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MULTIPLICATION OPERATORS ON WEIGHTED BANACH
SPACES OF A TREE

ROBERT F. ALLEN AND IsaAac M. CRAIG

In honor of Flavia Colonna on the occasion of her birthday

ABSTRACT. We study multiplication operators on the weighted Banach
spaces of an infinite tree. We characterize the bounded and the com-
pact operators, as well as determine the operator norm. In addition,
we determine the spectrum of the bounded multiplication operators and
characterize the isometries. Finally, we study the multiplication operators
between the weighted Banach spaces and the Lipschitz space by charac-
terizing the bounded and the compact operators, determining estimates
on the operator norm, and showing there are no isometries.

1. Introduction

Let X and Y be Banach spaces of functions defined on a set 2. For a
complex-valued function 1 defined on 2 the linear operator My : X — Y
defined by

Myf=vf
for all f € X is called the multiplication operator from X to Y with symbol .
To connect the properties of the symbol v to the properties of My, is the goal
of the study of such operators.

The operators with symbol defined on spaces of analytic functions on the
open unit disk D of C have been studied for many years, and the literature is
extensive. There are many such spaces that have been termed classical. We
denote the space of analytic functions from D to C by H(ID). The algebra of
bounded analytic functions from D to C, denoted by H>°(ID), is defined to be
the set of functions f € H(D) for which

I fllse = sup |f(2)] < oc.
zeD
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In addition to H*, the Bloch space, denoted B(D), is the set of functions
f € H(D) such that

1flls = 1£(0)] + Sup (1= 12P)|f' ()] < oo.

For the past several years a shift has been made to studying multiplication
operators on spaces of functions defined on discrete structures, specifically a
tree. By a tree T" we mean a connected, simply-connected, and locally finite
graph. As a set, we identify the tree with the collection of its vertices. Two
vertices u and v are called neighbors if there is an edge [u, v] connecting them,
and we use the notation u ~ v. A path is a finite or infinite sequence of vertices
[vo,v1,...] such that vy ~ vgi1 and vg—1 # ve41 for all k. A vertex is called
terminal if it has a unique neighbor.

Given a tree T rooted at o and a vertex u € T, a vertex v is called a
descendant of u if the vertex w lies in the unique path from o to v. The vertex
u is then called an ancestor of v. The set of vertices in T other than the root
is denoted by T™*. For v € T*, we denote by v~ the unique neighbor which is
an ancestor of v. For v € T, the set S, consisting of v and all its descendants
is called the sector determined by v.

The length of a finite path [u = ug,u1,...,v = uy,] (with up ~ ug4q for
k =0,...,n) is defined to be the number n of edges connecting u to v. The
distance, d(u,v), between vertices u and v is the length of the unique path
connecting u to v. The tree T is a metric space under the distance d. Fixing
o as the root of the tree, we define the length of a vertex v, by |v| = d(o,v).
By a function on a tree we mean a complex-valued function on the set of its
vertices. In this paper, the tree will be assumed to be rooted at a vertex o and
infinite.

The first spaces considered for these types of multiplication operators were
discrete analogs of H*°(D) and B(ID). The space of bounded functions on a
tree T is denoted by L°°(T') and defined to be the set of functions f : T — C
such that

[1flloe = sup |f(v)| < oo.
veT

The Lipschitz space, denoted £(T'), is the analog of the Bloch space and defined
to be the set of all functions f : T'— C such that

1flle = 1f(0)l + sup Df(v) < o0,
veT™*

where D f(v) = |f(v) — f(v™)] for v € T*. The Lipschitz space can be consid-
ered the discretization of the Bloch space. Multiplication operators on £ were
studied in [6] by Colonna and Easley.

The characterization of the bounded multiplication operators on £ was used
to construct a new space, called the weighted Lipschitz space Ly. The first
author, Colonna, and Easley studied the multiplication operators on Ly [4]
and between £ and Ly [2]. The characterization of the bounded operators
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on L, was used to construct yet another new space. This iterated process
constructed a family of spaces called the iterated logarithmic Lipschitz spaces
L*) for k € IN, define as the space of functions f : T'— C such that

k—1
£k = 1£ (o) + sup [v|Df(v) [T £i(Jol) < 00
veT™* =0

with, for z > 1,
1 if j=0,
li(x) =< 1+loga if j=1,
These spaces are the discrete analogs of the logarithmic Bloch spaces of D,
and the multiplication operators between the spaces were studied in [3]. In
addition, Colonna and Easley studied multiplication operators between £ and
L in [7].

