nor-
mal forms of g-difference modules with a unique non integral slope. We
also study the tensor product of two irreducible modules: we prove with
an explicit isomorphism that a tensor product of two irreducible modules
is a direct sum of irreducible modules. This result is one of the keys of the
isoformal analytic classification in the case of two slopes not necessarily
integral.

The second section deals with the analytic classification, it consists, as
in [12], in describing the equivalence classes of modules which have the same
graded module. We are looking for a Birkhoff-Guenther normal form for the
case of two slopes. It exists when the slopes are integral for any number of
slopes (see [12]). In the case of two slopes no necessarily integral, we prove
that any class admits a representative in polynomial form and we obtain an
isomorphism between the set of isoformal analytic classes and an explicit
quotient of a polynomial space (Theorem 2.8).

In the third section, we want to compute Stokes operators. Like in the
case of integral slopes, we start by establishing a classification by the H'!
of the vector bundle associated with a g-difference module (Theorem 3.5).
The cocycles obtained to prove Theorem 3.5 enable us to construct Stokes
operators associated with a module with slopes non necessarily integral.

TOME 68 (2018), FASCICULE 3
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The last section is devoted to Galois theory. Our approach is tannakian.
In Theorem 4.1, we give a matricial description of the formal Galois group.
The case of two slopes leads us to study also extensions of representations of
the Galois group (Theorem 4.12). Finally, proving that our Stokes operators
are Galoisian shows us the way to the density theorem. The whole Galois
group is generated by the Stokes operators obtained by iteration of the
operator o, and by the formal Galois group (Theorem 4.30).

1. Definitions
1.1. Notations

Let K := C({z}) = C{z}[27}] be the field of convergent Laurent series,
namely meromorphic germs at 0, it is the field of fractions of C{z}. Let
K := C[2][z7"] be the field of fractions of C[[z], the ring of formal power
series.

We fix ¢ € C* such that |¢|] > 1, and we define the operator o, by
04(f(2)) = f(gz), it is an automorphism of the field K (and of K). We
define also Dk, = K(aq,c;r;l} the Ore ring of g-difference operators
> Finite aiaé. It has an algebra structure, characterized by a commutation
relation: for all z € K, for all k£ € Z, O'(I;.JZ = J§($).0§. The ring Dk o, :=
K(og,0,") is left euclidean (cf. [12]).

We denote by E, the elliptic curve E, := C*/ q%, the natural projection
C* — FE, induces a bijection between the fundamental annulus C, :=
{ze C*| 1< |2| <lq|} and E,.

For all r € N*, let &, = e be a primitive rth root of unity in C. We
choose once and for all 7 € C* such that ¢ = 2™, Im7 < 0. Let ¢, = e~ 7
be a rth root of g, so that compatibility relations are satisfied: ¢ = g and

Grs = Gr-

1.2. ¢-difference modules, morphisms

General references for this subsection and the following (e.g. cyclic vector
lemma, Newton polygon, fuchsian equations...) are [13, 16].

DEFINITION 1.1. — A g¢-difference module M over (K,o0,) is a pair
(V,®) where V is a K-vector space with finite dimension and ® a o,-
linear automorphism on V', which means, for all a € K, and for all X € V,
D(aX) = 0q4(a)P(X).

ANNALES DE L’INSTITUT FOURIER
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A morphism of ¢-difference modules M = (V1,®1) — N = (Va,®3) is a
K-linear application F : Vi — V45 such that 30 F = F o ®;.

By choosing a basis of the K-vector space V', a g-difference module M
is isomorphic to a pair (K™, ® 4) where:

Pa(X)=A"t0,(X), A€GL,(K).

A morphism from (K", ®4) to (K?, ) is a matrix F' € M, ,(K) satisfying
0q4(F)A = BF'. An isomorphism from (K", ®4) to (K™, ®p) is a matrix
F € GL,(K) such that F[A] = B, where we define F[A] := o ,(F)AF~L.

DEFINITION 1.2. — Let M = (V, ®) be a g-difference module of rank n
and let e be a vector of the K-vector space V. We say that e is a cyclic
vector if the family e = (e, ®(e),...,®" 1(e)) is a basis of V.

By the cyclic vector lemma, every ¢-difference module M = (V, ®) admits
a cyclic vector e. By defining forall z € V, (31 aiof) @ := Y1 a; P (x),
then, every g-difference module is isomorphic to a module Dk 5, /D o, P
where P € Dk 4, is entire unitary; it is obtained by expressing ®"(e) as a
combination of the ®¢(e) for i =0,...,n — 1.

Let us define the Newton polygon associated with a g-difference mod-
ule. The z-adic valuation of K or K is denoted by v and defined by:
v(> apz™) = ming, xon and v(0) = —oo.

DEFINITION 1.3. — The Newton polygon associated with the operator
P =3 a0, € Dk,q, is the convex hull of {(i,7) € ZxR | j > v(a;)} in R?.

The lower boundary of the Newton polygon is made of k vectors (r;,d;) €
N* x Z ordered from left to right, the u;, = d;/r; are the slopes of these
vectors. Necessarily p; € Q and p; < -+ < pg. The Newton function
associated with P is defined by rp(p;) = r; and rp(p) = 0 otherwise.

By [12, Theorem 2.2.1}, all unitary entire P such that M =Dk, /D ., P
have the same Newton function denoted by rj;.

As a consequence, we can associate with a g¢-difference module a set of
slopes S(M) = {p1,- .., i}

A module with only one slope is said to be pure isoclinic and a module
which is a direct sum of pure isoclinic modules is said to be pure. More
particularly, a pure isoclinic module of slope 0 is called a fuchsian mod-
ule. The equivalence of this definition with the classical one by Birkhoff is
proved in [13, 16].

In the formal case (over K ), every g-difference module M is isomorphic
to My =P, @@ P where for alli =1,...,k, P;is pure isoclinic of slope
w; and rank rpz(p;).

TOME 68 (2018), FASCICULE 3
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In the analytic case, according to the canonical filtration by slopes in [16],
for all g-difference module M such that S(M) = {p1,...,ux} and p; <

- < g, there exists unique submodules such that {0} € My C --- C
My, = M, where foralli =1,...,k, P, = M;/M;_1 is pure isoclinic of slope
w; and rank 77 (p;). We denoted by gr M, the graded module P, ®- - - @ Py,
this module is pure by definition. In fact, gr is a functor from the category
of g-differences modules to the category of pure ¢-differences modules. This
functor is exact, faithful and tensor compatible (cf. [16]).

1.3. Normal forms

According to [12, 2.2.2], a pure isoclinic module with integral slope p
is isomorphic to a module of the form (K™, ®,.4), where A € GL,(C)
and Sp(A) C Cy (Sp(A) is the spectrum of the matrix A). The matrix A is
unique up to conjugation in GL,, (C). It is the normal form of the module M.
In this section, we give normal forms associated with g-difference modules
with non integral slopes. These results are due to van der Put and Reversat
in [7], but, except for Theorem 1.10 which we copy directly, we give different
proofs and a concrete description that will be needed afterwards.

1.3.1. Irreducible modules

DEFINITION 1.4. — An irreducible g-difference module is a non trivial
g-difference module which has no submodules except {0} and itself. As a
Dk,»,-module, an irreducible module is simple.

THEOREM 1.5 ([7, Proposition 1.3]). — For all irreducible g-difference
module M over K (or K), there are unique integers d € Z, r > 1 with
ged(d,r) =1, and a unique ¢ € C*, 1 < |¢| < |q|, such that:

M = E(r,d,c) := Dk o,/DPk,0, (0‘5 — qid(‘;il) c_lz_d).

Remark 1.6. — From this theorem, an irreducible module of rank r > 1
is pure isoclinic with slope y = d/r such that ged(r,d) = 1. Conversely,
a module of rank r > 1 and of slope p = d/r such that ged(r,d) = 1,
is irreducible. So, it is isomorphic to some E(r,d, c) which can be written
(K", ®p), where B is the following invertible matrix:

0 1 0

B .= :
0 1
qd(rz‘fl) cz® 0 0

ANNALES DE L’INSTITUT FOURIER
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For convenience, we will often denote ¢ by b". E(r,d,b") depends on b" and

not on the choice of b. By convention, if r = 1, E(1,d,¢) = (K, ®_,a).
More generally, every module of rank r and slope d/r (ged(d, r) = 1) will

be denoted by E(r,d,c) = (K", ®p) with ¢ € C* but no necessarily in C,.

LEMMA 1.7. — Let d € Z*, r € N* such that ged(d,r) = 1 and let
c € C*, there is an isomorphism of g-difference modules:

E(r,d,c) = E(r,d,qc).

Proof. — We identify E(r,d,c) with (K", ®5) and we denote by e =
“(1,0,...,0) the cyclic vector associated with E(r,d,c) = (K", ®). We have
D" (e) = qid(;ﬂ) c 1274 e. We take 27 “®"(e) as a new cyclic vector where

u,v € Z are Bezout’s coeflicients such that ur + vd = 1. Indeed,

" (qu¢'u(e)) _ qf(urJr'ud)q

= m1,d 274D (e). O

Remark 1.8. — We set K, := K(2/7), it is an extension of the field
K, and the automorphism o, extends o4: 04, (f(2)) = f(gr2') where 2’ =
2'/7. Then (K, 04, ) is gr-difference field and the slopes are calculated with
the 2’-adic valuation associated with K,.. The operation of ramification on
M consists in defining the g,-difference module M’ = K, ® M, where if
M = (V,®) then M’ = (V',®'), V! = K, @k V and ®' = 0, @ ®. If
wi are the slopes of M, the slopes of M’ are ru;. If M is irreducible and
M = E(r,d,c), we choose b € C* such that ¢ = b", a matrix A such that
(1\4/7 (I)M/) = (K:,, q)zd/rA) is:

&b
A=

gﬁr—l)b

The matrix of the isomorphism G over K, such that o, (G) B = 2¥/"A G
is:

1 1 g1
& g7 92 0
a=| &° &4
é.f(rfl) 572(7"71) 1
T T v gr
e CoAG-D(@r—i) dli—
where g; = qd< 7 br—'qr * qr dr=1), == 1y fact, these equations

stay valid if d and r are not coprime.

TOME 68 (2018), FASCICULE 3
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1.3.2. Indecomposable modules

DEFINITION 1.9. — An indecomposable g-difference module over K or
K, is a non trivial g-difference module which can not split into the direct
sum of two g-difference submodules.

THEOREM 1.10 ([7, Corollary 1.6]). — Let M be a pure isoclinic inde-
composable g-difference module over K (or K ). There are unique integers
deZr >1and m > 1 such that ged(d,r) = 1 and unique ¢ € C*
satisfying 1 < |c| < |q| such that:

M= E(r,d,c) @k Uy, .

U, is the unipotent g-difference module (K™, ®y. ) (or over K), where
Wi € GL,,,(C) is the Jordan block of rank m:

1 1 0
Wi = o1
0 1

(For the definition of the tensor product, see 1.4).

Remark 1.11. — If M is indecomposable over K then M is automat-
ically pure isoclinic because in the formal case, M is a direct sum of its
maximal pure isoclinic submodules.

Theorem 1.10 tells nothing about an indecomposable g¢-difference mod-
ule with several slopes. The study of modules with several slopes will be
done in Section 2. Nevertheless, a pure isoclinic module is a direct sum of
indecomposable pure isoclinic modules, therefore we have a normal form
for every pure isoclinic g-difference module.

1.4. Tensor product

The tensor product of two g-difference modules M = (V,®) and N =
W) is M@N =(Vor W, ®®¥) where & ® ¥ is the unique o4-linear
automorphism of V ®x W such that z ® y — ®(z) @ U(y).

Convention. — Let us write eq,...,e,, for the canonical basis of K™
and fi,..., fn the one of K. The family (e; ® f;);; form a basis of K™ ®
K"™. We will use convention “®” to identify K™ ® K™ with K™,

It consists in taking basis C = (1 ® fr,e2®@ f1,..,6m @ f1,...,61 ®
frs-oorem @ fn). Let A = (a;;) € My (K) and B = (b; ;) € M, (K) two

ANNALES DE L’INSTITUT FOURIER
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matrices. With this convention, tensor product of A and B is denoted by
A& B and we have:

Ab171 Abl’g
A6 B— Aby1 Abgo
Abn,l Abn,n

LEMMA 1.12. — If F,G are matrices in M,, ,,(K) then AFB = G fif,
and only if, (A &® tB)ﬁ’ = G, where F is the vector Hfiay fots ooy fndse oy
flma ey fm,n)-

Proof. — Straightforward computation left to the reader. g

Let us have look at the tensor product of two irreducible modules. An
irreducible g-difference module with an integral slope 1 € Z is necessarily of
rank one and of the form (K, @4« ). We saw that an irreducible module with
non integral slope is of the form E(r,d, c). We will give explicit formula for
the tensor product of two irreducible modules. It is mentioned in [7, p. 681],
we will give more details in 1.13 and 1.14.

ProproOSITION 1.13. — The tensor product of an irreducible g-difference
module with non integral slope % and an irreducible module with integral

slope u € Z, of rank one, is isomorphic to an irreducible g-difference module
of slope 4EHT .

E(r,d,c) ® (K, ®u.u) = E(r,d+ pr,ca”);
this isomorphism is explicit.

Proof. — The matrix G = diag(1, az", azto4(az"),...) realizes this iso-
morphism. O

When the two irreducible modules have non integral slopes, we obtain a
direct sum of irreducible modules with the same slope.

