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This note concerns multiple weighted inequalities for vector-valued multilinear singular integral operator with nonsmooth kernel
and its corresponding commutators containing multilinear commutator and iterated commutator generated by the vector-valued
multilinear operator and BMO functions. By the weighted estimates for a class of new variant maximal and sharp maximal functions,
the multiple weighted norm inequalities for such operators are obtained.

1. Introduction

It is well known that multiple weighted norm inequalities
for multilinear operators and their related commutators on
various spaces of function is a center topic of harmonic
analysis, which recently attracts a lot of attention, see [1-3]
etal.

In this paper, we will focus on the multiple weighted
estimates for vector valued multilinear singular integral with
nonsmooth kernel and its commutators. Now we give some
information on multilinear Calderén-Zygmund operators.

The multilinear operator T  we study is initially defined on
the m-fold product of Schwartz space S(R")x- - -x S(R") and
taking values into the space of tempered distributions &' (R");
that is,

T:8(R")x---x&R") — &' (R"). )

A locally integrable function K(x, y,..
from the diagonal x = y; = --- = y,, in (R")
associated kernel of T' if

T(fis- 5 fn) (%)

= LRn)m K(x,yl,. . .,ym) fl (yl) .. 'fm (}’m)d)ﬁ .. .dym)
(2)

. ¥,,) defined away

1
"% is called an

where fi,..., f,, are C* functions with compact support and
m
forall x ¢ (i, suppf;.
Moreover, we assume the associated kernel K satisfies the
following standard estimates:

A
Zz,lz:o |)’k - )’l')mn

IK (Yo Y15+ V)| < ( 3)

for some A > 0 and all (y,,...
jefl,...,m},and

» Ym) With yy # y; for some

'K(yo,...,yj,...,ym)—K(yo,...,y;.,...,ym)|

Aly; -y @

|)mn+e >

B (ZZfl:o l)’k —

for some ¢ > 0 and all 0 < j < m, where ij —yj'.l < (1/2)
MaXgck<|y; = Vil These facts can be founded in [4].

We now turn to present the definitions of m-linear
commutator and iterated commutator of multilinear singular
integral.



For the multilinear operator T' and b = ,,...,b,) in
BMO™, we define the m-linear commutator T.; s as the
following form:

Ty (f) 0 = ZTJ( )= Yo,

j=1

s ) (%),
()

T]j(fl,...

where
T (F) @) = b, T (frreeos fi) ()
- e bifie s fn) (%)
q T(f, fipeeos o) () ©
Ty () () = [by, [bys . [B 1,[bm,T]m]m_1,...]2]1
X (frseeos frn) ()

If T is associated with a distribution kernel, which coincides
with the function K defined away from the diagonal x = y, =
=y, in (R")™, then
T, (f) @)
= | K i)
(R™)

(b5 ) =b; () £ (53) -+ fon G -~y

7)

And we also present the iterated commutator T,

Ty () () = me K (% 1> Ym)

<1 (00 -

Jj=1

b () £ (v;) dyr - Ay
(8)

Here the notations of commutators are taken from [5, 6].
The following class of weights were introduced in [1]. Let
1< pseeosp, <00,and 1/m < p < oo, with 1/p = 1/p; +
+1/p,. and P = (P> Pp)s given @ = (wy, ..., w,,), we
say that @ satisfies the A ; condition if

1 Upm /4 1—p<>1/";
T 7 T S > 9
Lép<|Q| Lf‘”) E(m Jo oo O

m  plp; -
where v = [0} ", when p; = 1, ((1/1Q]) [, @; ")
is understood as (ianw )L

Observe that A, ) is contained in A 3 for each P. How-
ever, the class Ap 1s not increasing with the natural partial
order, see [1] for detail. Lerner et al. [1] established multiple
weighted estimates for multilinear C-Z operators and that
for m-linear commutator of multilinear C-Z commutator.
In 2012, Chen and Wu [2] extend their results to m-linear
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commutator and iterated commutator of multilinear C-Z
operator with nonsmooth kernel satisfying Assumptions (H1)
and (H2).

Next we define the vector-valued multilinear operator
T, (g > 0) associated with the operator T by

Ty (fioeor fin) ) = [T (fis- s fi)l, ()

s /9 (10)
:<Z|T(flk"-"fmk)(x)|q> ,
k=1

where f; = {fyJoo, fori=1,...,m

This operator was first studied by Grafakos and Martell in
[7]. Later Cruz-Uribe et al. gained the weak boundedness of
this one in [8]. We list them as follows.