The purpose of this paper is to introduce a new space of functions on T
and to extend the results of [7]. In addition, this paper will tie together all of
the spaces under current study. Having a complete picture of the multipliers
of these spaces will allow researchers to move on to studying the weighted
composition operators on these spaces. A step in this direction was taken by
the first author, Colonna, and Easley in [5], where they studied the composition
operators on £. The results of this paper can be considered discrete versions
of results found in [1].

2. Preliminary results

A weight is a positive real-valued function on a tree 7. We define the
weighted Banach space on T of weight p, denoted L;°(T), to be the set of
functions f on T such that

I£1l,, = sup u(v)|f(v)| < oo.
veT
Clearly for p =1, we have Lj° = L.

Theorem 2.1. The weighted Banach space LS is a complex Banach space
under [|-[| ,.

Proof. Tt is straightforward to show that [|-[|, endows L{® with a complex
normed linear space structure. Therefore, it suffices to show that L7 is com-
plete with respect to ||-[|,. Let € > 0 and suppose (f,) is a Cauchy sequence in
L7, and w € T fixed. Since p(w) > 0, there exists an index N € IN such that
for all n,m > N, with m > n, we have || f, — full, <ep(w). In fact,

() fn () — ) ()| 1o = Fral,
() =T aw) oF
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Thus, (f,(w)) is Cauchy in C, and converges to some value f(w). In fact, (fy)
converges pointwise to this function f on 7. Furthermore, we will show that
f € LY. Since (fn(w)) converges pointwise to f(w), then for a fixed w € T,
there exists an index N € IN such that for each n > N, |f(w) — fn(w)] <
1/p(w). By triangle inequality, we have that u(w)|f(w)| < 1+ p(w) |fn(w)].
Applying the supremum over all w € T', we obtain [|f[|, < 1+ |/fall,. Since
(fn) is Cauchy, and thus bounded, we have || f[|, < co. Therefore, f € L}°.

To conclude the proof of the completeness, we need to show that || f,, — f]| s
0 as n — oo. Arguing by contradiction, assume there exists ¢ > 0 and a
subsequence (fy;) such that anj — fHH > ¢ for all j € IN. Then for each
j € IN, we may choose a vertex vy, such that pu(vy,)|/fn, (vn,) = f(vn,)| > &
Since (fn,;) is Cauchy in L7, there exists a positive integer J such that for all
j,h > J,and v € T, we have

11(V) [ fr; (0) = fou, ()] < || fr; = fnhHu <

In particular, for h > J, we have

£
>

3
5

By the pointwise convergence of f,, to f, for all natural numbers h sufficiently
large

N(UHJ) |fnJ(UnJ) — fan (UHJ)l <

3

|fnh(U"J) - f(U’IlJ)| < ma

which implies
€
1V, ) | frn (Ony) = fon,)] < 9
By the triangle inequality, we obtain
H’(vn.l) |fnl (UTIJ) - f(vn1)| <g,

contradicting the choice of vertex vy,. Thus || f, — f|, — 0 as n — oo, proving
the completeness of L7°. O

A Banach space X of complex-valued functions on a set §2 is said to be a
functional Banach space if for each w € €1, the point evaluation functional is
bounded.

Proposition 2.2. Li° is a functional Banach space.
Proof. Let f € Ly? with || f||, =1, and fix v € T". Observe
w(v) | f (v 11l 1

p(v) p(v) - p(v)

Thus, Lj7 is a functional Banach space. (Il

< 0

Colonna and Easley defined the Lipschitz space on a tree in [6], and proved
it to be a functional Banach space, with the point evaluations bounded in the
following.
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Lemma 2.3 ([6, Lemma 3.4]). Let T be a tree and v € T. If f € L, then

[F @) < |f(0)] + o[ [Dfll -
In particular, if || f||, < 1, then |f(v)] < |v| for each v € T*.