PROPOSITION 1.14. — Let E(rq1,dy,b]") and E(rq,d2,b5?) be two ir-
reducible g-difference modules. Let p = ged(ry,72), m = lem(ry,r3) and
d € Z, r > 1 such that ged(d,r) = 1 and f—i +f—§ =% and k := . We have
an isomorphism of g-difference modules:

p/k k—1k—1
E(r1,dy, b") ® E(ra, da,05*) = D EP P E(r,d, ¢}, & (b1ba)").
r=1 i=0 j=0
Proof. — 1t is a consequence of the two following lemmas. O

TOME 68 (2018), FASCICULE 3
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LEMMA 1.15. — Let E(ry,dy,c1) and E(ry,ds,ca) two irreducible g-
difference modules. Let ¢; = b} and co = by?. We have an explicit isomor-
phism of g-difference modules which does not depend on the choice of by
and by:

|
—

p
E(Th dl) b"lnl) ® E(T27 d27 bgz) = E(ma tv qiu2d1 (ble)m)

[

I§
o

where p = ged(ry,72), m = lem(ry, r2), 11 = puq, ro = pug, t = uad; +u1d2.
E(m t,al") represents a q-difference module of rank m, of slope % - =
% + %‘ and is equal to (K™, ® 4,) where A; has the following form:

0 1 0
A; = : E where a" = ¢"2% (byby)™
0 1
al qt(mz =2t 0 L0
Remark 1.16. — The modules F are not a priori irreducible and ¢ and

m are not coprime. This lemma introduces an asymmetry that we correct
in the Proposition 1.14.

Proof. —Let M,; = E(r;,d;,b;") = (K", ®;) where ®; := ®p,. The
vector e = (1 0,...,0) of rank r; is a cyclic vector associated with M,
indeed, ¢ = (e, ®1(e),..., P~ Le )) is a basis of K" and ®}'(e) =

Ml)l—”z*dl e. Thus ®;(e) = eBy . If we denote by f the cyclic
vector associated with Mas, we have ®32(f) = qwbgmz_d2 I

We are looking for a basis of K™ ® K" formed with cyclic vectors for
® = &1 ®Ps. The vector e® f is not cyclic, indeed if m = lem(rq, r2) < r1ra,
the family (e® f, ®(e® f),..., " (e® f)) is free over K but if m # r1ra,
it is not a basis. Let p = ged(ry,r2), the family

e® f, ®1(e) @ Da(f),..., 07 H(e) @ BT L(f),
1(e) ® f, D1(e) @ Ra(f),..., @' (e) ® 2571 (f),

@ﬁ’*l(e) R f, @f(e) ® Do(f),..., (I)€71+m71(e) ® @gn_l(f)

is a basis B of K™ ® K™ which is then identified by K""?, and the matrix
of @ has the wished form. |

We have something better thanks to the following lemma which allows
to see the modules E as a direct sum of irreducible modules:

ANNALES DE L’INSTITUT FOURIER
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LEMMA 1.17. — We have an explicit isomorphism of g-difference mod-
ules:

E(m,t,a™) = P E(r,d, &a")

where ged(d,r) =1, m = kr and £ =

Proof. — Tt is clear that the vector e = *(1,0,...,0) is cyclic for the
module E(m,t,a™) =: (K™, ®) that is {e, ®(e), ..., ®™ !(e)} is a basis of
—t(m—1)

K™ and ®™(¢) =a ™q— 2z 2 'e.
We are looking for vectors fy, f1,..., fr—1 such that the family

{fO’(I)(fO)v"'vq)( g_l)""vfk—la”-aq)ril(fk—l)}

—d(r—1)

is a basis of K™ and ®"(f;) = fk_ja_’”q = 274 f;. We write

fj = aj(ye + ag(j)qﬂ(e) + -+ ak(j)fbm_"(e)

and we verify that a;;) = f,ijci with ¢; = a_m‘”’"q7(16271”’"(k+i_2)_1z(i_1)d,

is suitable. The transition matrix from the basis {e, ®(e),...,®™ 1(e)}
to {fo,®(fo),---, "1 (fo), -y fo_1,---, " 1(fx_1)} is the matrix of the
isomorphism. O

2. Isoformal analytic classification

In this section, we want to study the analytic classes of g-difference mod-
ules over K whose graded module is fixed (we will define this notion later).

When slopes are integral, according to [12], it leads to the normal form of
Birkhoff-Guenther™™ and it gives an explicit matricial normal form for the
representatives of the classes. Here, we choose the same approach allowing
non integral slopes. We will use the same tool: an adapted g-Borel-Ramis
transform and we obtain normal forms with polynomial coeflicients. How-
ever, we are only able to treat the case of two slopes, when one or two
slopes are not integral. Our method does not work with three slopes or
more. Indeed, as shown by the computations in [15], upper levels involve
nonlinear formulas for which I have found no equivalent in the case of non
integral slopes.

(1) These authors also use a cohomological description inspired by the theorem of
Birkhoff-Malgrange—Sibuya, we shall follow that method in Section 3 for two arbitrary
slopes.

TOME 68 (2018), FASCICULE 3
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2.1. The space of isoformal analytic classes

We fix a class My = P; & --- @ P, where P; is pure isoclinic of slope
i € Q and of rank r; € N*. Moreover, we suppose 1 < --- < ug. As M
is a direct sum of pure isoclinic ¢-difference module, the class My can be
identified with a formal class.

DEFINITION 2.1 ([12]). — F(P,..., Py) is the set of equivalence classes
of pairs (M,w) with M a g-difference module over K and u : gr M — My
an isomorphism, where (M,u) ~ (M’ «') if there exists a morphism f :
M — M’ such that w =’ ogr f and f is automatically an isomorphism.

According to [12, Theorem 3.1.4], the set F(Py,..., Py) is an affine space
of dimension over C 7, rir;(p; — i)

In term of matrices, the fixed formal class is My = (K™, ® 4,) and every
class of F(P,...,Py) can be represented by My = (K™, ®4,,) where

By 0 By Ui j
(2.1) Ao = , Ay = .
0 By, 0 By,
Vi<i<j<k, Uy;e€M,, (K)

each matrice B, € GL,,(K) represents the pure isoclinic module P, =
(K™, ®p,) of slope y; and rank r; (we generally denote M, ;(K) the space
of r X s matrices over K).

We will denote by [My] the class of the module My in F(Py,..., Py). A
morphism respecting the graduation from M to My is a matrix:

I, Fi;
(22) F= Vi<i<j<k, Fij€M,,, (K)
0 I,

k

such that o4(F)Ay = Ay F. The set of matrices of the form (2.2) forms a
unipotent algebraic subgroup of GL,, that we denote by &, .. ,,..

Two modules My and My are equivalent if there exists an isomorphism
F e &, . (K)suchthat F[Ay] = Ay, in this case, we denote My ~ My
and AU ~ Av.

When the slopes are integral, u; € 7Z, the matrices associated with P;
have the form B; = z# A;, A; € GL,;,(C). According to Proposition 3.3.4
p. 40 of [12], a class of F(Py,..., P;) admits a unique representative with
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the associated matrix:
ZM Ay Ui,j f—1
_ . L .
Ay = . Vi<i<j<k, UyjeM.,,|&cCz
0 ZHk Ay l=p;

This is called the normal form of Birkhoff-Guenther.

2.2. The case of two slopes: extensions

As we shall see, the space of isoformal analytic classes with two slopes is
special because it is a vector space over C. Moreover, thanks to the normal
forms of pure isoclinic modules with integral slopes or not, we finally have
to study only one case: F(FE,1) in the above F is an irreducible module.

Let P; and P, be two pure isoclinic ¢-difference modules with slopes
w1 < po. The space F(Py, P2) is C-vector space which can be identify with
Ext(P,, Py), which is the C-vector space of the extensions of the ¢-difference
module P, by the g-difference module P; (cf. [12, Proposition 2.3.9 p. 25];
our Ext can be identified with the Ext' space of homological algebra for
Dk, ,-modules, this allows us to use [3]).

Let P, = (V1,®1) and P, = (Va, ®35) be two pure isoclinic g-differences
modules of slopes p11 < p2. An extension of P, by P; is an exact sequence
of g-differences modules:

0P —M-—>P,—0

giving an exact sequence of K-vector spaces: 0 - V3 — V — V5 — 0 where
M = (V,®). The following diagram is commutative:

0 1 % % 0
\L{H l@ i<1>2
0 1 \%4 Vo 0.

For ¢ = 1,2, P; is isomorphic to (K™, ®4,), A; € GL,,(K), an extension
of P, by Py is a module of the form My = (K™+"2 &4, ) where:

0 A
We can easily see that Ay ~ Ay if, and only if, Ag ~ Ay _y:
Ay~ Ay & 3 F € My, 5, (K),00(F)As+U = A1 F+V
S 3IAF € My, n,(K),040(F)Ay — A1 F =V - U.

AU:<A1 U), U € My, n,(K).
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We notice that F(Pj, P;) can be identified with the cokernel of X +
04(X)As — A1 X in My, »,(K) which is isomorphic to the cokernel of
X = 0,(X) — A1 X A in My, o, (K).

We have EXt(PQ,Pl D Pg) = EXt(PQ,Pl) D EXt(PQ,Pg) (Cf [12]) that
gives the following isomorphism: F(P; & Ps, Py) = F(Py, P2) ® F(Ps, Ps)
which is defined by:

(2.3) [My] = [(K™ 772, D 4,)] = ([My, ], [My,])
where My, = (K™*"2,®y,, ), My, = (K™, &4, ) and by identifying
Py with (K™, ®p,) and P with (K™, ®p,),

By 0 U

B, U B;y U
Ap=|0 By U], Ay, = (01 Bl) Au, = (03 BQ>’
0 0 B 2 2

U1 S Mnl,ng(K)v U2 S Mn37n2(K).

Moreover, Ext(Ps, P1) & Ext(1, Py ® P;) (cf. [12]), then we have an
isomorphism: F (P, P») & F(P, ® Py,1) where Py is the dual of P,. This
isomorphism is defined by:
(2.4) [My] = [(K™7"2,®4,)] = [M{p] = (K™, @ )]
where,

(B U

Ay = (0 Bz)’ U e My, n,(K)

B &BY U

o
andA,—< 0 1

)’ U' =UBy" € My, 1 (K).
It is well defined, indeed My is equivalent to My if, and only if, there exists
F € My, n,(K) such that:
04(F)By = BiF +U & 0,(F) = BiFB;' + UB; "
&0, =B &BYF +UB;*
where By = tB{ ! is the matrix associated with Py. The last equation
means that M is equivalent to M{,,.
PROPOSITION 2.2. — The module M’ is a pullback:
M’ = (M & PBY) xpyopy 1.
Proof. — We have the following exact sequence:

0—->P—M— P,—0.
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By tensoring by Py, it becomes (since tensoring is exact in this tannakian
category):

(2.5) 0>PL@P - M®P) - P,®P) —0.

Let M" = (M ® Py') xp,gpy 1 (using the usual operator 1 — P> ® Py of
rigid categories); we have the following lemma:

LEMMA 2.3. — The following diagram of exact sequences of q-difference
modules is commutative:

0——=P P —=M®P) —=P, P/ ——=0

S

0——> P, @ Py M 1 0.

Remark 2.4. — This a general lemma (see for example [12] or [3]). We
give here an explicit matricial proof.

Proof of the lemma. — For convenience, we denote P; = (V1,®1), Py =
(Va, ®3). We have M = (V} x Vo, ®,,) such that

Dy (21, 2) = (P1(71) + u(w2), P2(72)),

u € Ly, (Va, V1) (the set of the og-linear maps from V3 to V1), with the point
of view of matrices, u corresponds to —B;U By ‘o, (since &y = (Ay)~'ay).
From now, we identify N ® Py’ = Hom(P,, N), where by definition, the in-
ternal Hom of M = (V,®) and N = (W, ¥), denoted by Hom (M, N), is the
g-difference module (L(V,W),Tp v) where To ¢ is the o,-linear automor-
phism defined by: f + Wo fo &1

The exact sequence of g-difference modules (2.5) becomes:

0 — Hom(P,, P;) — Hom(P2, M) — Hom(Ps, P;) — 0.
Indeed, we have an exact sequence of the underlying K-vector spaces:
0— L(Vo, V1) = L(Vo, V1) x L(Va,Va) = L(V3,V3) — 0

with £(V5, V1) provided with the o,-linear automorphism f +— ®;0 fod; !,
L(Va, Vo) provided with the o -linear automorphism g + ®5 0 go ®; ' and
L(Va, V1) x L(Va, Vo) provided with the o4-linear automorphism

(f,9) = ulf,9) = @uo(f.9)o®s " = (Rrofo®y ' +uogo®y !, Progo®y ).

Therefore, the module Hom( P, M) is an extension of ¢-difference mod-
ules Hom(P», P») by Hom(P», P;) which corresponds to the element g —
©Uogo <I>51 of Lo, (L(V2,Va), L(V2,V1)).
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According to [3] (Algebra, chapter X on homological algebra, p. 113),
we have a morphism Hom (N, M) x Ext(M, M') — Ext(N, M’). Replacing
N by 1, M by P, ® Py and M’ by P, ® Py, we make the pullback with
the morphism 1 — Hom(Ps, P») and we obtain (keeping only the degree 0
terms of the Fxt sequence):

0 0
Hom(Ps, P;) ——%— Hom(P,, P,)
(2.6) Hom (P2, M) X Hom(P,,p,) L — Hom (P2, M)
1c Hom (P, P»)

0 0.

As far as the underlying K-vector spaces are concerned, the second exact
sequence of the diagram gives the exact sequence of K-vector spaces:

0 — L(Va, Vi) = (L(Va, Vi) x L(V2,V2)) Xzva,ve) K = K =0

with £(Va, V1) provided with the o,-linear automorphism f — @, Of0®51,
K provided with the o,-linear automorphism oy.