Theorem A (see [7]). Let T be a multilinear Calderén-
Zygmund operator as before, and let 1/m < p < oo, 1/p =
1/py+-+1/p, withl < pi,..., p,, < 00,1/m < q < 00,
and1/q =1/q, +---+1/q,, with 1 < qy,...,q,, < 00. There
exists a constant C > 0 such that

17, (Dl ey < CHlll fil,

(11)

LPi( [R"

For the sequence { £}, = (fis-- > fon)oy» the vector-
valued version of the commutators Ty . and Ty  are given

by

qu (x)— | (J?)|q(x)
1/q (12)
<Z| flk’ "fmk)(x)|q> >
Tiig () 0 = [Ty ()], 0
(13)

1/q
<Z| 5 (i - "fmk)(x)|q> .

In 2008, Tang established weighed norm inequalities for
the commutators of vector-valued multilinear operator in [6],
but their results are not the multiple weighted estimates that
are obtained by Lerner et al. in [1].

Now we restore to give some information on the kernel
K which satisfy Assumptions (H1) and (H2). Let {A,},.
be a class of integral operators which play the role of the
approximation to the identity. We always assume that the
operators A, are associated with kernels a,(x, y) in the sense
that for all f € (,e(,00) LY and x € R”

Af (x) = JW a(xy) f(y) dy, (14)

and that the kernels a,(x, y) satisfy the following conditions

mu»khuw—ﬂ%ﬁ ”) 5)
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where s is a positive fixed constant and h is a positive,
bounded, decreasing function satisfying that for some 1 > 0,

Jim ™7 (%) = 0. (16)

Recall that the jth transpose T* of the m-linear operator
T is defined via

(T (fireoo f) 2 9)
=(T(foror 09 Fiee o

(17)
) £i)

forall fi,..., f,, g in S(R™). Notice that the kernel K* of
T/ is related to the kernel K of T via the identity
K*’j(x,jl,...,yj,...,ym) = K(yj,yl,...,x,...,ym).
(18)

If an m-linear operator T maps a product of Banach
Spaces X, X --+ x X, to another Banach Space X; then
transpose T**/ maps the product of Banach Spaces X X - -+ x

X; 1 x Xj x X,y %+ x X, into X 7. Moreover, the norms of

T and T*/ are equal. To maintain uniform notation, we may
occasionally denote T by T*° and K by K*°.

Assumption (HI). Assume that for each i = 1,...,m,

there exist operators {A'},,, with kernel a/(x, y) satisfying
conditions s and # and that for every j = 0,1,...,m, there

exist kernels Kt*’j D(x, V1> --+> V) such that
(T (frr s AV £ o) 9)
= K7 ( ) fi () (19)
— X Y Ym) 1 N
NGO

fon (V) 9 (x) dy dx,

for all fi,..., f,, in S(R") with (L, supp fi N suppg = 0.
Also assume that for every j = 0,1,...,m and every i =
1,...,m, we have
A
K" J(x y) K S Towm .
' (Xt [ = 7))
m | _
Yi = %l
x ) q’( Py ) (20)
k=Lk#i
At
+ m mn+e
(s b = il)
where t'/* < [ = v1/2, 5 = (155 Vi)

If T satisfies Assumption (HI), we will say that
T is an m-linear operator with generalized Caderdn-
Zygmund kernel K. The collection of function K satisfying
(19) and (20) with parameters m, A,s,n and e will be
denoted by m-GCZK(A, s,#,€), we say that T is of class

m-GCZK(A, s,n,€) if T has an associated kernel K in
m-GCZK(A, s, 7, €).

Assumption (H2). Assume that there exist operators {B,},.,
with kernel b,(x, y) satisfying conditions (15) and (16) with
constants s and #. Let

K (%, Y155 V) = J'R” K(z, Y1+ V) b (x,2) dz,
(21

1/s

whenever 2t < min,_j,,|x - y;| and

. S
(Xhe 1|x )’k|)mn

Yi— )
) ‘D(| tl/skl) (22)

k=1,k+i

[K (%, 7) - K (+', 7)| <

Atels
* m
Xkt |x —Vk

|)mn+e 4

whenever 2|x — x'| < t'/* and 2¢/° < max;je,lx — yjl.