A particularly interesting class of functions that live in L>, L7®, and £ are
the characteristic functions. Let A C T and define the characteristic function

on A to be
() 1 if v e A,
V)=
xa 0 if v A

In the case that A is a singleton set, A = {w}, we use the notation x,,. In the
sections to follow, we will use such characteristic functions and we note their
norms here:

[Xwllew = sup [xw(v)| =1,
veT

Ixwll,, = sup u(v)[xw(v)| = pw),
veT

2 if w=o,

w = w(0)] + su Dw’U:
[Xwllz = 1Xw(0)] sup Xuw (V) {1 it wo

For a functional Banach space, the following result is very important in the
study of multiplication operators.

Lemma 2.4 ([9, Lemma 11]). Let X be a functional Banach space on the set §)
and let 1 be a complex-valued function on Q such that My maps X into itself.
Then M,y is bounded on X and |(w)| < || Myl for all w € Q. In particular,
is bounded.

The following result is inspired by Lemma 2.10 of [10], where the result was
proved for Banach spaces of analytic functions on D.

Lemma 2.5. Let X,Y be two Banach spaces of functions on a tree T'. Suppose
that

(i) the point evaluation functionals of X are bounded,
(i) the closed unit ball of X is a compact subset of X in the topology of
uniform convergence on compact sets,
(iii) A: X — Y is bounded when X andY are given the topology of uniform
convergence on compact sets.

Then A is a compact operator if and only if given a bounded sequence (fy,) in
X such that f,, — 0 pointwise, then the sequence (Af,) converges to zero in
the norm of Y.

All spaces mentioned in the previous section satisfy the conditions of the
lemma, and we will make extensive use of this result in the study of compact
multiplication operators among these spaces.
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3. Multiplication operators on L;’f

In this section, we study the multiplication operators acting on the weighted
Banach space L°. We begin by characterizing the bounded operators and de-
termine the operator norm. Then we also characterize the compact multiplica-
tion operators. We also determine the spectrum of the bounded operators, and
with this we characterize the bounded below multiplication operators. Finally,
we characterize the isometric multiplication operators on Lj7.

3.1. Boundedness and operator norm

In this section, we characterize the boundedness of the multiplication oper-
ators on L7, as well as determine the operator norm.

Theorem 3.1. Let ¢ be a function on T'. Then My is bounded on L7 if and
only if ¢ € L>°. Moreover, if My is bounded on L7, then ||My|| = |[¢]| -

Proof. Suppose My : L7? — L7 is bounded. Then since L) is a functional
Banach space on 7', it follows from Lemma 2.4 that o) € L* and ||¢|| , < [[My]|-
Suppose now that ¢ € L. For f € L;° with ”f”u <1, we observe

My fll, = sup () [ (0) f ()] < (|19l -

Since 1 is bounded, we have M, is bounded on LZO. In addition, we obtain
|My| = [|¢] ., as desired. -

3.2. Compactness
In this section, we characterize the compact multiplication operators on L;°.

Theorem 3.2. Let My be a bounded multiplication operator on Ly°. Then
My is compact if and only if lim,| o ¥(v) = 0.
Proof. Suppose that My, is compact on L. Let (vn) be a sequence of vertices
in T such that |v,| — oo, and define for each n € IN the function f, = ﬁXw-
Observe that || f,[|, =1 for all n € N and f,, — 0 pointwise. From Lemma 2.5,
this implies that [[My fn||, — 0 as n — co. Additionally,
)] = L] < ) o) £ )] = 102 £, — 01
M(Un) veT ®

Therefore, lim|,|— o 1 (v) = 0.

Next, suppose that (f,,) is a bounded sequence in L} converging to 0 point-
wise, and lim|,| 00 ¥(v) = 0. Let € > 0 and define s = sup,en || full,. We
may choose v € T such that [¢(v)| < £. Observe that

p() [P @) [fn (@) <[] fall, < sld(0)] <e.

