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The new design for a spatially periodical rf quadrupole focusing linac is proposed. It consists of
accelerating gaps formed between conventional cylindrical drift tubes, between drift tubes and rf
quadrupoles with nonzero axial potential, and inside these rf quadrupoles, formed in the same way as
in a conventional radio-frequency quadrupole (RFQ) linac with modulated electrodes. Such a combination
provides both higher energy gain rate than conventional RFQ and stability of transverse motion for ion
beams. The structure can be designed using various combinations of quadrupoles and drift tubes. Some
options are considered in the paper using the smooth approximation method and computer simulation of
beam dynamics. Transverse stability of particles has been studied. The proposed structure can provide
suppression of rf defocusing effects on transverse beam dynamics. Some limitations of the spatially
periodic rf quadrupole structure are mentioned.
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I. INTRODUCTION

At the present time accelerating structures with spatially
uniform radio-frequency (rf) quadrupole focusing (RFQ)
are the best choice for the front end of ion linacs [1,2,3].
RFQ provides high efficiency bunching of injected low
energy dc ion beams and their acceleration conserving
initial transverse emittance.
RFQ is used for ion beam acceleration up to energies of

several MeV. Acceleration for higher energies in a RFQ is
inefficient due to significantly low acceleration efficiency
of the structure with sinusoidal modulation of vanes
compared with drift tube structures (DTL). It was shown
[4,5] that trapezoidal modulation of electrodes along the
accelerating part of RFQ instead of sinusoidal ones
increases acceleration efficiency considerably. However,
RFQs are currently used only as an initial part of ion linacs
due to the following reasons: (a) acceleration efficiency of
the RFQ cell is still lower than drift tube structures;
(b) effective shunt impedance of an RFQ becomes com-
paratively low at higher energies, mainly because the
energy gain rate of all structures based on H-mode cavities
with constant voltage along the linac decreases as longi-
tudinal velocity increases.
Eventually, the output energy of an RFQ is usually a

compromise between the above-mentioned considerations
and the optimal input energy of the subsequent accelerating
structure that is usually one or other drift tube linac. For

example, input energy of the Alvarez type structure is
bounded at the bottom side by a length of quadrupole
lenses placed in drift tubes. Sometimes, alternative focus-
ing lattices (for example, FOODOO, FFDD, etc.) are
applied to provide stability of transverse motion [6–10].
These modifications increase the nonlinear effects of the
accelerating field on the beam dynamics. In the case of
using superconducting cavities with large accelerating
gradients right after RFQ, the low input energy leads to
substantial coupling between transverse and longitudinal
motion. Thus, increasing output energy of the front end
structure is very often advisable. It is also true for the case
of employment of RFQ as a separate installation.
The energy range of an rf quadrupole focusing can be

expanded in the case of combining accelerating gaps
formed by drift tubes and rf quadrupoles. Such structures
with spatially periodic focusing are known for many years
[11] and employed for acceleration of protons up to
30 MeV. However, they are not widespread regardless
their design, manufacturing and successful operation
experience as an injector for proton synchrotron in IHEP
(Institute for High Energy Physics) [12]. Even the
improved versions of structure [13–15] could not change
this situation. It is explained by relatively complicated
design, fabrication process, difficulties in rf tuning [16] and
too high surface electric field on electrodes.
Nevertheless, the structures with spatially periodical rf

quadrupole focusing offer the most effective way to extend
the energy range of linacs with rf focusing providing
compact and inexpensive front end sections and stand-alone
linacs.
RFQ prevalence is quite ensured by well-developed

resonant structures [17]. Usually different variations of
4-vane cavities are used for frequencies of several hundred
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MHz, while heavy ion and low frequency RFQs are based
mostly on 4-rod structure resonant structure.
This paper presents one more option of spatially peri-

odical rf quadrupole structure with significantly reduced
limitations that can be built on the base of the well-known
resonant structures.