When T is of m — GCZK(A,s,#,€) and its kernel also
satisfies Assumption (H2), Duong et al. in [5] proved that
multilinear singular integral T is bounded from L7 (R") x

- x LPn(R") to LP(R")(LP*®(R™)) for 0 < p < 00,1 <

Pi>evs P < 00 with 1/p = 1/p; + -++ + 1/p,,. And they
also remarked that the above kernel which they studied has
weaker regularity. It is natural to ask whether the vector-
valued multilinear operator T, with kernels satisfying the
same conditions as in [5] and its commutators T.; Sha and T, Tihg
have multiple weighted estimates or not. These problems will
be addressed by our next theorems.

Now we can formulate our results as follows.

Theorem 1. Assume that T, is a vector-valued multilin-
ear operator defined as (10) associated with T being an
m-GCZK (A, s, 1, €) whose kernel K satisfies Assumption (H2).
Ifthereexist1 < py,..., p,, <00, withl/p =1/p;+---+1/p,,
and & = (w,, ..., w,,) € Agwith P = (p,,..., p,,) then

() T, can be extended to a bounded operator from
LPY(w,) x -+ x LP"(w,) to LF(vy) if all exponents p;
are strictly greater than I;

(i) T, can be extended to a bounded operator from
LY (@) x -+ x LP(w,,) to LP®(vz) if 1 < pj < oo,
j=1,...,m, and at least one of the p; = 1.

Theorem 2. Assume that T, is a vector-valued multilinear
operator that satisfies the assumptions in Theorem 1, and the

multilinear commutator T'; Shq 1 defined as (12). Letb € BMO™,
1< ppeespp <00, 1l <p<oowithl/p=1/p;+ +1/p

and @ = (w,,...,w,,) € Agwith P = (p,,..., p,,). Then there
exists a constant C > 0 such that

=<l nBMoH\llf]

" 2b q iy (23)



Theorem 3. Assume that T, is a vector-valued multilinear
operator that satisfies the assumptions in Theorem 1, and the

iterated commutator THB,q is defined as (13). Let b € BMO™,

1 <ppyeespp <00, 1 < p<oowithl/p=1/p, +--+
p, @ = (@,...,w,) € Agwith P = (p,,...,p,,). Then
there exists a constant C > 0 such that
‘lTHE,q( ) P03 H"bllBMOl_[|||fJ i ) (24)
_ 1m PP
where vy = [[io@; 7, 1 < qy5...,4,, < 00,1/m < q < 0o,
and1/q=1/q, +---+1/q,,

The rest of this paper is organized as follows. In Section 2,
we recall some standard definitions and lemmas. In Section 3,
we introduce a class of new maximal functions and prove
some useful estimates which will play key roles in the proofs
of our theorems. In Section 4, it is devoted to the proof
our theorems. Throughout this paper, we use the letter C to
denote a positive constant that varies from line to line, but it
is independent of the essential variable.

2. Some Preliminaries

Lemma4 (see [1, Lemma 6.1]). Assume that®d = (wy,...,w,,)
satisfies A g condition, then there exists a finite constant r > 1
such that ® € Ap,.

We recall the definition of the Hardy-Littlewood maximal
function and the sharp maximal function:

M(f)(x) = sup|Q| J |f (»)|dy,

M ()0 = sopinf e | 1F () =elay 9

IQl

obial J £ &y

= M(If1°)"°(x) and M(f)(x)

) = fol 4y,

and their variants Mg( f)(x)

= MH(If1°)"° ().
We will use the following inequality (see [9]):

[ (s(Defwmdr<c (MiH))owadx
26)

all functions f for which the left-hand side is finite, and where
0<p, 6<o0, weA

Now we introduce some facts on Orlicz spaces. Let ©:
[0,00) — [0, 00) be a Young function, that is, a continuous,
convex, increasing function with ®(0) = 0 and such that
®(t) — ooast — oo. In this paper, any Young function
® will be doubling, namely ®(2t) < CD(t) for t > 0. We
define the ®-average of function f over a cube Q by

Wlag=int {1>0: 5 o (LM )axca. e
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It is a simple but important observation that

1flog>1 iff IQIJ <|f§L >I) x>1L (28)

A particular case of interest, and especially in this paper, is

the Young function ®@(t) = ¢(1 +log"t), the average ||f||q>,Q of

a function f given by the Luxemburg norm || fll 44 1 o-
Associated with this average, we have a maximal function

Mi(1og 1) f(x)=supg, If ”L(log 0Q (29)

where the supremum is taken over all the cubes containing x.
By the generalized Holder’s inequality, we also get

a1 ol 09l dx < CAlololigna GO

3. New Maximal Functions

In this section, we will introduce certain variant multilinear
maximal functions and establish the multiple weighted esti-
mates for such functions, which are one of the main parts in
this paper.