Since ¢ is an arbitrary positive number, we have p(v) [¥(v) fn(v)] = 0 for all
v € T. Thus, ||Myfn|, — 0, and by Lemma 2.5, we conclude that My is
compact. O
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3.3. Spectrum

In this section we determine the spectrum and point spectrum of a bounded
multiplication operator on L. Recall that the spectrum of a bounded operator
A on a Banach space X is defined as

o(A) ={A e C | A— A is not invertible },

where [ is the identity operator on X. The spectrum of a bounded operator is
a nonempty compact subset of C.

The set of eigenvalues 0,(A) of a bounded operator A is called the point
spectrum of A, that is

op(A) ={X € C | ker(A — M) is not trivial } .

The approzimate point spectrum of A is defined as the set 0qp(A) consisting
of all A € C corresponding to which for each n € IN there exists x,, € X with
|z || = 1 such that ||(A — A])x,|| — 0 as n — oo. It is clear that

(1) op(A) C oap(A4) C a(A).

Theorem 3.3. Let My be a bounded multiplication operator on Ly°. Then
() op(My) = ¥(T),
(if) o(My) = ap(My) = o(T).

Proof. Suppose that A € o;,(My,). Then there exists a nonzero function f € Ly?

with My f = Af. Since f # 0, there is a vertex w € T such that f(w) # 0.
Consequently,

P(w)f(w) = (W f)(w) = (Myf)(w) = (Af)(w) = Af (w).
In fact, this implies that A = ¢(w). Therefore, A € ¥(T'), and so o,(My) C
U(T).
Suppose now that A € ¥(T). Then there exists a vertex w € T such that
A = 9(w). Recall that for the characteristic function y,, is in L. Observe,

(M¢Xw)(w) = w(w)Xw (w) - )‘Xw(w) = (/\Xw)(w)'

Furthermore (Myxw — AXw)(w) =0, and (MyXw — Axw)(v) = 0 for all v # w.
Since xw # 0 and (Myxw — Axw) = 0, it follows that A € 0,(M,;). Therefore,
W(T) C op(My), thus concluding o,(My) = ¥(T).

We next show that o(My) = ¢(T'). Since Y(T') = op(My) C o(My), then
passing to the closure we obtain ¢(T) C o(My). Suppose now that A ¢ ¥ (T).
Then there exists a ¢ > 0 such that |¢p(v) — A| > ¢ for all v € T. Define the
function ¢y by ¢ (v) = (¢(v) — A)~L. Observe that

(0] = s <
PAV) | =T~ >
[h(v) = A 7 ¢
and so ¢y is bounded. Thus, by Theorem 3.1, we have that M, is bounded

on L7°. Since My, = My_n-1 = MJ_&, it follows that M;_lk is bounded on
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Lff. Observe that

1

-1
m) f=My_\f,

(Mw_fl,\)ilf = (
so that we have
_ 1
My (qu,l,\f) =W -2 (mf) =f
Consequently, My is invertible on Lg°, which proves that A ¢ o(My).

Therefore, it has been shown that (T') = o(My). Furthermore, it is well
known ([8], Proposition 6.7) that

00 (A) C oqp(A).
From this and (1) we have that o4, (T) = ¥(T), as desired. O

Recall that a bounded operator A on a Banach space X is bounded below if
there exists a positive constant C' such that |Az| > C'||z|| for each z € X. The
following result relates the notion of approximate point spectrum of a bounded
operator on a Banach space to the notion of an associated operator that is
bounded below.

Proposition 3.4 ([8, Proposition 6.4]). For a bounded operator A on a Banach
space and for A € C, the following statements are equivalent:

(i) A ¢ gap(A).

(ii) A — M is injective and has closed range.

(iii) A — Al is bounded below.

From Proposition 3.4 and Theorem 3.1, it follows that if My, is a bounded
multiplication operator on L7, then My is bounded below if and only if 0 ¢

P(T). We deduce the following result.

Corollary 3.5. The bounded operator My, on L7 is bounded below if and only
if
inf [$(v)] > 0.