II. SPATIALLY PERIODICAL FODO
RF QUADRUPOLE STRUCTURE

A. General layout

The main difference of the proposed spatially periodical
rf quadrupole focusing structure from well-known ones is
that it forms an accelerating field: (a) between conventional
cylindrical drift tubes; (b) between drift tubes and rf
quadrupoles with nonzero axial potential; (c) inside rf
quadrupoles, formed in the same way as in conventional
RFQ with modulated electrodes.
The structure that includes all ways of forming the

accelerating field mentioned above is presented in Fig. 1. If
quadrupole electrodes in the same plane have the same
potential, it can produce the alternating focusing with a
focusing period length S ¼ Nβzλ, N ¼ 1; 3; 5;…, βz ¼
vz=c is a normalized velocity of ion beam and λ is
wavelength of the rf field. The case where N ¼ 1 and rf
quadrupole length L ¼ 0.5βzλ corresponds to spatially
uniform RFQ. The focusing strength of the spatially
periodical rf structure increases with the length of focusing
period S similar to FODO lattice of electro- or magneto-
statical quadrupoles, which means that transverse stability
can be provided with lower gradients in quadrupole lenses.
This improvement provides more freedom in rf quadrupole
focusing structure design and, in particular, allows getting
more energy gain without focusing efficiency loss.
The total accelerating efficiency T of the described

structure depends on the particular design of drift tubes
and rf quadrupoles. The most accurate way to calculate the
accelerating efficiency of such a complicated design is to
solve numerically the Laplace or Helmholtz equations.
Figure 2 demonstrates the distribution of accelerating field
normalized to 1 V along the structure shown in Fig. 1.
According to electrostatic simulations, the longitudinal

component of electric potential difference at the axis
between drift tubes and quadrupoles is 86% of its value

between two drift tubes, and the potential difference inside
the quadrupole is 73% of the same value. Particle accel-
eration in the proposed structure takes place on each part of
the lattice with a length of βzλ=2, whether the part is a
conventional accelerating gap or a part of the quadrupole.
The synchronous phase remains constant along the struc-
ture. Therefore the one little difference between various
kinds of gaps is their accelerating efficiency, i.e., transit
time factor. So the longitudinal beam dynamics has no
differences with that one in any other drift tube linac, based
on H-mode cavity and constant synchronous phase accel-
erating structure.
The described spatially periodic rf quadrupole focusing

structure can be designed by using various combinations
of quadrupoles and drift tubes. Focusing ability of the
structure is obviously defined by the lattice type of the
focusing period, its length and parameters of quadrupoles.
In this paper we will discuss only FODO-like structures
with focusing period length S ¼ 3βzλ (referred to as
structure B in the text) and S ¼ 5βzλ (referred to as
structure C in the text). The spatial distributions of quadru-
pole gradients along the axis with quadrupole length of
L ¼ 0.5βzλ and smooth transverse envelopes of the beam
are schematically illustrated in Fig. 3. The structure A in
this figure has period length of S ¼ βzλ and quadrupole
length of L ¼ 0.5βzλ. It obviously represents the conven-
tional spatially uniform RFQ and is used below to compare
with results obtained for spatially periodic structures B and
C. It has to be mentioned that definition of the described
focusing lattice as FODO is nominal because the real
distribution of focusing and defocusing parts depends on
quadrupole length and the phase of the rf field at the
moment when the particle enters each quadrupole.
Therefore, in this case FODOmeans alternation of focusing
and defocusing effects from quadrupoles to the beam.

B. Smooth approximation

The basic characteristics of the rf focusing channel with
FODO lattice can be obtained by the smooth approximation
method [18]. The phase advance of transverse oscillations
on a length of focusing period is expressed as

FIG. 1. Spatially periodical rf quadrupole structure; S—length
of focusing period.

FIG. 2. Distribution of accelerating field along the lattice in
front of the structure’s silhouette (normalized to 1 V of voltage).
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σ2ðφÞ ¼ σ2fðφÞ þ 2γ0sinφg; ð1Þ

where σf is defined as phase advance σ without defocusing
effect of the accelerating field, γ0 is rf defocusing param-
eter, φ is the phase of the rf field at the moment when the
particle is in the center of the quadrupole, φg is the phase of
the rf field at the moment when the particle is in the center
of the accelerating gap. Phase advance σf at smooth
approximation can be calculated as

σ2f ¼
Zτþ1

τ

qðτÞQðτÞdτ; ð2aÞ

∂2q
∂τ2 ¼ −QðτÞ; ð2bÞ

where QðτÞ is a periodic coefficient of the differential
equation for transverse motion of a particle in a spatially
periodic rf quadrupole lattice:

QðτÞ ¼ N2λ2
e
W0

GðτÞ cosð2πNτ þ φÞ; ð2cÞ

here e is charge of a particle,W0 is rest energy of a particle,
τ is the normalized dimensionless variable, which gets
unity at the end of focusing period τ ¼ βzct=S. GðτÞ is
distribution of the quadrupole gradient along the lattice. It

is shown in Fig. 3 as square wave functions with φ ¼ 0 and
L ¼ 0.5βzλ.