And vet, (K(Vv%vl) X E(‘/Q,va)) XL(Va,Va) K = {(f7g7)‘) | 9= >‘Id} =
{(f,A)}, so it is provided with the o4-linear automorphism W, x o¢|{(f,1)}:

(0 = (@10 f 005" +0,(Nuo@3h),0,(N).

The module M" corresponds to the extension of 1 by (£L(Va, V1), ®1 @ ®Y)
defined by the element of L, (K, L(Va, V1)), A — 04(A)(uo ®;"). Notice
that u o @51 is associated with the matrix —BlUBngz = —B,U. This
ends the proof of the lemma. O

With the same notation as the lemma, M’ is identified with the module
(L(Va, V1) x K, ®,) where ®,(f,\) = (&1 0 fo®,' 4+ o,(M\)v,0,()\)), v €
Lo, (K, L(Vz,V1)), with a matricial point of view v corresponds to —B1Ua,.
It is exactly the module M’ defined, as a consequence, there are the same
modules. This ends the proof of the proposition. O
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A pure isoclinic module of slope p € Z is isomorphic to a module of the
form (K™, ®.u4), by Jordan’s decomposition of A, it is isomorphic to a
module of the form @,(K, ®4,.x) ® Uy,,, where a; € Cy is an eigenvalue
of A.

A pure isoclinic module with non integral slope is a direct sum of inde-
composable modules, so it is isomorphic to @, E(r,d, ¢;) ® Up,,. As a con-
sequence, the study of F(P;, P2) amounts to the study of F(E1QU,,,, Fa®
Unm,) where E7, E5 are irreducible with an integral slope or not.

According to the explicit isomorphism (2.4), F(E1 @ Up,, B2 @ Up,,) is
isomorphic to F(E1 ® Ey @ Uy, @ Uy, , 1). Moreover, Uy,, ® U, is isomor-
phic to a direct sum of unipotent modules (for details, see for instance [14]).

Thus, we have to study F(E; ® EyY ® Uy,,1). And yet, in the Proposi-
tion 1.14, we have seen that the tensor product of two irreducible modules
is isomorphic to a direct sum of irreducible modules. Finally, the only one
case to study is F(E ® Up,, 1), where E is an irreducible module with non
integral slope.

2.3. F(E,1) and F(E® U,,,1)

We begin to study F(P1, P») when the slope of P; is negative and non
integral and the slope of P, is zero. According to the last paragraph, we
just have to deal with F(E,1) where E = E(r,—d,c) = (K", ®p) is an
irreducible module with non integral negative slope _Td

So, let E = E(r,—d,c) be is an irreducible module with non integral
slope p = —d/r < 0 and of rank r, such that £ = (K", ®p) we set ¢/ =
qid(;%) ceC.

Remember that a class of F(E,1) admits a representative whose associ-
ated matrix has the following form (cf. (2.1)):

0 1

In [16, 15], it is proved following Birkhoff and Guenther [1], that a class
of F(E,1) admits at least a polynomial representative (that is to say U
has polynomial coefficients), in the following lemma, we give an effective
way to find one. This representative is non unique contrary to the case of
integral slopes. Indeed, the simplest non trivial example (F having rank
2 and slope —1/2) yields a space of classes of dimension 1 to be evenly
distributed in C2?, explaining the impossibility of a straight generalisation
of Birkhoff-Guenther normal form.

Ay = (B U) where U:t(uh...,ur) e K"
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LEMMA 2.5 (cf. [12]). — Let L’ be an operator of C({z}) with values
in itself of the form L' = azdag —1,a€ C* and d,r > 0. Let k € Z fixed,

then we have:
k+d—1

C({z}) = @ Cl@ImL’

=k

Remark 2.6. — Let us fix k € Z, we denote by m, 41 the projection of
C({z}) on @]Hd ' C! parallel to Im L'. Thus, the equation az¢ oy (f)—f=
« has a solution in C({z}) if, and only if, 7, 4 () = 0.

Let V,. 4 be the C-vector space (27;01 CzY)" of dimension rd.
LEMMA 2.7. — The linear map from V, 4 to F(E,1) defined by:
U e Vr,d — [MU]

is onto. So, every class of F(FE,1) admits a representative (non unique)
My with U € V, 4. Such a representative can be given by the C-linear map
I, 4 : K" — V, 4 defined by:

U= (u1,...,u)— (v1,...,v,) such that zdag_i(vi) =Trd.d (zdor 1(ui)),
(74,4 is the C-linear defined in the Remark 2.6, and we choose here k = d).

Proof. — Let My be a representative of a class of F(E, 1) with matrix
Ay, we write U = t(ul, ..., Uy), then

2.7) Ao~Ay & 3IF="(f1,...,fa) € K", 0,F = BF +U

f2=04(f1) —w

fa =03 (f1) = (gq(ur) + u2)

(2.8) & :
fr=0y"1(f1) = (0772 (ur) + -+ + 0g (ur—2) + ur—1)

ag(fl):cz df +o, Yug) + - 4 og(up—1) + up.

We have to solve an equation of the type: azdag(f) —f = a, with a =
d=1 e C* and

a=az? (o] N(u1) + -+ og(ur—1) +u).

According to Lemma 2.5, for a fixed k = d € Z, this equation have a
solution in K if, and only if, 7, 4.4(a) € @d+d 'Cz' = 0. Let

zdat(f_i)(vi) = (ra Ul(zda7 Z(ul)))
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we have 7,44 (zdag’i(vi) — 2%

d

7~H(u;)) = 0. Thus, the equations
aztol(gi) — gi = 2% (vi) — %07 " (u;) admit a solution g; in K. Let
f=gtt o

With the same system, replacing U by V — U, then Ay ~ Ay_y so

Ay ~ Ay with V € ‘/r,d~ O

THEOREM 2.8. — The C-linear map ¢ from V; 4 to 27;01 Cz! defined by
p((urs- . yup)) =Y 0" (uy)
j=1
induces an isomorphism of C-vector spaces:
F(BE,1) =2 "% ~Imp=) Cz.

The dimension of F(F,1) is known to be equal to d, we find it again
in this theorem, which can be summarized by the following commutative
diagram:

Vr,d

e

Viga — F(E,1)

Proof. — According to the Lemma 2.7, we can suppose that a class of
F(E,1) is represented by My with U € V, 4.

Thanks to system (2.8) of the previous proof, we now have o =
dtd—1
1=d

az? (677 (u1) + -+ + oq(ur—1) + u,) which is in @;

1
7 Cz*, so the equa-
d r

tion az%oy(f) — f = a admits a convergent solution if, and only if, a = 0,

it is equivalent to ©(U) = o7~ (u1) + - -+ + 0¢(ur_1) + u, = 0. As a conse-

quence, the map from F(F,1) tozld;ol Cz! is injective. To prove the bijec-
tivity, we can use the dimension or see that the antecedent of u € Zf;ol Cz

is the class [My] where U = *(0,...,0,u), because [My] — @(U) =u. O

Remark 2.9. — According to the proof, the coefficients of a morphism
F verifying 04,(F) — BF = U with U € V,. 4 are in V, 4, because we have
fi=0and for all i > 1,

fi= (0l (wy) + -+ 4 0g(uiza) + ui1).

Thanks to this theorem, we can choose the matrix of a representative of
a class of F(E, 1), of the form Ay where U = “(uy, ..., u,) has polynomial
coefficients in C[z]4—1. In other word, such a g-difference module is in the
same class as Ay if, and only if, ((u1,...,u,)) = 0.
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From this result, we can achieve the study of F(E, E2) when E; and
Es are irreducible. It remains now to study F(E ® Uy, 1).

LEMMA 2.10. — Every class of F(E ® U,,, 1) admits a representative
My such that U € i

Proof. — With the convention & defined in 1.4, a module My represent-
ing a class of F(E ® U,,,1) has a matrix of the form:

B B 0 U
. .

Av =1 B B U,
0 0 B U,
0 0 1

Thus, Ay ~ Ay if, and only if, there exists F = (Fi,..., Fy,) € (K")™,
such that

0q(F1) B B 0 Y31 Ux
| _|o B 2
0g(Fm-1) . B Fra Un—1
oq(Fm) 0 0 B) \ Im Un
04(F\) = BF, + BF, + U
04(F2) = BFy + BF3 + Uy

a-q(mel) =BF, 1+ BF, + Uy, 1
04(F) = BFy, + Uy,

With the notations of Lemma 2.7, we put:

o V., = II, 4(U,,) then there exists F,, € K" such that o (F,,) =
BF,, +Vy —Upy
o Vo1 =11, o(BF,, + Uy—1) then there exists Fj,,_1 € K" such that
Uq(Fm—l) = BFm_l =+ Vm—l — (BFm + Um—l) N
Therefore by induction, we obtain the lemma. |

Let us suppose now that U € V7. We have Ay ~ Ay that implies
©(Up,) = 0 and according to the Remark 2.9, the morphism F,, such that
0q¢(Fy) = BF,, + U, is explicitly known and depends on U,,, it has also
his coefficients in V, 4, and BF, too. Indeed, BF,, = —¥(U,,) where ¥ is
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the following map:
U
oq(u1) + us
\I}(Um): and Um:t(ul,...7ur).
oy 2 (ur) 4 4 og(Ur—2) + ur 1
©(Un)

So Ag ~ Ay implies ¢(Uy,) = 0 and (=¥ (U,y,) + Un—1). By induction,
we prove that Ay ~ Ay implies Fy,...,F,, € V.4 and ¢(U,,) = 0, for all
i=1,...m—1, o(BFn—it+1+Unmn—i) = 0. We obtain the following theorem:

THEOREM 2.11. — The C-linear map 1 from (K")™ to ( 7:_01 CzH)m
defined by:

U=U,...,Un) € (Vea)" = ¢(U) = (¢(51), -, ¢(5m))
where
Si = (=)0 (Up) + (1) Uy 1) 4+ = U(Up—ig1) + U
induces an isomorphism between F(E ® U,,,1) and ( 7;01 CzHY™, which,
to a class [My| with U € VI, associates ¢(U).
Proof. — From the previous paragraph, it is injective and because of the
dimension, it is bijective. (|

This theorem is summarized by the following commutative diagram:

(&)™

\L X
U~ [My]

F(E @ Up,1) —— (0 C2hym

3. H' and Stokes operators

In [12], the space of isoformal classes is shown (in the case of an arbitrary
number of integral slopes) to be isomorphic to the first cohomology group
of some sheaf of unipotent groups over the elliptic curve E, (g-analogue
of the theorem of Birkhoff-Malgrange—Sibuya). We do the same here for
arbitrary slopes (not necessarily integral) but restricting to the case of two
slopes. Then, the sheaf of groups is a vector bundle Fg (it will be defined
precisely just before Theorem 3.5).
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3.1. Some notations

The discrete g-spiral of a € C* is [a;q] := aq”, every point of [a;¢q] has
the same image by the canonical projection m : C* — E,. Similarly, for all
r € N*, the ¢"-spiral will be [a;¢"] := aq"Z.

We define the Theta function 8,4 ., ¢ € C*. It is an analytic solution on

4

C* of the equation oy (0) = 260 and is equal to:

pon(ndl) FZ\ M
Oqr,c(2) = Z q 2 (E) .
nez
The Jacobi’s triple product formula gives:
—Trn 77"7’7,2 —rn z -1
eqT,c(Z):H(l—q )H(H—q C)H(l—i-q (E) >
n>1 n>1 n>=0

The function 6,- . has simple zeroes all located on the g-spiral [—¢;¢"].

Moreover, for all d € N*, Qgr’c is solution of oy (0) = (%)d 0 and its zeros
are located on [—¢; ¢"] and are of multiplicity d.

3.2. Stokes operators in the case of two slopes

Let us take F = E(r, —d,b") an irreducible g-difference module of slope
—d/r <0, we have E = (K", ®p) where

0 1 0

. , —d(r=1) . «

B = : where b =q~ 2 0" € C".
0 1
bz=% 0 ... 0

In this section, we want to prove that F(F, 1) and H'(E,, Fg) (the sheaf
Fg is defined just before Theorem 3.5) are isomorphic. Therefore, we are
going to construct privileged cocycles with poles on Eg but not on E; as
for the case of integral slopes in [15]. Here My = (K", ®,4,) and a class
of F(E,1) is represented by a module My = (K"!, ®,,,) where:

Ao = (g (1)) and Ay — (109 [1]) U € (Clzla_r)-

Indeed, we may and will suppose U € (C[z]4—1)" thanks to Lemma 2.7 in
all this part.
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We are looking for an isomorphism, more precisely a matrix, between
the g-difference modules (K™, ®4,) and (K", ®4,,). We want that iso-
morphism to have a matrix of the form &, ;:

I, F
(5 1)
with 04(F)— BF =U.

In the general case, there exists a unique formal morphism 3 satisfying
this equation but, a priori, the modules associated to the matrices Ay and
Ay are not in the same analytic class, therefore F has not its coefficients
in K. We shall be looking for F' meromorphic on C*.

We denote by ¢ the class of ¢ € C* in E; and write O(C*) the set of
holomorphic functions over C*.

PROPOSITION 3.1. — Let ¥(Ap) = {c eC*
modulo q", the set ¥.(Ayp) is finite.

For all U € (C[z]q—1)", for all ¢ € Eg \ X(Ao) (the notation is de-
fined hereafter), there exists a unique vector of meromorphic functions Fg
over C*, Fx = '(f1,..., f»), such that the poles of f; are the ¢"-spiral
[—cq~ 1, ¢"], of multiplicity < d and such that o,(Fz) — BF; = U.

d(T 1)
IneZ, cl=b"q qm}

Proof. — We look for F' with meromorphic coefficients on C* such that
04(F)— BF = U. By setting conditions on poles using Theta functions, we
would like to obtain uniqueness of a such F.