3.4. Isometries

In this section, we characterize the isometric multiplication operators on
L.
Given Banach spaces X and Y, recall that a linear operator A: X — Y is
an isometry if
|Az| = ||z|| for all z € X.
In this section, we show the isometric multiplication operators on L7° are in-
duced by a particular class of bounded symbol.

Theorem 3.6. The multiplication operator My on Lj7 is an isometry if and
only if ¥ is a function of modulus 1.
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Proof. Suppose that ¢ is a function of modulus 1 and let f € L°. It follows
that

My fl,, = sup p(v) [¢(v)f(v)] = sup u(o)|f(W)] = £l
veT veT

and thus My, is an isometry.
Suppose now that My, is an isometry. For w € T', observe

p(w) = lIxwll, = [Myxwll, = plw)[(w)].

Since p(w) > 0, it must be the case that |1)(w)| = 1. Thus, ¢ is a function of
modulus 1. g

4. Multiplication operators from L to LZ"

In the next two sections, we study the connections between L;° and the
Lipschitz space L£. Specifically, in this section we study the multiplication
operators from £ to L;°. We characterize the bounded operators and determine
estimates on their operator norm. In addition, we characterize the compact
operators as well as determine there are no isometries among the multiplication
operators.

4.1. Boundedness and operator norm

In this section, we characterize the bounded multiplication operators from
L to L7 as well as determine operator norm estimates.
For a function ¢ on T, define

1y = sup p(v) [o] [ (v)]-
veT
Note that 7, = 0 if and only if v is identically 0 on 7.

Theorem 4.1. Let ¢ be a function on T'. Then My : L — L is bounded if
and only if ny is finite. Furthermore, for such bounded multiplication operators,

max{%u(o) 14 (0)] ,nw} < [[My| < max {p(o) [¢(0)] , my} -

Proof. Suppose My, is bounded. For the function f(v) = |v[, note that || f||, =
1 and observe that

(2) sup p(v) [ol [ ()] = My fll, < [ Myl

From the boundedness of My, we have that 7, is finite. For the function

f = X0, note that || f||, =1 and observe

(3) %M(O) (o)l = [MyXoll,, < My

From (2) and (3), we obtain max {3 (0)[¢(0)|,my } < [[My]|.
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Suppose now that 7, is finite. Let g € £ with |g|[, = 1. Observe that
lg(0)] <1, and so

(4) 1(0) [¢(0)g(0)| < (o) [¢(0)] .
Furthermore, by Lemma 2.3, for v # o, we have |g(v)| < |v| so that
(5) () [ (w)g ()] < p(v) |v] [ (v)]-

Taking the supremum over all v € T%, we see that sup,cp- p(v) |¥(v)g(v)] <
Ny. Finally, from (4), (5), and by taking the supremum over all g € £ with
llgll; = 1, the boundedness of M, is established. We conclude that || My <
max {p(0)|(0)],ny }, as desired. O

4.2. Compactness

In this section we characterize the compact multiplication operators from £
to L7

We first show a particular class of symbol ¢ induces compact multiplication
operators from £ to L7?.

Lemma 4.2. Let ¢ be a function onT" such that ny = 0. Then My : L — Lj?
18 compact.

Proof. Recall ny, = 0 if and only if 1 identically 0 on 7. By Theorem 4.1 we
have My : £ — L7 is bounded. Also, if 9 is identically 0 on 7', then My is
clearly compact. So suppose 1) is identically 0 on T™* with ¥ (o) # 0 and let
(fn) be a bounded sequence in £ converging to 0 pointwise on 7. By Lemma
2.5, it suffices to show |[[My fn||, — 0 as n — co. Observe

My full, = sup (V) [ (0) fn(0)| = p(o) [ (0)| [ fn(0)] = O
as n — oo since f,, — 0 pointwise on T". Thus My, is compact. (I

Theorem 4.3. Let My : L — L7 be a bounded multiplication operator. Then
My is compact if and only if lim,| o0 p(v) [v] [¢0(v)| = 0.

Proof. Suppose that M, is compact. Let (v,) be any sequence in T with
|vn| > 1 and |vy,| increasing without bound. It is sufficient to show that the
sequence (f(vy) |[vn||1(v,)|) converges to 0 as n tends to infinity. For each
n € IN, define

0 if |’U| < |’U_271|,
Fu0) =3 200] = jun| it @ < Jof < fonl,
|Un| lf |’Un| S |U| .