Recall the definitions of these maximal functions, which
are introduced by Lerner et al. in [1]

() () = supl"[p'j 15 ()] dy.

Qax’j=]

A (f )(x)—sup]_[<|Q|J \f; (y)Irdy>l/r, (31)

3)(]1

m
M 1109 1) (f) (x) = Z‘;Eg"fj”ulogm,cz'

The fact that r > 1, there exists a constant C > 0 such that

1 . 1/r
o= (i |00 @) 6

so it is easy to check that

M (f) (x) < ‘/%L(logL) (J?) (x) < ﬂr (J?) (x). (33)

Characterizations of the multiple weights in terms of .#
were proven in Theorems 3.3 and 3.7 in [1].

Lemma5. Let1 < py,...,p, <00, 1/p=1/p;+---+1/p,.»
andP: (pp--~>Pm),
DIf1 < py..osp,, < 00, then M is bounded from
L (@) % -+ x LP"(w,,) to LP(vy) if and only if & =
(wp,...,0,) € Ap;
(i) If1 < pseaos Py < 00, then M is bounded from
LM (w)) X -+ x LPn(w,,) to LP®(v;) if and only if
@ = (..., w,) € Ag.
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In the following, we introduce the modified multilinear
maximal functions.

Letr >1,1<l<mo=1{j,....j;} €{1,...,m}and o' =
{1,...,m} \ o. We defined the following multilinear maximal
functions:

ﬂ? ('f|q) (x)
—supz Wlll_[|Q| J |fj|qjdyj (34)

Q3xy=0 j€o
1
x }:[m LQ [l @i
ﬂg,L(logL) (|f_!|q) (.X)

_ supzz van

Q3xy=0 jeo

; ,H f] qj
jee

M, (
1/r
i > (36)

= SUPZZ van( a J |f] ;jd)/
1/r
)

Qaxy=0 j€o
% H<_v1 J £l 4
jeg V2RI 2o

where | fl, = (522, [fu(ypIl ).

We remark that when ¢ = 1,...,] and]? = (fiseeos fin)s
M, was first introduced by Grafakos el al. in [10] and denoted
M, by M. Chen and Wu [2] proved the multiple weighted
norm inequality for ., ,. Similarly to (33), for any r > 0, we

L(log L),Q (35)

L(log L),2"Q

fl,) ()

have

/%e (mq) S/%e,L(IOgL)('ﬂq)S/”e,r( qq)' (37)
Lemma6. Let1 < p,...,p, <00, 1/p=1/p;+---+1/p,.,
B=(py..pn) @€ Ay and g = {jy,.... i} < {1,...,m},

1 < I < m. Then for some r > 1 (r depending only on @),
M, and M, . defined by (36) are bounded from L' (w;) X - - X

me(w ) to Lp(v ). My M 10g1) M o and M ,, are bounded
from LP'(w;) X - -+ x LP"(w,,) to L? (v ).

4. Weighted Inequalities for Vector-Valued
Singular Integral and Its Commutators

To prove our theorems, we first give two Lemmas
about vector-valued operator T, associated with T in
m-GCZO(A, s, 1, €) which were obtained by Duong et al. in
[5].

Lemma 7. Let T be a multilinear operator in m-GCZO
(A, s,n,€) with K satisfying Assumption (H2). And let 1/m <

p <00, 1< pleesp < 00withl/p = 1/p, +
1pw l/m < g < o0, and 1 < qy,...,4,, < 00 with
1/q = 1/q, + --- + 1/q,,. Then there exists a constant C > 0
such that

It (Dl =T Wl 09

Lemma 8. Let T be a multilinear operator in m-GCZO
(A, s,n,€) with K satisfying Assumption (H2). And let 1/m <
pP<00, 1< pl,cspy <COWithl/p=1/p;+---+1/p
and 1/m < q < oo, 1 < qy,...,4,, < 0o with 1/]q =
1/g, + -+ + 1/q,,. Then there exists a constant C > 0 such
that

Ir (D < T i 9

Before proving Theorem 1, we first present the estimates
on the pointwise estimates for sharp Fefferman-stein maxi-
mal function action on T,

Proposition 9. Let T be an m-linear operator in GCZO
(A, s,1,€) and T, satisfy the assumption in Theorem 1. Assume
that oo = {1,...,m} and 0 < & < 1/m. For any {f,,,,...,
Smictiey in the product spaces LPr(IT) x -+ x LPn(I%) with
1 < pj, g; <ooforj=1,...,m, then these exists a constant
C > 0 such that

M (1, (7)) @ < € (e (|7],) 00+, (| ],) )
(40)

The ideas and arguments used in the proof are similar to
those in [1] with some modifications. For completeness, we give
the proof as follows.