S ¼ Nβzλ; N ¼ 1; 3; 5;…: ð2dÞ

Behavior of matched transverse envelopes presented in
Fig. 3 is defined by the expression RðτÞ ∼ ½1þ qðτÞ�.
The numerical estimations of the basic parameters of

focusing channels shown in Fig. 3 were done assuming the
parameters given in Table I. The beam parameters in Table I
correspond to the output beam values of 81 MHz RFQ [19]
—the initial part of the heavy ion injector for the TeraWatt
Accumulator (TWAC) facility located in the Institute for
Theoretical and Experimental Physics (ITEP, Moscow).
Gradients of quadrupole lenses in considered lattices were
chosen in order to provide about the same phase advance of
transverse particle oscillation σf ¼ 60°.
It can be seen that the increase of the focusing period

length S allows the designer to use larger quadrupole
apertures for the required transverse phase advance σf.
Therefore, the normalized transverse acceptance of the
structure remains almost unchanged.
The main intrinsic feature of rf focusing structures is the

dependence of transverse motion of particles on the phase
of the rf field at the moments when the particle passes
through rf quadrupoles. Figure 4 illustrates the dependence
of transverse phase advance of a particle σf calculated in
smooth approximation on the phase of the rf field in the

FIG. 3. Conventional RFQ (A) and spatially periodic rf quadrupole structures with FODO lattices and period lengths of S ¼ 3βzλ (B)
and S ¼ 5βzλ (C).

TABLE I. Lattice and beam parameters.

Lattice

Parameter A B B1 C C1

Charge-to-mass ratio Z=A 1=3
Average normalized velocity β 0.05
Frequency f (MHz) 81.36
Voltage U (kV) 300
Quadrupole aperture R0 (mm) 12.5 22.0 22.0 26.4 26.4
Quadrupole length L=βzλ 0.5 0.5 0.72 0.5 0.8
Transverse phase advance σf 60° 33°–75° 60° 29°–90° 60°
Normalized transverse acceptance An (πmmmrad) 28 22 30 17 26
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center of the rf quadrupole for A, B and C lattices.
Figure 4A proves the fact that the phase advance σf does
not depend on the rf phase in conventional RFQ. However,
structures B and C are influenced by this dependence even
in the case of nonaccelerating structures. In the case of
beam parameters given in Table I the variation of phase
advance σf exceeds 40° for the structure B and 60° for the

structure C. It was shown that σf variation can be sup-
pressed by the appropriate choice of quadrupole length.
Figures 4B1 and 4C1 present phase advance σf versus the
rf phase in the center of the quadrupole for structure B at
quadrupole length L ¼ 0.72βzλ (B1) and for the structure C
at quadrupole length L ¼ 0.8βzλ (C1). This proves that the
proposed spatially periodic structures can be similar to

FIG. 4. Phase advances σf of a particle from the phase of the rf field in the center of the rf quadrupole. (A) S ¼ βzλ, L ¼ 0.5βzλ;
(B) S ¼ 3βzλ, L ¼ 0.5βzλ; (C) S ¼ 5βzλ, L ¼ 0.5βzλ; (B1) S ¼ 3βzλ, L ¼ 0.72βzλ; (C1) S ¼ 5βzλ, L ¼ 0.8βzλ.

FIG. 5. Phase advances σ of a particle from the phase of the rf field in the center of the rf quadrupole for γ0 ≠ 0. (A) S ¼ βzλ,
L ¼ 0.5βzλ; (B1) S ¼ 3βzλ, L ¼ 0.72βzλ; (C1) S ¼ 5βzλ, L ¼ 0.8βzλ; (B2) S ¼ 3βzλ, L ¼ 0.8βzλ; (C2) S ¼ 5βzλ, L ¼ 0.9βzλ.
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conventional RFQ regarding transverse motion of beam
particles. Furthermore, the independence of focusing
from the rf phase makes the parameter choice simpler,
because phases of the rf field at the moments of passing
through accelerating gaps and focusing quadrupoles can be
independent from each other.
The phase advance becomes dependent on the rf phase