Since (vy,) increases without bound, for each v € T we can find a sufficiently
large N € IN, such that for all n > N we have |v| < % Thus, f, con-
verges to 0 pointwise on 7. Furthermore, since f,(0) = 0, we have ||f,|, =
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[vn

supyep- Dfn(v). Consider the case where 5= < [v| < |vy|, noting that
Df, =0 in all other cases. Observe that for |v| = |v,| we have

Df,(v) =

[onl = 2ol =2 = Jual)| = 2,
and when @ < |v] < |vy|, we have

Dfa(v) = [21v] = val = (2[0] = 2 = [va])| = 2.

It follows that || f,|/, = 2. In fact, from the compactness of M, and Lemma
2.5

(V) [vnl [P (vn)] = p(vn) [ (vn) falvn)| < ||1/’fn||# =0

as n — oo. Consequently, the sequence (u(vy,) |vp| [t0(vy)]) converges to 0 as
n — oo.

Suppose lim|y| o0 £(v) [v] [¢(v)| = 0 and 7y, # 0 (¢ for which 7y, = 0 induce
compact multiplication operators by Lemma 4.2). By Lemma 2.5, it is sufficient
to show if (f,,) is any bounded sequence in £ converging to 0 pointwise on T,
then [|¢)fy |, — 0 as n tends to co. Suppose that (fy,) is such a sequence with
5 = sup,en ||fnllz- For convenience assume each f, is not identically 0, and
observe that for all n € IN, the function g, = fn/ || full; is in £ since ||gn ||, = 1.
Thus, by Lemma 2.3 for all n € IN we have |g,(v)| < |v] for all v € T*, so we
obtain

[fn()] < ol fallz < svf-

In fact, p(v) |[Y(V) fo(v)] < su(v)|v||(v)] for all v € T*. Let € > 0. By our
assumption, there exists an M € IN such that u(v) [v| [¢(v)] < £ whenever
|v| > M. Consequently, for all v € T with |v| > M, we have

p() [ (v) fu(v)| <e.

Taking into consideration the case where |v| < M, since (f,) converges to 0
pointwise on T, it converges uniformly on the set {v € T : |v| < M}. That is,
with 7, # 0 there exists an N € IN such that |f,(v)] < % for all n > N and

all v € T with |v| < M. Consequently,

u(o) 60| _

() [ (v) fr(v)] < "

€
for all n > N and for all v € T such that |v] < M.

Therefore, for all € > 0 and all v € T, there exists an N € IN such that
w) |Y) fn(v)] < € for all n > N. Taking the supremum over all v € T,
it follows that [ f,]|, < € for all n > N. Letting ¢ — 0, we conclude that
[ fnll,, — 0 as n tends to co. O
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4.3. Isometries

In this section we determine there are no isometric multiplication operators
from L to Lj?.

Theorem 4.4. There are no isometric multiplication operators My from L to
Lee.
o

Proof. Assume that My : £ — L7° is an isometry. For v € T, taking the
characteristic function Y, it follows that

p() [P ()| = [Myxoll, = Ixoll, = 1.
Thus for all v € T, we have
(6) u(w) vl [¢(v)] = |v].

Since My, is bounded, Theorem 4.1 implies that sup,c7 p(v) |v] [1(v)] is finite.
However, this contradicts (6) since by taking |v| — oo, we would have

p() [ol [ (v)] — oo

Therefore, My, is not an isometry. (|

5. Multiplication operators from L:f to L

In this section we study multiplication operators from L7 to £. As in the
previous section, we characterize the bounded and compact operators, deter-
mine bounds on the operator norm of the bounded operators, and determine
there are no isometric multiplication operators.