Let ' = T7'G such that G € (O(C*))" and T € GL,(O(C*)) is the

diagonal matrix:

01 0 g1/61
0 0, gr/er

We have 0,(F) — BF =U < 04,(G) — T[B]G = Uq(T)U.
Let us denote A = T[B] and let G = w2 and Vo= o, (T)U =
Y nez Vaz™ then:

nEZ

04(G) —AG =V &VnelZ, "G, — AG, =V,
S Vnel, Gn:(q"Ir—A)_lvn.
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and,
oq(01)
0 0
A=T[B] =0 (T)BT™' = 0
0 q(0r—1)
0,
b’z_d%f” 0 . 0
We choose A of the following form:
0 1 0
: , cecC”.
0 1
d 0 0

Its eigenvalues are the rth roots of ¢’. Therefore, G is unique if, and only
if, for all n € Z, ¢’ # ¢"™. Now, we have to determine 0; satisfying:

92 = Uq(el)
93 = 0'2(01)

oy (61) = V120,

Let ¢ € C*, we put ¢ = b/c™? and 6, = (0q7-7c)d. The zeroes of 6; have
multiplicity d and are the ¢"-spiral [—¢;¢"]. The Jacobi’s triple product
formula gives

9i+1 = Ué (egr7c(2))

~[a-am I (1+0 e 2) ] (1 +g g (i)_l>d,

n>1 n>1 n=0

so that the zeroes of 6; have multiplicity d and are the ¢"-spiral
[—cq™ "5 q7].

Then, we put F. = T7'G. For the chosen matrix T, F exists and is
unique on condition that for all n € Z, ¢? # b'q"™.

In order to finish, we need to verify that our computation of F, depends
only on ¢, that is F, = F.,. Writing G = “(g1,...,9,), U = Yug, ... up),
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we have:

(3.1) 04(G) — AG = 0 (T)U <

oq(gr) — dgr = oq(0r)uy
g2 = 04(g1) — aq(61)us

gs = 04(g1) — 0 (01)(0g(u1) + ug)
(3.2) &

oq(g1) = g1+ og(01)(U),

where ©(U) = o5~ (u1) + - 4+ 04(ur—1) + u, is the map defined in Theo-
rem 2.8.

We replace ¢ by cq"let 0} = (04r cqr)® and 0, = ol 1(0}). We remark
thanks to the Jacobi’s triple product formula that:

/ d AN I rd (274
01 = (0g7,cqr) =<q (E) eqr,c> =4q (E) 0.

As c is replaced by cq", ¢ is replaced by ¢/q "4 If Fopr = T'"'G, the
equation verified by g is:
oo (91) = a7 g1 + oy (01)¢(U)
& ag(gh) = a7, + P20y (01)(U)

@UZ(q_Td(i)d )—cq (g) g, + ot (01)e(U).
91)

=c'g1+0,(01)p(U), so
g =q " (E) g1- We easily verify that 4 = g— so F, = chr. O

And yet, g1 is the unique solution on C* of o

Remark 3.2. — We notice the apparition of the elliptic curve E4- instead
of E,. Nevertheless, ﬁ'g does not have a unique pole —¢, every coordinate

of F: has poles —cq—i+1.
Remark 3.3. — The hypothesis U € (C[z]4—1)", can be weakened in this

proposition. Indeed, it is sufficient that U € K" to obtain existence and
uniqueness of F.

Remark 3.4. — 1In the proof of Proposition 3.1, the last equality F, =
Feqr can also be justified without any calculation because the two members
satisfy the same constraint of uniqueness.
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Let Fs o (Ay) = For—Fs = (fom,04(fo2). - 00 (o)) where fz 2 =
fz — fz satisfy this equation:

ob(fz) —brq T2 p = (V)

© is the map defined in Theorem 2.8. The poles of F‘ag, (Ap) are located on
E, and correspond to —¢, —c’. The function Fj ; (Ar) satisfies aq(Fag/) -
BF;z =0.

Let M = (K™, ®4) be a g-difference module in normal form, the holo-
morphic vector bundle on E, associated with M is defined by:

C*xC"
M~ am AN

As a shealf, it associates to every open set V' C E, the space of holomorphic
solutions over 771 (V) C C* of the g-difference system Y (qz) = A(2)Y (2),
or rather their germs near 0 (cf. [17]).

The functions Fg’g/ (Ap) are sections of the vector bundle Fg on the open
sets Voo = By \ {—=¢, =}

THEOREM 3.5. — There is an isomorphism of C-vector spaces:
F(B,1) = HY(Ey, Fp)

induced by:
My = (KT+1’ (I)AU) = (FE,E’ (AU)) .

Proof. — According to the previous proposition, for all ¢,¢ € Egr \
¥(Ap), we can associate with each matrix Ay, U € (Clz]q_1)", a unique
vector of holomorphic functions on Vz &, denoted by Fg’g/ (Ap). First, let us
prove that the Fglg,(AU) depends only on the class of My in F(F,1). Let
U’ € C[z]g—1 such that [My] = [My-], that is, thanks to the Theorem 2.8,
©(U) = ¢(U’) and there exists an isomorphism H € &, 1(K) between My
and M. By Proposition 3.1, the uniqueness of Fz(Ay) and Fz (Ay/) gives
us the following commutative diagram:

S:F(Av)
My ——— My

| |

MO MU/

8:F(Ay)

SP(Ay) = ({) F E(f‘])> and S.F(Ay:) = ( R
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As a consequence, we easily see that Fag/ (Ay) = l*:‘ag, (Ay).
The map [My] — Fsz(Ay) is well defined and induces a map:

a:F(E,1) = Z'U, Fg)

where U’ is a covering of E, that we are going to describe. We have ¢"Z C
q% hence an onto map p : E,r — E, such that the following diagram is

commutative:
U

C* —» Eqr — (C*/qu
T
\ lp
E, = (C*/qZ>
w1 and 7, being the canonical projections. We set:

Wz =Eq\p({c}).
It is an open set of F,; and in fact Wz = Vz. Thus F% is holomorphic on
Ws. Putting:
u=J w
CEE,r\(Ao)

we obtain an open covering of F,. The map « : F(E,1) = Z' U, Fg) is
well defined and C-linear, It is easy to see that Fag/ (Aptur) = I:—'ag,(AU) +
FE,E/(AU’) and Fag/ ()\U) = /\Fg,g/(U) for all A € C.

The map « is injective. Indeed, let us suppose that Fag/(U) = 0 and
show that [My] = [My). We have F;z(U) = 0 < F; = Fy. So, if ¢ # ¢, F;
and F = have no poles on C*. Thus, we have an holomorphic function F' on
C* such that g4(F)— BF = U. The following lemma shows that necessarily
if F'is meromorphic at 0 so that the morphism (IO f ) is an isomorphism
over K from My to My, hence [My] = [My].

LEMMA 3.6. — A holomorphic solution on C* of the equation o4 (F') —
BF = U is automatically meromorphic on C.

Proof of the lemma. — We write F' ="(f1,..., f,) then

04(F)—BF =U
fo= 0q(f1) — U

fr=0y"Mf1) = (07 2 (w) + -+ + og(ur—2) + up_1)
or(f1) =z ol (un) + o 4 og(up—1) +
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If f1 =Y, cpanz™ and o(U) = o~ (ur)+- - 40 (ur—1)+u, = S vz,

the last equation is equivalent to ¢""a,, = b'a,1q + v, for all n € Z.
When n < 0 the equation becomes ¢""a,, = b'a,q. We denote by s,, the

rest of the euclidean division of n by d, n = —k,d + s, (k, = 0). Then

;o thn  —r(kyn Enlin=1d
an =bq "apnqa=0b""q r(nnt 2 )asn-

When n tends to —oo, a,, is of order qm2 so there is divergence. Necessarily,
a, = 0 when n << 0. O

In the same way, we see that the map a : F(E,1) — H'U', Fg) is
C-linear and injective. Indeed, the cohomology class of Fg7g/(AU) is zero if
ngg/(AU) = Xz — X; with X3 and X3 holomorphic sections on W5 and
W= ; the argument is the same as the one to prove that « is injective.

Since in Cech cohomology, H'(U', Fg) embeds into the direct limit
HY(E,,Fg). @ induces a map from F(E,1) to H'(E,, Fg) that is C-
linear and injective. Because of the dimension, it is an isomorphism. In-
deed, we know by the general theory in [12] that dim¢ F(F,1) = d and
dim¢ H'(E,, Fg) = d; this uses the results on holomorphic vector bundles
from [5, p. 64]. O

These results given in Proposition 3.1 and Theorem 3.5 can be general-
ized for an indecomposable module of the form M = E ® U,,. With the
convention ®, M has an associated matrix C' of rank m:

B B 0
C= -
B B
0 B
Putting
U,
cC U r
AU = (0 1), U= s U, € (C[Z]d_l)
Un

and writing Ay the matrix associated with the graded module (i.e. U = 0),
we have the following proposition.

PROPOSITION 3.7. — For all U € (C[z]q—1)", for all ¢ € E, \ $(Ap),
there exists a unique vector of meromorphic functions Fg = (F)i=1..m
on C*, F; = “(f14,...,fri), such that the poles of fy, are the ¢"-spiral
[—cq~ ™1, ¢"], of multiplicity < d and F satisfies o,(Fs) — BFs = U. The

set $(Ag) is equal to {c € C*|In € Z, ¢ = qufd(gfl)q”’} modulo q"
and is finite.
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Proof. — The proof is the same as the case F(FE,1) by putting F =
T'~1G where

T 0 T[B] T|B] 0
T = and T'[C] = B B ,
. T(B] T(B)
0 T[B]
This matrix is fuchsian and
aq(F)—CFzU@aq(G)—T’[C}G:aq(T’)U. O

In the next paragraph, we generalize the previous calculations to a g¢-
difference module with two slopes non necessarily integral. We are guided
in the same way as the study of F(Py, P3) by the isomorphism F(Py, P) &
F(Py ® Py,1) given by the formula (2.4).

We suppose that F7 and Es are two irreducible modules of slopes 11 < o
and their associated matrices are By and Bs, one of them can have an
integral slope. We look for a meromorphic isomorphism on C* between the
g-difference modules (K™ 772 &4 ) and (K™1"2, ® 4, ) where:

(B 0 (B U
AO - (0 BZ) and AU - ( 0 B2)7 Ue M7‘1,7'2(K)

and the matrix of the isomorphism has the following form: (Igl IF ) €
o
S, r, satistying o, (F)By — B1F = U. But,

0y(F)By — BiF =U & 0,(F) - By ® ByF =UB; ".

So, it is equivalent to look for F such that o,(F) — By ©® ByF = U’,
U =UBy"' Let M/ = (K™% & ay,,) where:

S \ /! —
- (31%32 [i>’ U= UB, .
Bi ® By is associated with the module E; ® Ey, according to Propo-
sition 1.14, this module is isomorphic to a direct sum of irreducible ¢-
difference modules of rank r and slope _Td. Then, there exists an iso-
morphism of g-difference modules P (given by the proposition) such that
E1®FEy is isomorphic to a module with a matrix which is diagonal by blocks
written B. The blocks are matrices B; ;;,7,j = 0,...,k—landl=1,..., %
associated with irreducible modules E(r, —d, b; ;), bi; = q.&l(biby "), so,
for all i, j, there are p/k identical blocks B, ;;. We have o,(P)B1&By =
BP.
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Let M" = (Kmr2tL, (I)AZH) where o, (P")A}, = Al P,

, (PO , (B U"
P<O 1 and U = 0 1 .

We denote by U"” = (U}, )i,j; and Ag is the matrix of the graded module
M" corresponding to U” = 0. We apply Proposition 3.1, to each block
Bi j1 associated with the vector U, ; € K" (cf. Remark 3.3), for all ¢ €
Eq4 \ 2(A{), there exists a unique vector of meromorphic functions on C*,
FC (i,3.) satisfying the polar conditions of Proposition 3.1 and such that
aq(Fc,(m,l)) B j.F: G = Ui l The set E(A”) is equal to {c € C* |
Inez3i,jef0,. .. k—1}, ¢ =b g5
finite.

We denote by Fz(Al,,) = (FE,(i,j,l)) the vector we obtain by concatenat-
ing the vectors corresponding to the blocks (4, j,1) and satisfying the polar
conditions of Proposition 3.1. So, let F5(A};,) = P~'Fs(AY},,). Thus, we
define Fx(Ay) by:

T"} modulo ¢" and it is

Fi(Av) = F5(Ay) = P (A).
This latter verifies o, (Fs(Ay))Bs = B1F:(Ay) + U and is meromorphic

on C*, it satisfies the polar conditions denoted by (*) imposed by those of
FE,(i,j,l)' Putting X(A4y) := X(Af), we have the following proposition:

PROPOSITION 3.8. — ForallU € M,, ,,(K), forall¢ € E,\X(Ao)there
exists a unique matrix FE(AU) of rank ry X ro with meromorphic coeffi-
cients on C* and satisfying the polar conditions (x), such that o,(F)Bs =
BiF+U.

Then, we obtain a meromorphic isomorphism on C* from the module
(K™+72 ®4.) to the module (K™ 72 ®4,), that we denote SzF(Ay) =
(17,1 FE(AU))'

0 I

We denote also Fag/ (Ay) = F=(Ay) — F5(Ayp), so the Stokes operators
associated with the module (K™*"2, &4, ) are the meromorphic automor-
phisms of (K™ 772 &4, ):

I, Fzz(Av)
0 I,

This proposition can be generalized for all modules with two slopes where
at least one is non integral but we don’t give the details because the cal-
culations become unreadable but are explicit.