Proof of Proposition 9. For a point x and a cube Q > x, since
ol =18l < la - ﬁlﬁ, for 0 < r < 1, to obtain (40), it suffices
to prove for 0 < 8 < 1/m

(ﬁj |T (z) CQ| dz)l/a

C (e (|71,) e+, (|7],) ),

for some constant CQ to be determined later.
Let {fif .- fmk}k | be any smooth vector-valued func-

tions. Set each fk = fk +fk , where { fk el = {kaQ ol =
{fieXaes- - > fmkXar ooy and Q* = (8+/n + 4)Q, then we can

(150 =1 0 520+ 5 00)
Z “ Foit ) (42)

,,,,,

ﬁf]pk () + Zflk ()
j=1

where each term of ¥ contains at least one a;#0.

(41)

mk (ym)



Hence, we can write
T,(f) @ =1,(") @)

ZT (Fs o fam)(z). (43)

Applying Kolmogorov’s inequality to the term

T, ()@ =T, (fio- - foe) (@) (44)
with p = § and g = 1/m, we derive
1/6 "
(g el d=) < A (P)sem e

US|
SﬂL@JQﬂM%
< C/%('ﬂq)(x),

(45)

sinceT: L' x---x L' — LY™®,
To estimate the remaining terms, we now set CQ Z T

(flk’ . fmk)(x) and will show that, for any z € Q,

!

DT (fis s o) @) =Ty (fi o f) ()
(46)
< C%('ﬂq) (x).
Consider the case when a; = -+ = «,,, = 00 and define
T, (F°) = T, (Fid s fo)- (47)

So
I, (f%.. o
) (kZ:; -[(R"\Q*)mK(z’}-}) fueOn) -

q)l/q

| KD fi )
(RMQ")™

o) (@) =Ty (fi o

fmk (ym) dJ_}

(3

q 1/q
mamwﬁ>
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<|:12(J(R”\Q) (2.7) - K(x, J)|

qq1/q
< i) ok Ol ) |

<J K (2, 7) - K (2, 7))
(RMNQ*)™

+ K (2 5) - K (x.7)|

<[§

k=1

PRRL!
< L)+ ok O] 47) }

K (2.7) - K (2. 7)]

q)l/q

(S

1 [v=0 (ZVHQ* \Z'VQ* )m

+ |k (z,5) - K

(x.7)|

X | fie (1) foke (V)| 47

(48)

Since x,z € Q, y; € R"\ (8y/n + 4)Q, and t = 2/nl(Q))°,
then |x - y;| ~ Iz - yjl. Iz = y;l > (4vn+ DIQ) > 2",
lx -yl > 265 and |x - z| < 2t'/%. Hence,¢(|yj—z|/t1/$) =0
for j = 1,2. By Assumption (H2), we can infer

Al
S |z -yl

K (2.7) - K (z.7)| <

mn+e’

At

K (z.5) - K (x,7)| <

mn+e *

Zih |x‘3’j'

Thus,

J Ate/s
-0 J@Qr\2rQ)”

(22, |Z‘yj|)

m a\ /4
H|f]k Vi |dy> >

j=1

0 00 Q* €/n
_c<;<z__|__|_mE

= (211"

a\ /4
JZ”“Q* H|f1k Y 'dy) )

mn+e
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< <k§1 <y_02”€ (2v+1|Q*|1/n)
g\ /9
oo ﬂlf]k ) Idy> >
v
S\ (2
q; 149
X LMQ* | (5) dyj) ]

) CZZ_HW JMQ* £l @i

< CM (|f’jq) (x).
(50)
It remains to estimate the terms in (46) with o, = =0y =
Oforsomeg—{]1 ..... gy cfL,..., }—Qofor1<l<m

and o' = g, \ 0, by Assumption (H2), we have
[Ty (Ao o) @ = Ty (s ) (30

) Lz(]m K (25) - K (x )|

" (Vi Idy>q]