5.1. Boundedness and operator norm

We characterize the bounded multiplication operators and determine the
operator norm.
For a function ¢ on T, define

Theorem 5.1. Let ¢ be a function on T. Then My : L7? — L is bounded if
and only if wy is finite. Furthermore, for such a bounded My,

@y < || My|| < 3y

Proof. Suppose M,y is bounded. The function f, = ﬁXo is in L2 with
I foll, = 1. Observe

1
(7) =5 1My foll, < 1Myl
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Furthermore, for any vertex v € T*, the function f, = ﬁxu is also in L7
with || f, |, = 1. Likewise,
[ ()|

(8) ) 1My foll o < Myl

From (7), (8), and taking the supremum over all v € T', we obtain wy < || My]|.
Thus, the boundedness of My, implies that w, is finite.

Continuing, suppose that wy is finite. Let f € Lj° with ”fHu < 1, and
observe that

130l = [W(0)f(@)] + sup [(0)f(v) = (e ) f(w)
< [6(0)f(0)] +2 sup [6(0)f(v)

veT™*
= ’l/) (0) o o su (v) v v
oo + 2 s | A o))
S:ﬁﬂw.

Therefore, we have that My is bounded. Furthermore, we conclude wy <
| My < 3wy, as desired. O

5.2. Compactness

In this section we characterize the compact multiplication operators from
Ly to L.

Theorem 5.2. Let My, : L7 — L be a bounded multiplication operator. Then

(@)l _
wwy =0

My, is compact if and only if lim,| o

Proof. Suppose M,y is compact, and let (v,,) be a sequence in T with |v,| — co
as n — 0o. For n € IN define

fn(v) =

0 it o] < |onl,
/p() if fon| < Jof,

and observe that || .||, = 1. Since |v,| — 0o as n — oo, for a fixed w € T we
may choose an index N € IN sufficiently large such that whenever n > N we
have |w| < |v,|. Consequently, f, converges to 0 pointwise on 7. By Lemma
2.5, the compactness of My, implies

|9 (vn)|
TN D wfn Up) < M. ﬁz —0
(on) (©fn)(vn) < [My full;
as n — oo.
Suppose now that lim,|_ e @l — 0 and disregard the case that v is

p(v)
identically 0 on T, since the associated multiplication operator is compact. Let

(fn) be a bounded sequence in L7 converging to 0 pointwise on 7" and define
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s =suppen | fall,- Given e > 0, there exists an N € IN such that hﬁg—zgl <5

for all v € T with |v| > N. Thus, for all v with |[v] > N and all n € IN, we have

D fn)(v) = [$(v) fa(v) =9 (v7) fu(v7)]

= |0 ) — ) 1(07)
() WO
< L0 o) + 2 o) o)

wE)l |, o)
< (57 + i) 1
<E.

Now consider the case where |v| < N. Since the sequence (f,) converges to
0 pointwise on T', then (f,) converges uniformly to 0 on the finite set {v € T :
|v] < N}. Defining m = max), <y (v), there exists an index M € IN such
that | fn(v)| < == for all v € T* with |v| < N and all n > M. Consequently,

D A)) = [$0) o) — ¥ ) falw)
P(v) (W) e
< |20 10 + | 4 ) 107)
< mezy (1) + (7))
<e.

Thus, D(¢f,)(v) < e for all vertices v # o and all n > M. Since (f,)
converges to 0 pointwise on 7', then ¢ f,(0) — 0 as n — oo. Therefore, we
have that [|1 f,| , — 0 as n — oo. It is concluded from Lemma 2.5 that M, is
compact. (I

5.3. Isometries

As was the case in Section 4, we determine there are no isometric multipli-
cation operators from L7° to L.

Theorem 5.3. There are no isometric multiplication operators on My : L7 —

L.

Proof. Assume that My is an isometry from L7° to £. Beginning with the
characteristic function y,, we have

9) 1(0) = lIxoll,, = IMyXoll, = 21¢(0)] -

Moreover, taking the characteristic function y, for v € T*, we obtain

(10) p(v) = lIxoll, = 1My xoll, = [ (0)]-
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Finally, define f = 1/p on T. Observe that f € Lj® with [|f]|, = 1. In fact,
since M, is assumed to be an isometry, from (9) and (10) we obtain

1= 71l = 1M1, = % + sup iféi B ﬁgi -3

Therefore, My, is not an isometry. (]

5"
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