We are able to compute the Stokes operators associated with a
g-difference module with two slopes. These Stokes operators don’t have

SE,E'F(AU):( >, &, @ € Egp \ B(4o).
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galoisian properties yet, they only express an ambiguity of summation.
Nevertheless, we will prove in the next section that they are galoisian.

4. Local Galois theory

In this section, we shall give a more concrete description of the results of
van der Put and Reversat on the formal Galois group [7], then apply them
as well as our results on Stokes operators to the description of the local
analytic Galois group in the case of two slopes.

4.1. Formal Galois group

Let ¢ € C*, |¢'| > 1, (K, 04) is a ¢’-difference field such that (K', 0, ) =
(K,04) or (K;,04.) or (K,o, ). We will denote by:
o &,(K',q'): the category of pure ¢'-difference modules over K.
o £;(K',¢'): the category of pure ¢'-difference modules of slope equal
to 0 over K’ (i-e fuchsian modules)
o &, (K',¢), r € N*: the category of pure ¢'-difference modules over
K’ of slopes é for some k € Z.

If r = 1, it is the category of pure ¢'-difference modules with integral slopes.
When it is not specified, &,, respectively &, . denote the category &,(K, q),
respectively &, (K, ¢q). These categories are C-linear rigid abelian tensor
categories (see [4]).

From now on, the pure isoclinic ¢-difference modules are supposed to be
in normal form, in particular, their associated matrices have their coeffi-
cients in C[z,271] (see paragraph 1.3).

Let (K',04) be (K, 04). Let 29 € C*, and w,, be the fiber functor from
the category &, to the category of the C-vector spaces of finite dimension,
defined in [9] by:

Sp — Vecté
(K™, ®4) ~ C"
(K", ®4) 5 (KP,®5) ~ F(20)

Wy

This fiber functor turns £, into a neutral tannakian category and allows
one to define the tannakian Galois groups associated with the previous
categories over (K, o).
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The Galois group associated with the category &, is the group of ®-
compatible automorphisms of the fiber functor w,, and we denote it by
Gp = Aut®(w,,).

The categories, &, respectively &, 7 > 0, are full rigid abelian tensor
subcategories of &,, and the fiber functor w,, can be restricted to those
tannakian categories. Their Galois group are defined by G = Aut®(w,, e ;)
respectively, G, , = Aut®(w20|gpvr). If we have to precise, we will denote
Gp(K,q), Gf(K,q) and G, (K, q). As & and &, , are full subcategories of
Ep and &; is a full subcategory of &, ., according to [4, Proposition 2.21]
the following group morphisms are onto (for details, see [15, 12]):

G, — Gy, Gp,—Gp, and G,,— Gy.

From now on, a pure g-difference module will always be a pair (K™, ®4),
where A is a matrix in GL, (C[z,27]) in normal form. Instead of writing
o(M), we make reference to the matrix in normal form writing ¢(A). Thus,
an element ¢ of the Galois group is determined by the ¢(A4), A being the
matrix associated with the module (cf. [14, 1.1.2] for more details).

Our goal is to describe explicitly the matrices ¢(A) for all matrices A in
normal form.

As far as integral slopes are concerned, the formal Galois group is de-
scribed explicitly in [14] and [9]:

Gf

—
Gp1=C"xE] xC

where E;/ := Hom,, (E,,C*) denote the morphisms of “abstract” group
from E, to C*.

For a module M = (K", ®,.4) where A € GL,(C), an element ¢ =
(t,7,A) € Gp1 acts in the following way:

Q(A) = tH'y(As) A}

where t € C*, 4 € Z is the slope of M, A € C, A = A A, is the mul-
tiplicative Dunford decomposition, A, is the semisimple part and A, the
unipotent part. Let us define v(4,): if A, = Pdiag(ay,...,a,) P~ P €
GL,(C),a; € C* then v(A,) = P diag(y(a1),...,v(a,)) P~ (it does not
depend on diagonalisation).

As A, is a unipotent matrix A} = > k>0 (2‘) (A, — I,)" is well-defined.

Now, we want to describe the formal Galois group of g-difference modules
with non integral slopes. Let us fix the denominator of the slopes r € N*,
let zp, be a rth root of zy. We want to describe the Galois group Gj
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associated with the category &, , of pure g-difference modules of slopes
kel

After Theorem 1.10, an element of the category &, . is a direct sum of
indecomposable modules E(s, t,c) @ Uy, of slope % = Z% and modules with
integral slopes. For all ¢ € G, -, we have p(E(s,t,c)®U,,) = ¢(E(s,t,¢))®
©(Un).

And if s divides r, then the inclusion i, , of the categories £, s C &, »
induces an onto morphism ;. ; of the associated Galois group: Gy — Gy s,
so that for all p € G, p(E(s,t,¢)) = i) (¢)(E(s,t,¢)).

As a consequence, to study the image of the matrix associated with a
module of &, - by an element of the Galois group, it is sufficient to study the
image ¢(A), ¢ € G, where A is associated with E(r,d,a"), an irreducible
g-difference module of slope ¢ (a € C*, ged(d,r) = 1):

0 1

A= : - € GL,.(C)
0 1
arq@zd 0 ... 0

The category &1 is a full subcategory of &, ,, we denote by 4 this in-
clusion. There is a morphism of groups i* : Gp, — Gp1 (restriction to a
subcategory) such that i*(p)(B) = ¢(B) for all matrices B with integral
slope (these are at the same time in E,, and E,1). As we know how to
describe the action of the Galois group on a module with integral slopes,
we try to be in this case to describe p(A). Then, we obtain the following
theorem.

We recall from Section 1, Subsection 1.1 that &. = e, a primitive rth

2imwT

root of unity in C, and that ¢, = e~

, a rth root of ¢ = 2",

THEOREM 4.1. — Let ¢ € Gp,. Then there exists t € C*, v € E/
and \ € C such that ¢ = (t,v,) and i*(¢) = (", v, A). Moreover, if A is

the matrix in normal form which is associated with an irreducible module
E(r,d,a"), there exists a matrix G, q(z0,r) € GL,(C) such that:

0 v(gr) Y
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and
Gaa(z0,r) = diag(l, ap, w01, ..., 0 ... Qp_2), @ = ailq;jdzo_’f,
0 1
T.=1 ¢ -. 1 | €GL.(C).
1 0

Remark 4.2. — The action of X is on the unipotent part, it is described
in the course of the proof.

Remark 4.3. — 1t is easy to see that ¢ depends only on ¢, we have
¢o(z) = t, and p(A) depends only on a”. The matrix G, 4(20,-) depends
only on A.

Remark 4.4.

(1) The matrix T, is conjugate to the diagonal matrix diag(1,&,,...,
€r=1), we have T, = V-ldiag(1,,,...,£7 1)V where V is the
Vandermonde matrix:

1 1 .. 1 1
et 2 5—(T—1)
(s T ™
V = 572 574 E:Q(T—l)
5:(}—1) gr—z(}—n . gr_(}_l)z 1

(2) Forall v € EJ, v(¢g-)" = 1 and y(§)" = 1, so (g,) and (&) are
rth roots of unity. In particular, if y(¢,) = ¢, then v(T}.) = TF.

Proof. — The category &y is a full subcategory of &, ,, we denote by
j this inclusion. Then, we have a morphism of groups j* : G, — G
(restriction to a subcategory) such that j*(p)(B) = ¢(B) for all fuchsian
matrices B.

We consider another irreducible module E(r,r —d,b") of slope 1 — % and
associated matrix B. The tensor product adds the slopes so, E(r,d,a") ®
E(r,r — d,b") has its slope equal to 1 and we can notice that

E(r,d,a")® - - ® E(r,d,a")

7 times

is of slope d, that is to say, we have two ways to obtain integral slopes.
We use the convention & for the tensor product of matrices and to sim-
plify notations, it will be denoted by ®.
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Study of the non fuchsian part. — Let ¢ € Ker(j*) be an element of
the Galois group G, which is trivial on the fuchsian part. As E(r,d,a”) ®
E(r,r —d,b") is of slope 1, it is isomorphic as a g-difference module over
K (and K) to a module (K", ®.¢), C € GL,2(C). Hence, p(A) ® ¢(B) is
similar to p(2C). Putting ¢(z) = t",t € C*, we have:

if we identify K" ® K" with K taking for basis {e ® f,Pa(e) ® f,...,
M e) @ f,e@Pp(f), Pa(e)@®@p(f),...} (basis of convention &) ; e being
the cyclic vector of A and f the cyclic vector of B, here e and f are the
first vector of the canonical basis of K.

Necessarily ¢(A) and ¢(B) have to be diagonal.

Writing p(A) = diag(aq, ..., a,) and ¢(B) = diag(by, ..., b,) then,

a1 0 bl 0
¢(A) ® p(B) = ®
0 ar 0 b,
a1b1 0
azby
= . =t"I-2
0 " anb,

Consequently ¢(A)® p(B) =t"(al,)® (11,), o € C*. So p(A) = a1 I, and
©(B) = b11, such that a;b; = ¢".
As

T times
P(A) @+ @ p(A) =",
then ailr = t" ., s0 a; = (€)%, 1 € {0,...,r — 1} and by = (€ ¢)"~ .
As a1by =t", we have | = I’ so: ¢(A) = (agt)?I, and p(B) = (agt)" "I,
where aq is a rth root of 1. The root ay might depend on d and ¢. Let us

prove that ay depends only on ¢. Let d and d’ be two integers coprime to r
(so ged(dd',r) = 1), let A; be the matrix of E(r,d,a”) and Ay the matrix
of E(r,d',a’):

P(Ag) ® - @ p(Ag) @ p(Ag) @ -+ @ p(Aar)
r—d’ times d times

= (agt) =) x (g t)¥T = ozgdd/ X ozg,d’trdf

= (Olglad/ )dd/

=1=aq=ay
Even if we have to change t in «at, we have:

if ¢ € Kerj*, then p(A) = tI,.
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Study of the fuchsian part. — In the previous part, we studied the effect
of the slopes on an element of the Galois group. We used the tensor product
of two irreducible module to have an integral slope. With the same method,
we study the effect of the fuchsian part. Let us recall some facts about the
tensor product.

According to Lemma 1.15, there is an explicit matrix P such that:

Ch 0 0 1
A® B =04(P) : P and G = R
0 C, & 0
r(r—1)

where ¢; = ¢~ 2 (ab)Tqli=Dd,r

and P is equal to:

10 010 0 010 0 ... 0 0 0 0
. 1y . .
1 0
0 0 0/0 0 0 0 0 1 0
0 0 0lo o 0 a 0
- 1 ) . .
) .
00 0lo : 00 0
0 . 0lo . 0 a0 0 0 0 0
. - - el .
0 0 a2 (a’)
0. 1lo... o ojo... 0o 0 ... 0
a1y 1
where o’ = (aTq T 20 and the blocks have size r.

Let ¢ € G, it is sufficient to study the image by ¢ € G}, ;- of the blocks
C;. The matrix C; represents a module of slope 1 so we have to find an
isomorphism with a matrix of the form zA4, A € GL,.(C). In fact, we have:

0 1 Cj 0 0
_ 0 ci&,
Cj = 1| =04(@Q) 7"z ’ Q;
¢ ' 0
0 0 c&
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where

1 1 o 1 1 )

1 ) 57(7«—1) : 91 0 0
g r ’ 0 o

Q; = -2 ¢4 &—2(r—1) 92
) i ) .0
: : : : )
gD g2y g;(rflf 1 0 0 g
G
v

S or(r—1)

and g% = gz g gt g =07 of. Remark 1.8. By
restriction to &, 1, i*(¢) = (7,7, A), t" € C*,v € Homg, (E,,C*),A € C.
So:

1 0 0
P(C) = Q) tatey) | O 1O Qs(z0)-
0 0 'V(gr)r_l

To continue, we need to explicit Qj_l and thanks to the following lemma,
the inverse of the matrix of Vandermonde V is:

1 & e gy

1 g g ogmy
1] :
r :

€ﬁr—l) gz(r—l) o 7(‘7’—1)2
1 1 1 1

LEMMA 4.5. — Let &, be a primitive rth root of unity, &, = e*™/", and
let k € Z then:
i(fk)j_ 0 sik#0 modr
= " Yy otherwise.

Proof. — For all s € N*, the sum of sth roots of unity is equal to zero. [

Thus,

1 0 0
P(C) = t2(es) Gy(zo) vt |0 V&) v G(z0)
0 0 ~(&) !
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and, V=1 diag(1,7(&). - 1(&) "V = (FX5 (& V€))L
We have (&))" = 1 so (&) is a rth root of unity, there exists k €

{0,...,7— 1} such that (&) = &¥. According to Lemma 4.5, we can easily

describe this product: p(C;) = t"v(c;) G;(20) "t T G,(20) where

1 0 0
0 1
T’r: 1 :V—l 0 E’r‘ V
1 0 o0
0 0 ¢!