after taking into account the defocusing factor as it follows
from Eq. (1). However, this effect is common for all rf
linacs and the proposed spatially periodic structures have
no difference from static quadrupole focusing structures.
Plots of phase advance σ versus the rf phase for γ0 ≠ 0 in
the case of φ ¼ φg are presented in Fig. 5.
Figures 5B1 and 5C1 done for spatially periodic struc-

tures are similar to Fig. 5A. They demonstrate that the
described spatially periodic rf focusing structure has no
difference in comparison with conventional RFQ in terms
of the nonlinearity of transverse motion. Moreover, it was
shown that a slight increase of the quadrupole lengths L
suppresses the effect of rf defocusing on transverse motion
of particles. This effect can be observed in Fig. 5B2 that
corresponds to L ≈ 0.8βzλ and Fig. 5C2 that corresponds
to L ≈ 0.9βzλ.

III. COMPUTER SIMULATION
OF BEAM DYNAMICS

A. Stability chart

In general, beam dynamics effects, caused by the
coupling between longitudinal and transverse motion of
particles, are increased with the length of focusing period.
Eventually, it results in the limitation of longitudinal
emittance of the injected beam. Figure 6 shows the stability
chart (or diagram) at phase plane (β,φ). The chart is plotted
for structures with parameters provided in Table I and for
injected particles uniformly distributed in phase range
Δφ ¼ �180° with velocity spread Δβ ¼ �20%. Colored

areas of the plot represent stable transverse motion
(j cos σj > 1). Black areas correspond to instability regions.
Transverse phase advance σ, calculated using the method,
involves construction of transfer matrices M for the
focusing period from elementary matrices calculated for
each single particle at each integration step of beam
dynamics simulation. The criterion of stability of the
transverse motion of a single particle is defined by the
value of cos σ:

cos σ ¼ M11 þM22

2
: ð3Þ

Such a stability plot for a spatially uniform RFQ looks
like a uniformly colored plane, because phase advance σ in
conventional RFQ depends neither on rf phase nor on
particle velocity. The velocity dispersion is absent due to
the spatial uniformity of the structure and uncertainty of
spatial period length definition.
White hatched ellipses in charts represent the longi-

tudinal emittance of the beam from the initial part of the
heavy ion TWAC injector. The charts show that longi-
tudinal emittance of the injected beam is a critical param-
eter that influences the design of spatially periodic
structures. Prints of these beams are presented in Fig. 6
as white ellipses (Δφ ¼ �20°, ΔW ¼ �1%) and white
points inside ellipses (Δφ ¼ �1°, ΔW ¼ �0.1%). Pairs of
prints on each plot correspond to two transverse planes,
separated by 180° in phase.

B. Beam dynamics in spatially periodic rf
quadrupole focusing linac

The accurate study of beammotion in a spatially periodic
rf quadrupole focusing linac can be performed with
computer simulation that takes into account real 3D field
distribution. Beam dynamics simulation in the structure

FIG. 6. Transverse stability plot on longitudinal phase space. Color represents the value of cos σ, black represents j cos σj > 1,
(a) S ¼ 3βzλ, L ¼ 0.72βzλ; (b) S ¼ 5βzλ, L ¼ 0.8βzλ.
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that was shown in Fig. 1 and beam parameters from
Table I have been done with TRANSIT code [20].
TRANSIT is a 3D macroparticle code, which uses the
simplectic algorithm for integration of motion equations

and the particle-in-cell (PIC) algorithm to compute the self-
field of the beam. 3D distribution of the electric field in the
described structure has been found by the computer
simulation in electrostatic approximation.
The simulation was done for structure that includes 2.5

focusing periods with S ¼ 5βzλ. Total structure length is
Lstr ¼ 3 m, output particle energy is W ¼ 4 MeV=u. The
results of beam dynamics simulation in the C-type lattice
(see Table I) are presented below. Transverse envelopes of
the beam are shown in Fig. 7. Output transverse and
longitudinal phase-space plots of the beam are illustrated
in Fig. 8. Plot (a) corresponds to the beam with small
longitudinal emittance (Δφ ¼ �1°, ΔW ¼ �0.1%) and
“zero” current, where W is a kinetic energy of particles,
(b) corresponds to the beam with “zero” current and real
longitudinal emittance (Δφ ¼ �20°, ΔW ¼ �1%), and
(c) corresponds to the beam with real longitudinal

FIG. 7. Beam transverse envelopes.