- [12 <J([Rn)”‘ |K CS KEO) (z,)'/')|

+|K© (2,7) - K (x, 7))

q
" (Y Idy> ]
SC{Z[ ) J |ka y1)| dy;
jeo
o (g
X J m mn+e
@@\ (Ljeg [2 - 7))

Tk y,-|>’"‘">
T <y,~>1dyj)]q}w

1/q
| "(n)-

1/q
| ()’1

jed'

Mg

IN

c ‘|k [g JQ* [ ()]
o |Q*|e/n
x o {j\mnte
<;) < (27,|Q*|1/n)"m

1
SN YR
(21Q1'") >

I
—_

J(z gy 1_[|ka Vi |dy]

jed

0 |Q*|e/n 1 >
<C i mn
% < (Z1Q )™ (2R

XH-:O1<J |f1k y] |dy1>qj:|1/qj

D[, batilan)' |

jeo' Lk=1

1 1

<cy o HJ il

22 (27171 e Ja

x HJ 'f]'qldyl

jed

| d
' Z(21'|Q |1/n) j€o JQ* 'f]'qf €

< 1

1
< Cgoﬁ

17l i

[1 L Al

(2riQe )™ 5 Jra

szanIQ* J 'fj'qjdyl

jee

X 1_[(|2V+1Q |1/n> J g 'fj.qjdyj
- C</%<|f|q) (x) + /%9 (|J?'q) (x)).

This finishes the proof of Proposition 9.

Now we restore to prove Theorem 1.

i3

(51)



Proof of Theorem 1. By the definition of @ € Ajp implies
that v; € A,. Using Proposition 9 and the Fefferman-Stein
inequality (26) and observing that 0 < & < 1/m, we have

"T "LP(%) = |'M5 q (f))”LP(vw)

S EHCAE))]

<[ (7)., )
e (1)

Then following from (52) and Lemma 6, Theorem 1 can be

proved.
We are left to check that ”M5(Tq(f))”u>(y ) is finite. The

method of proof is similar to that of Theorem 3.19 in [2]. So
we omit it here. O

(,)

Here is a crucial proposition on commutator ngq to
prove Theorem 2.

Proposition 10. Let T, be a vector-valued multilinear operator
associated with an m-linear operator T in GCZO(A, s, 1, €)
whose kernels satisfie the Assumption (H2). Suppose that Ty J

is the corresponding commutator of T, with b € BMO™. Let
0 < 6 < min{e, 1/m}, r > 1. Then there exists a constant C > 0
depending on § and €, such that

M; (Tygy (F)) 0

< (0.0, (7) 0+ i (7))
+ Z ‘%QL(logL) (|f' )(x)>

0#0Cg

(53)

holds for all bounded measurable vector functions { fk},‘:zl =

oo b

Proof of Proposition 10. By linearity, it suffices to consider the
operator with only symbols. Without loss of generality, we
only consider the case: j = 1 and denote b, by b for conve-
nience.
Note that for any constant A we have
Ty, (f)@ = 0@ -VT,(fir- s ) (2)

~ T, (bf 1o fo) ().

Fix x, for any cube Q centered at x and a constant ¢ deter-
mined later, we have

(ﬁ J, [roa (D @ - |c|‘*dz)”6

< (éj |1, (F) 2 - | dz)w

(54)
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C o e, \M°
< (@ JQ|(b @) -MT,(f) @) dz>

¢ 1/6
(i Jo T @1 e ) @ =)

=1+II
(55)

We analyze each term separately. Recall that Q* = (8+/n+4)Q
and A = by and thanks to Holder’s inequality and note that
1 < g < €/0, it follows that

1 , 1/84
I< c<— J b (z) - A% dz>
QI Jq

X(raj 'T (Z)' . )1/&1 (56)

< ClbllgyoM, (T, (f)) (x).

To estimate II, we split again each f into f,? + ﬁ(’o, where

f,? = kaQ* ={fiXq®>--+> fukXa-}- This yields
[T = Y fuO) for )
j=1 {ocl ..... am}e{O,oo}
(57)
= Hf;)k ()’j) + Zflakl ()’1)]62'12 (V)
=1

where each term in ¥ contains at least one a;#0.
Choosec=Y'C, , withC, , =T ((b Mfi. ..,
f::l';)(x), then

s 1/6
1I < c( @) dz)

|Q| J |Tq ((b_/\)flok""’f::lk)

! 1 oy L
TR RIC -

.....