Moreover (T,) = T¥ 50 o(C;) = t1(c;) Gy (20) 1 A(Ty) Gy (z0).
Now, we have:

»(C1)
¢(A® B) = P(20) P(z) "

— ("y(ab) P(20)G(20) " >, § G(20)P(z0) .
0 Y(gr) ATy

G(zo) is the diagonal matrix with diagonal blocks G;(z9) j =1,...,r. We
set G’ (z0) =

-1
gt” 0
S
0 g§ )
ol ) 0
e
0 gér—1)71
éril)ila’ 0
M1
95" oq(a’)
(m~1
93
0
where ggj) = ggj)(zo)7 a = d (), oi(a’) = d/(¢'z) by abusing the
notation,

r(r—1)

91@ _ (ab)7'—iq£j—1)d(r—i)qTq—i(r—l)qr—l . __qr—i+1 Zof(ifl).
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Writing ’)/(TT) e (ji,j)léi,jgra we obtain
p(A® B) = t"y(a)y(b)G' (20) HG'(20) ",

where H is described in Figure 4.1.
A tensor product appears in the structure of this matrix:

1 0 d 1 0 rd
v(qr) v(qr)
H =~(T)) ®y(Tr)
0 v(g) "V 0 Y(gr) Y
Thus,
P(A® B) =t"y(a)y(b) G'(20) Y(T) @ Y(T\) G'(z0) "
1 0 ¢ N 0 r—d
v(gr) v(gr)
X . ® .
0 ¥(gr)r™Y 0 ¥(gr)r™Y

(G'(20) being diagonal, it commutes with the other diagonal matrices).
We have to find two matrices U and V such that:
0 uo 0 v
Uy ® Lo, :G/(ZO) T, T, G/(ZO)_l-
Uy 0 U1 0
We notice that
(4) N
9; i (i gy (=) (etiz3) i
G (ab)k C],(~] ik )C] 2 Zg :
9k

Then we have:

(r—1)(r—2)
r—1 ~——= r—1
uivr = (ab)" " 'q 2 25,

CoDE=D) Zdrol) g

q ZO )

_ _ i _ (r=D(r=2) —Zdr=1) _(,_ d—
ujv1 = a Lyr 1q7gi(7 n(r 1)q 5 g F g U 2)dZ6 d—1

upvy = a” b gl g

)

_ _ _1y2 (=1)(r—-2) —d(r-1) _ .. g
TR—— lbr lqg(r 1) ¢ > ¢ * ¢ (r 2)dzg d 17

d(r—1)
ULy = ar_lb_lqr_d(r_l)qug_l
ugvg = (ab)™ "z,
ujvy = (ab)” g,

urvg = (ab) " g,
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In 0 Jr2 0 Jir
J11v(qr)? iy (ge) 0
0 J127(gr )42 :
(@)D fray(g) Y 0 L. 0 0
0 3217(qr) "B fagy (g, ) 4D
Ja1 0 oo
Jo17(gr)?
0 j22,y(qr)d(r—2)
0 jry(g)? Jrry(gr)?
. er’Y(QT)mi
0 Fr1y(gr) =Y
0 0 e

Figure 4.1.

0v6

aANvaDNg orursip



LOCAL GALOIS GROUP 941

Let 2o, be the rth root of 29 that we choose to begin, there exists a(q) €
C* such that:

d(r—1)(r—2) . 1 (r=dr=D(r=2) (v
U = a(d)ar_lqr 2 zg,(r 1), vy = a(dl)b Lar 2 z(()m e 1),
ug = a(d)a_lz(if, vy = a(jil)b_lzo_,ir_d),
1 —d(j— —d —17—-1 _—(r— j— —(r—d
uj = ogya 1%« d(j 2)z0,r’ v; = Oz(dl)b 1%«( d)(j 2)%,5 )7
Up = a(d)a_lqr_d(r_Q)ZOTg’ Vp = Oé(*dl)b—lqr—('f'—d)('f“—Q)Zoi’grfd).
In fact, we have:
0 oy’ g
p(A) = tda(d)v(a) .
O ar—2
oy ... 0p_9 0 0
1 0\’
v(qr)
X
0 (gr) "

where a; = agl?z{ . and y(T,) = T}. In the same way as the first part, we
prove that a(q) depends only on d and ¢, and that o) = a‘(il) is rth root
of 1. Even if we change ¢ in a(;)t,we can consider a(q) = 1.

And if we set:

1
o

Ga,d(ZO,r) = o

aQa ... Qo
we obtain the formula of Theorem 4.1. g
Thus, an element of the Galois group G, , is a triple ¢ = (¢,7, ) where
te C*,y e B/, € C, X acting on the unipotent part U,.
The group law is given by (¢, 7, \)(',~,N) = (tt/v(q.) % , v/ A+ X)
because the matrices T, and diag(1,7(g),...) don’t commute.

As 7(gy) is 7th root of the unity, we have v(q,)¥ = ~/(v(¢-)) (which is

the composition 7" o+ but not the multiplication in E,’). We set &,(v,7") =

m = fr_lk/ if v(g,) = &L and +/(&,) = 57’?,. So, the group law is:

(&7, (X)) = (e (v,7), 7, A+ X))
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We easily verify that the group law is associative, as e, satisfies the
following property (and the symmetric property):

(W, 7") = er(v, 7 (v),7").

In fact, e, : E) x E/ — p, is bilinear, p, denoting the group of the rth
roots of the unity.

PROPOSITION 4.6. — The group C* is central in G,, and we have:
G, = H, x C where

1-C*" % H, > E;/ =1, u)=(1), v(t,y) =2
is a central extension.
Proof. — We easily verify that (¢,7)(¢,1) = (¢, 1)(t,7). O

Remark 4.7. — The extension 1 - C* — H, — E(}/ — 1 is central but
the exact sequence does not split. Indeed, to choose a section s : E;/ — H,
such that vos = Idgy, the only possibility is to put s(y) = (1,7), but it is
not a morphism of groups because (1,7)(1,v") = (e-(v,7),¥Y)-

Let r,s € N*, if r divides s then &, , is a full subcategory of &, ;. Thanks
to Proposition 2.21 of [4], we have the onto morphisms of groups:

Pr.s - Gp,s — Gp,'r‘a (p'r,s(ta’% )‘) = (tS/Tvﬁh >‘) .

PROPOSITION 4.8. — The universal formal Galois group is then G, =
H x C where H = @HT and

1-Q" —-H—E/—1

is a central extension. The morphisms ¢, : G, = Gy, are p.(a,v,A) =

(@(1),7,A).
An element of G, is a triple (o, 7, A), « € Q¥, v € E) and A\ € C. The
group law is:

(7, A (4 X)) = (ade(y, ), vy, A+ X)

where € : E) x E/ — QY is a morphism of groups such that r € N,
e = e (1,7).

Proof. — To prove Proposition 4.8, we need the two following lemmas.

LEMMA 4.9. — l'gl(Hr xC) = <i_(HT) x C.
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LEMMA 4.10. — If we consider C* with the following projective system:
let r,s € N*, if r divides s, we put:
prs: Cs = C;
ts T
Then lim(C7) = QV.

The proofs of the lemmas are left to the reader.
For all » € N*| we have the following exact sequence:

1-C*—H, - E/ —0.
Let us consider the following morphism of groups:
e: B xE/ - QY
(v,7") = e,

where €(,7") : Q — C* is a group morphism defined for all » € N* by

e 7)) =en(1:7").
So, we have G}, = lgl(Hr) x C. One puts H = lim H,. We have:

H= {(Ow) €Q' x B/

Va,o eQV,Vv,y € E/,
(a,)(@7) = (ad'e(v,7),77")
with the morphisms:
Y. H— H,
1
(aaly) = (a (7") 7’7) )

that satisfy ¢, 5 o ¢s = ¢y
As a consequence, we have the following diagram of exact sequences:

1*>Qv*>1'&nHr:H*>E;/*>1

aa

1 ok H, EY 1,

pr : Q¥ — C* is defined by o+ a (1). These extensions are central.  [J
We find the same result as van der Put and Reversat obtained by the
Picard—Vessiot theory
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4.2. Galois group

Let (K',04) be a ¢-difference field, (K',04) = (K,04), (K;,04,.) oOr
(K,04), we denote by:
o E(K’,¢'): the category of ¢’-difference modules over K'. If (K', 0/ ) =
(K,04), we simply denote it by &.
o £.(K',¢'), r € N*: the category of ¢'-difference modules over K’ of
slopes £, k € Z and over (K, 04), we simply denote it by &,.

r?

Every ¢-difference module admits a unique graded module. The functor
gr from & to &, (cf. [16]) associates with a g-difference module M its graded
module and with a morphism of g-difference modules its graded morphism.
It is faithful, exact and tensor compatible.

We can consider that an element of £ has a matrix in standard form:

Aq Ui,
AU = )
0 A,

where A; is the matrix of a pure isoclinic module in normal form. According
to the Section 2, U; ; are matrices with coefficients in C[z, 27 1].

We defined on &,, the functor w,,. Now, we define the functor @,, =
wy, o gron &. It is a fiber functor on £. The category £ provided with this
fiber functor is tannakian. Let G := Aut®(&,,) be its Galois group. On
the other hand, &, is a subcategory of £, if we denote by ¢ this inclusion,
gro¢ = id and by tannakian duality, we have:

Sk
3

G—=G, and i"ogr*=id.
gr”
Let S = Ker ¢* be the Stokes group (whose elements are trivial on pure
modules), we obtain a split exact sequence:

1-8S—-G—=G,—1.

Thus, the Galois group G is the semi direct product of S by G, G = SxGy,.
The group G, acts by conjugation on the elements of S: we will set for all
go € Gp and s € S, 59 :gosgg1 es.

For all » € N*, the functor @,, restricts to the rigid abelian tensor
subcategories &, and the inclusion ¢ restricts too: £,, C &, as a conse-
quence, we can define: G, := Aut®(@,,|e,) the Galois group of the tan-
nakian category &, and S, = Ker(i*|g, ), the exact sequence of groups
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1= S5, =G, = Gpr — 1is also split. We have the following commuta-
tive diagram:

1 S G G, 1
1 S, G, Gpor 1.

The functor also restricts to the tannakian category which is generated by
an object M of &£, in this case, we will denote the previous groups by Sy,
G and Gy s and we have the split exact sequence of algebraic groups:

1= 8y —=Gun — Gppm — 1.

By tannakian theory, every tannakian category is equivalent to the cat-
egory of rational representations of its Galois group. With an object M of
&, we can associate the representation pp : G — GL(D,, (M), ¢ — @(M).
The group G, is identified to the algebraic subgroup Impy = G(M) =
{p(M) | ¢ € Gu} of GL(@z, (M)).

4.3. Extensions of representations

We consider C the tannakian category generated by g-difference modules
with two slopes whose graded module is fixed. Precisely, we fix My =
(K™*n2 @, ) which is a pure module with two slopes such that:

A 0
Ag = )
’ (0 Az)
The modules (K™ ,®,4,) and (K™2,®,4,) are pure isoclinic of slopes

p1 < pa. The category C is generated by the g-difference modules M =
(K™tn2 §, ) where:

(AU
AU - <0 A2> Ue Mnl,n2(K)'

Abusing the notation, a matrix denotes its associated module. Thus, for all
U € My, n,(K), we have an exact sequence of g-difference modules:

0— Ay — Ay — Ay — 0.

To simplify, we set w := w,, and & = wogr, and here G is the Galois group
of the category C obtained by restriction of the functor @, S is the Stokes
group and Gy the Galois group of (M), which is also the formal Galois
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group associated to the category C. The following split exact sequence of
groups is still true:
1—-85—>G—>Gy—1.

For the properties of vector groups used in the following, see [2, §1.2]
or [6].

PRrROPOSITION 4.11. — The Stokes group of the category C is a vector
group, that is to say, pro-unipotent and commutative.

Proof. — Let N be an object of C, (N) is a full subcategory of C, then
there is an onto morphism of groups j : G — Gy and N’ > N if there
is an onto morphism of algebraic groups jy y: : Gn» — Gy The following
diagram is commutative:

1 S G Go 1
ljfv ljfv ljz*v
1 SN GN GO,N 1.

In the basic case M = (K™ "2 ® 4, ), the Stokes group Sy is isomorphic
to the algebraic subgroup &, ,,,(C) of GL,,, +1,(C) (defined in Section 2.1),
so Sy is a vector space. Generally,

S = @ SN
for the projective system: N’ > N, if there exists X such that N' = N® X,
and by restriction, there is a linear morphism j3 y/ : Snvv — Sn.

According to [4], G = @Gm for all N, Sy is a subgroup of G and
the morphisms jy v/ restrict to S. Therefore, S = lim Sy is a commutative
proalgebraic subgroup and it is pro-unipotent. 0

For i = 1,2, let V; denote the C-vector space &(A4;). Let p; : G — GL(V7)
be the representation of the group G associated with A; and ps : G —
GL(V2) the representation associated with A,. If we denote by p the repre-
sentation of G associated with Ay, the following sequence of representations
is exact:

0—=p1—=p—p2—0.

o= (" o)

where « is a map G — L(V, V1) such that p is a representation of group,
which means that « verifies:

(4.1) V.9 €G, algg) =pi(g)aly’) + alg)p2(g’) .

We have:

ANNALES DE L’INSTITUT FOURIER



LOCAL GALOIS GROUP 947

THEOREM 4.12. — There is an isomorphism of C-vector spaces:
Ext(pa, p1) = La, (S, L(Va, V1))

Here, the group Gy acts on S and on £(Va,V;)) which are Go-modules.
We define the C-vector space Lg, (S, L(V2,V1)) to be the set of lin-
ear maps « from S to L£(V2,V1) such that for all g9 € Go, a(s%) =

p1(g0)u(s)p2(go) ~* where s% := gosgy .

Remark 4.13. — Let us notice the analogy with the Corollary 5.11 of [7],
the authors obtain a similar result with a Picard—Vessiot theory.