FIG. 8. Phase-space plots of output beam.
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emittance (Δφ ¼ �20°, ΔW ¼ �1%) and beam current
of 20 mA.
Transverse rms emittance growth can be used as a

measure of nonlinearity of beam motion. Values of emit-
tance growth obtained with computer simulation are
presented in Table II. The data in Table II confirm that
longitudinal emittance is the main cause of transverse
emittance growth.
Simulation results show that for small longitudinal

emittance of the injected beam and for zero beam current
there is no transverse emittance growth. As would be
expected, considerable emittance growth appears for

longitudinal emittance provided by preceding RFQ. In this
case transverse emittance growth is about 17% for zero
beam current. Consideration of 20 mA beam current
increases transverse emittance up to 23%.

TRANSIT code has the option that allows more detailed
study of transverse motion stability of the beam. The option
is based on the same matrix method used to plot stability
charts. The results of such analysis are presented in histo-
grams in Fig. 9. The histograms show the particle distribu-
tion of σ. Blue histograms correspond to low longitudinal
emittance of the injected beam with zero current. All
particles are in the stable region and there is only a small
dispersion of transverse phase advance of single particles.
Green histograms correspond to the realistic value of
longitudinal emittance. The mean value of the histogram
is the same as in the previous case but considerable
dispersion of transverse phase advances of single particles
is nowpresent. Themost important fact is that some particles
are outside of the stability region. The presence of local
instability is the reason of transverse emittance growth
observed in Fig. 8. Red histograms demonstrate the shift
of mean value due to Coulomb tune depression and a bit
larger dispersion of phase advances. The histograms illus-
trate the effect of nonlinear external field or self-field of the
beam on transverse dynamics. The calculated dispersion can
be taken as a criterion for nonlinearity of beam motion.
Regardless of nonlinearities the proposed structure provides
a high energy gain rate of 2.5 MeV=m with moderate
transverse emittance growth even for S ¼ 5βzλ.

IV. CAVITY

An important feature of the proposed structure is that it
can be built on the base of the same resonant structure as
the preceding conventional RFQ. In particular, the second
accelerating section for the TWAC injector can be
constructed on the base of the conventional 4-vane cavity
resonator. Radio-frequency quadrupole lenses are formed

TABLE II. Root-mean-square emittance growth.

a b c

Plane (XX0) 1.004 1.138 1.144
Plane (YY 0) 1.005 1.170 1.229
Plane (φW) 1 1.016 1.032

FIG. 9. Histogram for transverse phase advance of particles in a
beam: (a) X-plane, (b) Y-plane.

FIG. 10. 4-vane cavity resonator of a spatially periodic rf
quadrupole linac.
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in the same manner as in conventional RFQ and drift
tubes are placed between opposite vanes. Drift tubes
make the opposite vanes electrically shorted and thus
provide suppression of the lowest dipole modes of the
cavity. The computer model of such a cavity is presented
in Fig. 10. The main parameters of the spatially periodic
rf quadrupole linac, based on this cavity, are shown in
Table III.

V. SUMMARY

The new option of a spatially periodic rf quadrupole
structure is proposed. Accelerating and focusing fields
are formed by combinations of drift tubes and rf quadru-
poles on a large focusing period length. It provides the
unique freedom for lattice parameters and can be used, for
example, to maintain required focusing strength in a heavy
ion linac or to achieve high energy gain rate.
The computer study of the structure demonstrated that in

the case of a wise choice of rf lens lengths the beam
dynamics is similar to a conventional accelerating structure
with static quadrupole focusing. The main factors that
influence transverse dynamics and lead to transverse
emittance growth are longitudinal emittance of an input
beam and acceleration rate of the structure.
A spatially periodic rf quadrupole linac with the pro-

posed structure can be based on the same cavity as an RFQ,
and provides high energy gain rate and high shunt
impedance with moderate transverse emittance growth
due to an effective combination of drift tubes and rf
quadrupoles. The proposed option of a spatially periodic
rf focusing structure can be useful for the design of front
ends of ion linacs for acceleration of all ion species up
to several tens MeV energies as well as for design of
compact and relatively inexpensive ion linacs for this
energy range.
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