Noting that § < 1/mand T, : L'x---x L' — LY™* and

using Holder’ inequality, we obtain

1/8
110=c< “T (b- A)flk,...,f;k)(z)|5dz>

QI

< C"Tq (-1 flo-.- ’frgk)“Ll/m’“(Q, dx/IQ)
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IQIJ il

1
|Q|J |b(y1 ||f1| dJ’l |Q|J |f]|

1
SC@I |b(y1 ||f1'

< Cllb”BMO"lfllq” Log 1y | <|f;| )
< Clbllgmo 10g1) <|J?|q) (x).

..... By Holder’s and
Minkoswki’s inequalities as well as Assumptions (H1) and
(H2), we obtain

(59)
Now consider the term II, ..

IIOO ,,,, 00
<|Q|J |T (B=1) fis- > fum) (2)
s\
_Tq((b_/\)fﬁ?"“’fﬁc)(x)’ dz)
%l JQ LZ ( LR"\Q*W K (2,7) - K (x, 7)]
x [o(y1) = Al fix ()]
m q 1/q
150l ] "
j=2
= L y 3 — O >
<Cq JQ [ kzl < LRW\Q*)YH (K (2 7) - K2 (2 7)|

+|&” (2, 7) - K (x, 7)|)
x |b () - Al |f1k ()’1)|

- a7/
x H|fjk(yj)|d?> ] dz
Jj=2

(60)

Since x,z € Q y; € R"\ (8+/n + 4)Q, and t = (2/1l(Q))’,
then |x - y;| ~ Iz - yjl. Iz - y;l > (4vn+ DIQ) > 2¢'F%,
Ix—yj| > 2tY% and |x - z| < 2¢'/°. Hence,gb(lyj —z|/tY% =0

for j=1,2.
Thus from the Assumption (H2), we can follow that

- €ls
L e J J At
00pn00 = Q| Jo I:I; < (RMQ*)™ (Z:L 'Z - yj|)mn+e

x |b (1) _A| |f1k ()’1)|

P
x I_Hfjk Vi 'dy) ] dz

0 0 |Q |€/"
ol 3 (52

X J(z””Q*)’" br (1) = M A O
. I

< [1f; (yj)|dy> ]
j=1

<C°° 1 1
B ;F(zw&llQ*ll/ﬂ)mn

X [OZO: ( JZV”Q" b (y1) = A

k=1
91 1/q,
x | fi ()’1)"1)’1) ]

v:Oﬁ (2v+1|Q*|1/n)mn

x [ b On) = AlLAl
2v+1Q*

m

x J 21 |f]|qjdy]

j=2

S CZ 40 "b”BMoulfl |q1 ”L(logL),Z”“Q*

% H“' qu]

< Clblligpo Log 1) ('ﬂq) (x),

L(log L),2"*1Q*

(61)

where we use the fact that ||b — AIIeXPL g < CvIIbIIexpLQ.

What remains to be considered is the term II, . such
thate; = =a; =0, forsomeg {]1,...,]l}c{1 .,m}
forl1 <l <m and denote o' = g, \ 0. We consider only the
case 1 € g, by Assumption (H2), we have

1 o
1, . = (@J T, (6= 1) £y £5) (2)

s \1/0
Ty (6= e ) )
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J IT, (6= 2) £ £22) (2)
ST (b= A) fl f5) ()| da

i(jm) (@5)-K(x)

k=1
x[b (1) = Al |f10k()’1)|
ql/a
f;c,j(yj)’dy>:| dz
=2

[, (K (5) - KO 5)
(R™)

+|& (2, 7) - K (x.7)|)
x [b(31) = M| ik )]

m q 1/q
xn|fj‘,g (yj)|dj/'> } dz
j=2

“lal

“iaile

OZO: < J’Q* |b () - /\I lflk (}’1)|dJ’1

<[] J*|fjk(yj)|dyj
jee\{1}

“J
(R"M\Q* )m—l

< te/t

X mn+e

(ZJEQ’ |Z - yj')
(Zjee [z =71)™

q11/4a
XHIf,-k(yj)ldyj” dz

jed'

< J . b (5) = Al fu (vl dy
Q

< I1 JQ* £ ()| s

jee\{1}

xzj

@*Q 2 Q)™

< te/t
X
(Zjee [z =)™

1
t o
(ZJEQ' 'Z _yjl) >
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ql/a
x H 'fjk (J’j)|dyj> dz

jee!