Proof. — The group G acts on £(Va, V1) in the following way:
VgeG,YAecLWVa, Vi), gA:=pi(9)Apalg) "
We define H(G, L(Vz, V7)) as the quotient
ZHG, L(Vo, 1))/ BY(G, L(Va, V1))
where Z! is the set of cocycles and B! the set of coboundaries, they are

defined by:

T@i%ﬂﬁz{ﬂG%aW%)

Vg4 €qG,

fgg) =g-f(g')+f(g)}

JAe L(Vo,V1),YgeQG,
ﬂngA—A}

and all f in Z1(G, L(Va, V1)) and BY(G, L(Va, V1)) are rational.
Every matrix Ay gives a representation of the group G, p : G —

GL(V; x Va):
_(r(g9) alg)
plo) = ( 0 P2(9)>
1

We put for all ¢ € G, Z,(9) = al(g)p2(9)~". Then, Z, is a cocycle of
dimension 1 for the cohomology of the group G with values in £(V3, V7).
Indeed,

Z,(99")

=9.2,(9") — Z,(99") + Z,(9)

= p1(9)a(g)p2(99") " — gy )p2(9g’ )~ +alg)p2(g)
) )

P29
= p1(g)a(g)p2(g —a(g)p2(9) " +alg)p2(9)
—0.

BYG,L(Va, V1)) = {f € Z1(G, L(V2, V1))

-1

g) " = p1(g)eg’)p2(gg
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As a consequence, Z, € Z'(G,L(V2,V1)). Let B be a coboundary, there
exists A € L(Va, V1) such that for all g € G, B(g) = g.A— A. So, Z, and
Z, are in the same cohomology class if, and only if,

VgeG, Z,(9)=2Zy(9)+9A—-A
& a(g) =a'(g) + p1(9)A — Ap2(9)
Id —-A o Id A
0 1Id 0 pg))\0 Id
that is to say, the representation p is isomorphic to the representation p’,
they have the same class in Ext(ps, p1). We prove in the same way that

[Z,] = 0 if, and only if, p is in the class of p; @ ps. Thus, we obtain an well
defined injective map:

EXt(anpl) — Hl(Gv‘c(‘/Qv‘/l)% p= [Zp]

This is a bijection because if Z is a cocycle, we set for all g € G, a(g) :=
Z(g)p2(g) and « is in L(V2,V1). As Z is a cocycle « satisfies the prop-
erty (4.1), so p defined by

_ (r(9) a(a))
olo) ( 0 p2(9)
is a representation of the group G in Ext(ps, p1). We have constructed a
bijection of sets:

(4.2) Ext(pa, p1) = H' (G, L(Va, V1)).
There is left to prove:
(1) Hl(G7 ‘C(V27 Vl)) = L, (S, L(V2, V1)),
(2) the previous bijection (4.2) is a linear isomorphism.

LEMMA 4.14. — HY(G, L(V2, V1)) = L, (S, L(V2, V1)) by [Z] = Z (5.

Proof of Lemma 4.14. — Let g € G, we can write g = sgg where s € .S
and go € Go because G = S x Gy. Let Z be a cocycle of Z1(G, L(V, V1)),
we have:

Z(g) = Z(sg0) = 5.Z(g0) + Z(s) = p1(s)Z(g0)p2(s) " + Z(s).

But p;(s) = s(A;) = 1d for i = 1,2 because A; is a matrix of a pure isoclinic
module. Thus, Z(g) = Z(go) + Z(s) and a coboundary for S is necessarily
zero because B(s) =s.A—A=A—-A=0.

We have HY(G,L(V2, V1)) € HY(Go, L(V2, V1)) X L, (S, L(Vz, V1)) de-
fined by [Z] = ([Zg,]; Z|s). Indeed for all s € S, we have Z(s%°) =
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p1(90)Z(s)p2(g0) " so Zjg is in L, (S, L(Va,V1)). We have a well defined
and injective map.

Let us prove that H'(Go,L(Va,V1)) = 0. Let Z' be a cocycle in
ZYGo, L(V2, V1)) =0, Z’ gives a rational representation of Gy:

p:Go— GL(V; x V), go — <é Zl(lg())) (pl(()g) pz(zg)>’

such that the sequence of representations of Gg, 1 — p1 — p — p2 — 1
is exact. By tannakian duality, the category of rational representations of
Gq is equivalent to the category (Mp). This exact sequence corresponds
to the exact sequence in (My): 1 — My — M — M, — 1. Necessarily,
M = My ® M, since (Mp) has only pure modules and M; and Ms have not
the same slope. Thus, we have p = p1 & p2 and Z,(g0) = Z’'(go) = 0.

If g = sgo, and Z € HY(G, L(V2, V1)), then Z(g) = Z(s). The map de-
scribed by the lemma is injective. It is onto: we put « € Lg, (S, L(Va, V1)),
for all g € G, g = sgo, Z(g9) = Z(sg0) := a(s), Z is a cocycle, indeed:

Z(99") = Z(sg0s'9}) = Z(s5'°gogh) = a(s5'%°) = a(s) + go.a(s”)
=Z(9)+9.Z(g"). O

To finish the proof of the theorem, we have to prove that the bijection
between Ext(pe, p1) and Lg, (S, L(V2, V1)) is a linear isomorphism.

The structure of C-vector space of Ext(ps, p1) is described in [12] at
Section A.4 (for the extensions of modules). An element of Ext(pa, p1) is a
representation of G of the form:

p:G— GL(V), Vgeaq, p(g)=<p1(§9) a(g))’

addition is given by:

. pi(g) alg) +a'(g)
prdsam (750 015

the identity element is the representation p; @ ps where for all g € G,
a(g) = 0. And scalar multiplication by A € C is defined by:

= 28)

Our map:
K Ext(pa, p1) = Lo (S, LV, V1)), p= Z,y|s = als

is C-linear and bijective. O
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Remark 4.15. — The theory of [18, Chapter VII] can be extended to the
context of algebraic groups and rational maps. The Theorem 4.12 is then
a particular case of the sequence of inflation restriction of [18, Chapter VII
p. 126]. Indeed, by setting A = L(V5, V), we have the following exact
sequence:

0— HY(G/S,A%) — HY(G, A) — H'(S, A)% — H*(G/S, A),
induced by S C G and i* : G = Gy.
But the action of S on A is trivial, as a consequence A% = A and H'(S, A)
is Hom(S, A), thus H'(S, A)% = L, (S, A). In fact, we have:
0— H'(Go, A) = HY(G, A) — L5, (S, A) = 0.
The map H'(G, A) — Lg,(S, A) is onto by the Lemma 4.14, we proved by

hand but not using the fact H2 = 0, the principal argument is G = S x Gy.
By tannakian theory, we prove that H!(Gg, A) is zero.

4.3.1. Link between the Galois group of an element of F (P, P;) and its
corresponding element in F (P, ® Py, 1)

If Pp=(K™,®,4,) and P, = (K™,®,4,) are two pure isoclinic modules
of slopes 1 < g, we saw that F(Py, P;) and F(P; ® Py, 1) are isomorphic
(Theorem 2.4). If we take a representative of a class of F(Py, Ps), M =

(K™tn2 @, ) with:
(AU
Av = ( 0 A2>

and the corresponding element in F(P; ® Py,1) is M’ = (K"1"2T1 @A/U/)

where: -
/ —
A/U, _ (Bl%BQ ({) U/ — UB2_1 .

Now we shall describe the relationship between their Galois groups.
According to Proposition 2.2 established during the study of F(P;, P»),
the module M’ is a pullback, we have:

M' = (M® Py) xpory L.

There is an equivalence of categories between the category of ¢-difference
modules and the category of the rational representations of the Galois
group, so we study the pullback of the associated representations.

We follow the scheme of Proposition 2.2. We denote by Wy = &, (Py)
and Wy = @,,(P») the vector spaces associated with P, and P». The repre-
sentations of the Galois group of P; and P» are p; : G — GL(W7) and ps :
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The representation which is associated with M is an extension of ps by p1,
we denote it by: p, : G — GL(W; xW5) such that for all (z1, z) € Wi xWa,

po(9)(x1,22) = (p1(9)(21)+v(9)(22), p2(9)(72)), where v : G — L(Wa, W)
satisfies:

V9.9 € G, v(gg') = p1(g)v(g') +v(g)p2(g).
We have an exact sequence of representations:
0—=p1—=py—=>p2—0
by identifying p ® py with Hom(ps, p), we have the exact sequence
0 — Hom(pa, p1) — Hom(p2, p,) — Hom(pa, p2) — 0

where Hom(po, p1) corresponds to the representation G — L(Ws, W7) such
that g — (p € L(Wa, W1) = p1(g) o po pa(g)~"); Hom(pz, p2) corresponds
to the representation G — L(Ws, W3) such that g — (¢ € L(Wa, W3) —
p2(g)oqopa(g)~1) and Hom(ps, p,) corresponds to the representation G —
L(Wo, W1) x L(Ws, W3) such that

9= ((p.a) = (prlg)opopa(g) ™ +ulg)oqgopag) ™' p2(g) 0 qop2(9) ™))

We make the pullback by 1 — Hom(ps, p2) where 1 is the trivial represen-
tation and this morphism is described by C — L(Ws, W3), A — A1d. Then,
we obtain a representation

G — (L(Wo, W1) X L(Wa, W2)) X £(w,,wy) C
defined by:
g ((p, ) = (pr(g) o popalg) ™ + Au(g) 0 p2g) ", N))
by identifying ¢ = A1d.

So, we have:

p2(9)
" G(M) = {((pl ®602V)(9) V§9)>}
where

(P ® p3)(9))(p) = p1(g) o popa(g)~"
where V(g) € L(Wa, W1) and V(g)(p) = v(g) opo p2(g)~t.
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As far as the Stokes groups are concerned, we have:

s {(% )}
S(M') = {(Idw{?*wﬂ Vgs)), se S}

and V(s) is identified with v(s) through the identification of L(Ws, W)
with W1 ® W'. We obtain the following proposition:

PROPOSITION 4.16. — The isomorphism of C-vector spaces which iden-
tifies My, r,(C) and My, ,, 1(C) induces the isomorphism:

S(M) = S(M").

4.3.2. The functor it,

There are many processes to make the slopes of a ¢-difference module
integral, we could use ramification as in [7]. To compute the Stokes opera-
tors in Section 3, we did not use ramification. An iteration process appears
in the calculations and we will see that is a way to have integral slopes.

Let r € N*, we work on the category &.(K,q). We define the functor
iteration of order r, denoted by it,.. It is a functor from the category &, (K, q)
to the category & (K, q"):

it, : E(K,q) — &(K,q")
M= (K", ®4) ~ it (M) = (K", ®})
F:M— N~ F:it.(M)—it.(N).

Remark 4.17. — Infact, ® = ® r—1(4y , (44 and the morphisms are
q -Oq
invariant by it, because:

PpoF=Fody=0z0F=Fod’.

LEMMA 4.18. — The functor it, makes the slopes of modules in &, (K, q)
integral.

Proof. — The functor it, multiplies the slopes by 7. ]
PROPOSITION 4.19. — The functor it, is exact, faithful and tensor com-
patible.
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We notice that @.,le, (k,q) = ©z0le, (k,qr) © itr, Dy tannakian duality, we
obtain the following commutative diagram:

1 —— 5,(K,q) —— Gr(K,q) —— G, (K,q) —1

it:T it:T it:T

1 ——S1(K,q") —=G(K,q") —= Gp1(K,q") — 1.

Remark 4.20. — The morphism it} is not a closed immersion, for ex-
ample, the module (K,®,) of &.(K,q) cannot be a it, (K, ®,): otherwise

z=0}""(a)...0q4(a)a but it is not possible in K.

Nevertheless, it (51 (K, ¢")) is a subgroup of S, (K, ¢). As a consequence,
if we find a morphism F : gr(Ay) — gr(Ay) such that F(zp) €
S1(K, q") (it (Ay)) then F(zp) € S,(K,q)(Ay). We will see in the next
paragraph, that this argument enables us to show that our Stokes opera-
tors are galoisian.

4.3.3. Stokes operators for two slopes

According to [17],the Stokes operators for a module M = (K™, ®y4,,)
with integral slopes are for all ¢, d ¢ 3 (Ap) the meromorphic morphisms
over C*, SE’JF(AU) and their poles are the ¢-spirals [—¢; ¢] and [—d; q]. We
fix co & X(Ap) U {2} and we put as o4--modules:

Vce f?q7 Ag(AU) = ResJ:a 10g SEO,JF(AU)(ZO) .

The A; are called the g-alien derivations (see the introduction of [9] for
the explanation of the analogy). According to [9], the g-alien derivation are
“Lie-like” morphisms of the Lie algebra s; of Sj.

When the slopes are not integral, we introduced similar notations for
Stokes operators in the case of two slopes: S”a ;F(Ay) is the Stokes operator,
it is a meromorphic automorphism over C* of Ay, its poles are, for i =
0,...,7, the ¢"-spirals [—cq~"t1;¢"] and [—dg~"t1;¢"]. And A=(Ay) =
Res;_-log SEO@F(AU)(zO) is the residue in ¢ € ¥(A4y).

One non integral slope and one null slope. — Let M = (K"+1,®4,,) be
a g-difference module whose graded module is E(r, —d,b") @ 1, the matrix
Ay has the following form:

0 1 0

Ay = BU , B:= :
0 1 0 1
bz 0 0
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—d(r—1)

br e Cr.
Let hy = (1,7,0), I € Z, be elements of the formal Galois group Gp.,
v € E,}/ . We suppose g = 1, the trivial morphism. Moreover, we have

where I = ¢

C* = U x ¢® (U is the set of complex numbers of module 1), we define
71 € B/ such that v, is trivial over U and for all z € R, 71(¢*) = ¢*™. In
particular, 1 (&) =1 and 71 (¢) = &

Finally, we define for [ > 2, v, = (v1)!, that is for all ¢ € E,, v(c) :=
(71(c))". We notice that for all I € Z, v(q.) = & and for all ,I' € Z
NN = Vit

For all ¢ € E4 \ £(Ay), we find a meromorphic isomorphism on C* from
My to M denoted by:

)

The map ¢ € C* — FEO,;(AU)(zO) is meromorphic on C* and the poles
are ¥(Ag). Thus the residues Az(Ay) = Res;__log SJF(AU) are such that:

Au(Ay) - (8 R“é—{é“”).