<C [i ( JQ* (1) = Al fix (1) dn

k=

—

<[] J*|f]-k(yj)|dy,-
jeo\1y 72

S

2'|Q%| 1/n
(21 )™
ql/a
S Tl |

q 1/q,

<ol 3], o0 -Ale ol

=1

0 q; 1/q;
o [ (J' | fix (y])|dy]> ]
{1} Lk=1
(o™ 1 >
x et mn
; < (zle*|1/n)m" (zle*ll/ﬂ)

(LMQ* |fjk (J’j)] dyj)qj ] 1/a;

<[ oG- AlAl,

>~

(e8]
<112
jeo' Lk=1

X _[Q 'fl' dy]

jeo\{1}

X Z(:) < Ve (2”|Q |1/n)

1
NERE )
<[] J il

jed

< Clblavo |l filg, | g o 1971

1 [, 151,

Jee\{ }
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X _—
{1;)2‘116 (Zle* ll/n)m"

xnj

jed'
' ;,(zvp iy

Ik ke

< Clbllgpmo (

o il @i

ZVE qz L(log L),2"*'Q*

2wJIIII il ),

=0

L(log L),Q*
k)
< Cllbllsyio (10051 (|],) 0
+‘%Q,L(logL) (|f'q) (X)) .
(62)
This finishes the proof of Proposition 10. O

The next paragraph we will present the proof of
Theorem 2.

Proof of Theorem 2. By Lemma 4, ® € Ay implies that v; €
A,. For simplicity, we may assume that Y [5llpo = 1.
Using Proposition 10 and the Fefferman-Stein inequality (26),
with 0 < § < € < 1/m, we have

-

||T2E)q (f) P (v,)
< M, (15, (7))

LP(v,)

< i (133, (1)

s C( M, (Tq (f)) LP(V “/%L (logL) <|f| )

ecey LP(W)

+Z”/%9L(10gL (|f| )
M (T, (1))]

LP(v,)

Vo)

sc(|

Lo * M0 (171,)],,

+géo||ﬂQL(1ogL (|f| ) U’(m))

11
<o( (i), T,
+ ||./%L<1ogL) (Ifiq) LP(v,)
+Q;0“ﬂQ’L(IogL) ('f|q) LP(vw)> .
(63)

Then following from (63) and Lemma 5, Theorem 2 is proved.
O

The reminder that we are left to do is similar to the proof
of Theorem 1. Here we omit it.
The proof of Theorem 3 heavily relied on Proposition 11.

Proposition11. Let T, be a vector-valued multilinear operator
associated with an m-linear operator T in GCZO(A, s, 1, €)
whose kernel satisfies the Assumption (H2). Suppose that Ty q

is the corresponding iterated commutator of T, with b e

BMO? Let 0 < 8 < min{e,1/6}, r > 1, and o C g, =
{1..., m}. Then there exists a constant C > 0 depending on
0 and e, such that

5 () @)
< Cler ool zaro
X (Me (T, (J?)) (X) + M 10g 1) ('ﬂq) (x)

+M (1), L1og 1) <'f|q) (X) + M 33 1005 1) (|]?|q) (x)) :
(64)

M (T,

The proof of Proposition 11 may be omitted since it is easy
to get by the similar arguments of the proof of Proposition 10
and [3].

Finally we will give the proof of Theorem 3.

Proof of Theorem 3. By Lemma 4, ® € Ap implies that v; €
A, For simplicity, we may assume that Y;", b llpvo = 1.

Using Proposition 11 and the Fefferman-Stein inequality (26)
with 0 < § < € < 1/m, we have

"TH‘;H <f)| 12(v,)

< C|Ms (11, (7))

LP(v,)

< M (5, (7))

<c( . (r,(7)

LP(v,)

e T ”/%L“f’gm (mq)

+QZQ:O||%QL(1ogL ('f| )‘U’(wﬂ)

LP(v,)
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<C ("Mii (Tq (f))"LP(vw) * "‘%LU%’L) ('ﬂq)“m(yw)

+ Z ||ﬂQ,L(10gL) <|f|q)||LP(vw)>

2CQo

<c ("./% (] W A8

+ ||‘%L(1ogL) (|J?'q)

LP(v,)

LP(m)) '

Then following from (65) and Lemma 5, Theorem 3 is proved.
O
How to check that |My(Ty; (fDI,, = and

+ Z ”ﬂg,L(logL) (|f|q)
0CQg

(65)

"Me(Tq(f-!))"LP(v) are finite is similar to the proof of
Theorem 3.19 in [2]. We omit it here, too.
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