And for the ¢"-difference module with integral slopes and matrix it,.(Ay),
we have, for all ¢ € B, \ (it (Ap)),

Se (it (Au)) = (Ir Fe<itr<Au)))

and for all ¢ € X(it,.(Ao)),

Ax(it, (Ay)) = (g Resd:cF%(itT(AU))).

PROPOSITION 4.21. — For all ¢ € Eg \ X(it,(Ao)),

where c;j == cq 7.
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Proof. — We remember that F5(Ay) = "(f1,..., fr) satisfies the follow-
ing system (cf. system (2.8)):

fo=04(f1) —wm
fa=03(f1) = (q(ur) + u2)

fr=04" Yf) — (0g 2(u1)+~~+0q(ur_2)+ur_1)
og(f1)="Vz -+ oy 1(u1) + ot og(up—1) + up

and f1 = 5
q’,c
We have
v 0 . 0
!, —d
it.(B) = 2 0 bty
0
0 0 b/q—(r—l)d
and

it (Ay) = (it’“éB) ‘f) V=017 (B) ... oM (B)oh () + o] (1)

We have X(it,.(Ay)) = {c€ C* | Fi=0,...,7r — 1, ¢ =b'q" "9} mod ¢".
Moreover, we easily verify that

04(F) = BF =U = o!(F) —it,(B)F = V.

(
Let us write, F5(it,.(Ay)) = t(flj,flg, .., frz), by the uniqueness of
the f; z, we notice that:

fl = fl,Ea f2: fg’ﬁﬂ LR fr: fr,c,,.f '

1

Thus,
Fo(Av) = By 1 Fe(ite (Au)) + Bo o F=(it (Av)) + - - + B F=(it,(Av)),

where F; ; is the elementary matrix with zeroes everywhere except at the

place (1, 7).
According to Lemma 4.5:

1 0 . 0

r—1

Z } g 0 (g™ o

T"Yl . . J+1,5+1 -

1=0 : " . 0

0 e 0 ylg)~(r—1d
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As
1 0 e 0
0 W) :

h[(B) — ,yl(b) - VZ(q ) ,

; ' 0
0 .. 0 m(g) Ve

we obtain the formula. O

LEMMA 4.22. — The only vector spaces which are stable under

Gp(E(r,—d,b")) are {0} and C".

Proof. — Let us suppose that X = “(zy,2,...,2,) € s(M) C C” then
foralll € {0,...,r — 1},

1 T I
ffﬂ T2 ff«ﬂﬂz
= ) es(M),
gi(r—l) T, ggr—l)lxr

because 7 and d are coprime (¢2 is a primitive rth root of the unity).
According to Lemma 4.5, for all j € {0,...,r — 1} we have:

0
I :
r—1 . f«mZ 0
Zf:_j . = | rTj+1 ES(M).
— :
! (r—1)i 0
T T .
0
And thanks to the permutation matrices
k
0 0451
0 O‘r_—12
Qg ...0p_9 0

for all k € {1,...,r}, we have z;E);, € s(M) where Ej is the elementary
vector whose coordinates are equal to zero except the kth which is 1.
As a conclusion, if there exists X # 0 in s(M) then s(M) = C". O

We can extend the previous lemma to the case of an arbitrary indecom-
posable module.
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LEMMA 4.23. — The vector spaces which are stable by G,(E(r, —d,b")®
Upn,) are {0} and C™.

Proof. — An element of G, (E(r, —d,b")®U,,) is a matrix C® W, where
C is in G,(E(r,—d,b")) and A € C. Let V be a vector space stable by
G, (E(r,—d,b") ® Uy,) and X € V such that

X1
X=|: |1eC™ X;eC".
Xm
Let us take A = 0. Then,
CcX,
CI1,X = : eV.
CX,,
As in the previous proof, we show that for j =1,...,r,
Ej X
: eV.
E;iXm

Let us take A = 1, then,

B Xa+ Ej i Xo
: ev.
E; ;i Xom

We prove the following by induction: for all £ =1,...,m,

E;j; Xk

Ej,jX'm

V.
0 S
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Consequently, for all j, for all x € C

be
0 0
€V and Eix|eV.
. 0
0

By the permutation matrices, X = 0 is the unique vector of V or V =
((:Tm. D

PROPOSITION 4.24. — For all ¢ € E, \ (X(it-(Ao)) U{z0}),

Ar(An) = 330 2D (40) At (40) € s(0).

Proof. — It is a consequence of the Proposition 4.21 with z = zy and
taking the residue in ¢, and because S_ 7F (it,(Av)) € S(M). O

Remark 4.25. — This formula remains the same if we replace Ay by

1 V), V = —UBY, of the dual of M.

the matrix in standard form ( 0 BY

Any object of the tannakian category generated by the g-difference mod-
ule M, denoted by (M), belongs in particular to the category &,.(K), so the
functor it, makes the slopes integral. Thus, we can define for any object
N = (K™ ®4) of (M), an element of the Lie algebra s(N):

Vee By \ (X(it-(grA) U{z0}),
r—1r—1 ;
- 1 dj .
As(A) = LouG) g o 4). A(it, (A)) € 5(N).
L £ 1~ (D) cq=i
§=01=0
PROPOSITION 4.26. — The operators Ag are “Lie-like” morphisms, in
the Lie algebra s);. Moreover,
r—1r—1 ;
2 Lyg?) , A
As(-) = - o h. A— U .

and we have the inversion formula:

dj -
Beit () =33 J) b A

ANNALES DE L’INSTITUT FOURIER



LOCAL GALOIS GROUP 959

Remark 4.27. — 1 have no conceptual explanation for the complicated
calculations that follow, nor for the apparent “self-duality” in the above
formulas.

ﬁ(itr(-)) are “Lie-like” morphisms, in the
—
Lie algebra s/, that is to say

A

=(it, (A ® B)) = A=(it,(4)) @ 1+ 1@ Aﬁ(m(z@)).

cq™’ cq

The formula linking Az(-) and A:J(ltr()) is linear so the morphisms
cq—

Ax(-) are “Lie-like” morphisms in the Lie algebra 5.
Let us prove the inversion formula:

r—1 r—1

Ty ( q X
: ,’” ho A—()
j=or=o M e
r—1r—1 r—1r—1
1y (g% 1 ,
=ZZT/ e 330 At (-))
370 /=0 e ( j=01=0
r—1r—1 1 r—1r—1 '}/l q ’Y['(q )
— T T (3
=>.0 5>, S hohir A==(it, ()
i=0i—o0 " 120 i=o e+ (b) gt ™!

1

:Ti:”i 1(2%%% Yr—1(q )h
Jj=037 r k=0 1=0

o
— = wqr ’Yk z(qr) ; -
Y Y ey | Aty ()

k=r I=k—r+1 g™
— 1 - Yi(q¥ % z &)
. s
5SS,
7=0 /=0 k=0 1=0
= & (@)
1(g kl & : o
+kzol;+1 h>.ACqﬂ"ﬂ'\1tT( )

because hk(Ao) = hi—r(Ap)

r—1r—1 r—1r—1 )
- 2(22%% Ye-1(q? h).A

7 .(itr('))

I
]
™

§=0j'=0 k=0 1=0 eq?’ I
el (g?) < G-
_ T d] —J A . .
—Ziiﬂ@Z "0 Zv >AMAMU)
7=05'=0 k=0
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because 37— ’yl(q}i(jfj/)) =0

even if j = j’ according to Lemma 4.5

r—1 r—1
11 5 ,
= - Ve (q7?) | hie-A=(it, (-
S oy | 2 )| medetin ()
. 7-_1 .
= A=(it(-)) because Z’yk (¢¥) = 0 except for k =0 O
Jj=0

In the previous section, we computed the Stokes operators for a module
with two non integral slopes, of the form M = (K™ &4, ), where:

B, U
A =
v ( 0 BQ>
and for ¢ = 1,2, B; is the matrix associated with the irreducible module
E(r;,d;,bl) of rank r; and slope ‘:— such that % < %' We notice that
it was equivalent to compute those of the module M’ = (K™ +1 @ A/UI)

where:
B1&By U’ ——
!’ 2 ! _ 1
U,—( 0 1) U =UB;".
We saw in Proposition 4.16 that S(M) and S(M’) can be identified, con-
sequently, we just have to prove the Stokes operators associated with M’
are galoisian.
We can generalize the previous results to the module M’ whose graded
module is E(r1,d1,b]" )@FE(re, —da, by " )®1. According to Proposition 1.14,
formula are nearly the same. We obtain the following corollary:

COROLLARY 4.28. — The Stokes operators of the Galois group of a
module with two non integral slopes are galoisian.

The residues A(Ay) are in the Lie algebra s(M). It will give us gener-
ators of the Stokes group associated with the module M.

4.4. Density theorem

In the case of integral slopes, Ramis and Sauloy proved the following
theorem:
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THEOREM 4.29 ([10, Theorem 3.5]). — The formal Galois group Gp 1
and the Stokes subgroup associated with g-alien derivations A generate a
Zariski dense subgroup of the Galois group of g-difference modules with
integral slopes G1.

Here, we generalize this theorem to the Galois group G, taking inspira-
tion from the results of the previous paragraph, where the analogue of the
g-alien derivations seems to be the Az o it,..

THEOREM 4.30. — Let r € N*. The subgroup of S,(K,q) associated
with the residues Az oit, and the formal Galois group G, (K, q) generate
a Zariski-dense subgroup of G,.(K,q).

Remark 4.31. — If r = 1, we recover Theorem 4.29.

Proof. — We use a density theorem of Chevalley, the same as the proof
of Theorem 3.5 of [10], it may be formulated by:

THEOREM. — Let H be a subgroup of G.(K,q). For H to generate
Zariski-dense subgroup of G..(K, q), it is sufficient that for each object M
of £.(K,q) and each line D of &,,(M) invariant under the action of each
element of H, then D is invariant under the action of G, (K, q).

We take H = G,,,(K,q) x exp({Az oit, | ¢ € C*}). Let (K", ®4,) be
an object of &.(K,q). Thanks to the canonical filtration by the slopes, we
may suppose that Ay has the following form:

Ay
A Ui ;
Ay =

As

the matrices A; correspond to pure isoclinic modules of slopes k; /r, k; € Z,
such that k1 < ko < -+ < ks. The matrix of the associated graded module
is Ao.

Let D be a line of &, (M) = C™ and X a generator of this line, we write
it by blocks:
X1
X=1":
Xs
The line D is supposed to be invariant under the action of G, (K, ¢), which
means that for each matrix B € G (K, q), BX and X are colinear.
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To be invariant by Az o it, means that A: o it,(Ay) X = 0 because
Azoit, is in the Lie algebra of S(M). We have to prove that D € s,.(K, q),
D(M)X =0.

The slopes are distinct, the action of C* of the formal Galois group
implies that only one X; corresponding to a unique slope p; is non zero.
Indeed,for all t € C*,

th1 X,

ths X
must be colinear to X.

We proved in Lemma 4.23 that the vector spaces stabilized by the formal
Galois group of an indecomposable module of rank n and of non integral
slope are {0} and C". A module with non inegral slopes is a direct sum of
indecomposable modules, the same proof shows that if u; is non integral
then X; = 0. In this case, we are done.

On the other hand, if y; is integral, then 4; = z*i AL, Ramis and Sauloy
proved in [10, Lemma 2.2] that X, is an eigenvector of A}. Then, there
exists A an eigenvalue of A} such that Ao X = Az X.

We may suppose that i = s because if we denote by M’ the submodule
of M whose slopes are smaller than k;/r and of rank n’ = n; + --- +
n;, the inclusion given by the matrix Inc = (18’) is a morphism of ¢-
difference module. By functoriality, the vector X’ = Inc X and the matrix
A’ corresponding to M’ verify the same hypothesis as X and Ayp.

Then, we have an analytic morphism:

X
Azhts —)Ao.

Moreover, there exists a unique formal morphism tangent to identity F
Ay — Ay (that is to say in &, .. ,.(K)), hence a formal morphism G =
FX : A2t = Ap. If we prove that this morphism is analytic then we will

have the following commutative diagram for all D € S:

.....

C Go(z0)=X cn
D(Az“s)l lD(AU)
Go (Zo)

C————Cn

where Gy is the graded morphism associated with G. But D(Az/s) = 0
because the module is pure, as a consequence D(Ay)X = 0.

Now, we just have to prove that G = FX is analytic. By hypothesis
AgoitT(AU) X = 0. The functor it, does not change morphisms, by applying
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it on G we have: A

it, (A2"*) 2 it (Ag) = it, (Ay).
Now, the slopes are integral and we have the same hypothesis as Lemma 3.6
of [10]. This lemma shows that G is an analytic morphism. O

COROLLARY 4.32. — Let M = (K", ®4,), with Ay = (5! ) where
for 1 = 1,2, B; is the matrix associated with the irreducible module
E(ri,d;, b]). The Ag and their conjugates by the action of the formal Galois
group Gy generate a Zariski-dense Lie subalgebra of s,y.

Proof. — It is a consequence of the previous theorem and Proposi-
tion 4.26. 0
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