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a certain density threshold, the parasitoid response will reach a saturation level due to
the influence of reducing the handling time. Thus, we incorporated a Holling type Il
functional response into the model to characterize such a phenomenon. The dynam-
ics of the current model are discussed in this paper. We first obtained the existence
and local stability conditions of the positive fixed point of the model. Furthermore, we
investigated the bifurcation behaviors at the positive fixed point. More specifically, we
used bifurcation theory and the center manifold theorem to prove that the model pos-
sess both period doubling and Neimark-Sacker bifurcations. Then, the chaotic behavior
of the model, in the sense of Marotto, is proven. Furthermore, we apply a state-delayed
feedback control strategy to control the complex dynamics of the present model.
Finally, numerical examples are provided to support our analytic results.
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Introduction

In recent decades, discrete-time models have been an interesting topic for researchers
due to their ability to exhibit a wide range of complicated dynamic behavior, including
various forms of bifurcations, periodic orbits, and chaotic attractors [1-4]. These dis-
crete-time models provide an idealistic description of the dynamics of species that breed
seasonally [5-8]. Also, in mathematical biology, discrete-time models are better than
continuous-time models for populations with generations that do not overlap in their
progeny. Furthermore, recurrence equations can be numerically investigated using rap-
idly evolving computer software.

The dynamic interaction between hosts and their parasitoids has been and will
remain a dominant ecological subject because of its universal existence. The first dif-
ference equation model of host—parasitoid interaction was formulated by Thompson
[9] in 1924s. Thompson’s model has some deficiencies, such as persistence and the
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existence of a positive steady-state. So, the Nicholson-Bailey model [6] was suggested
to avoid these deficiencies. Nicholson-Bailey model is described as follows

Hy,+1 = eHyexp(—aPy), (1)
Pyi1 = aHy[l — exp(—aPy)],

where H, and P, indicate the host and parasitoid densities respectively at generation #.
The probability that a host will escape parasitism is defined by the function exp(—aP;,)
generated by the Poisson distribution as suggested by Nicholson and Bailey [6], where a
is the parasitoid searching efficiency, e is the mean number of eggs laid by a host, and « is
the parasite’s average number of progeny from a parasitized host.

A series of studies determining the subsequent evolution of model (1) were noted.
For example, Yousef et al. [10] investigated the influence of mutual interference on
a host—parasitoid model with Beverton—Holt growth. Their results suggested that
mutual interference could be an important stabilizing factor. Liu et al. [11] established
a discrete host—parasitoid model with Allee effect and Holling type III functional
response. They concluded that the Allee effect can decrease the dynamic complex-
ity of the model. Wu and Zhao [12] discussed the qualitative behaviors of a discrete
host—parasitoid model with refuge and strong Allee effects. They observed that the
incorporation of both refuges and strong Allee effects has either a negative or positive
impact on the coexistence of the two populations. Din et al. [13] studied the qualita-
tive behavior of a modified host—parasitoid model. Din et al. [14] constructed a new
density-dependent host—parasitoid model by introducing the Hassell growth func-
tion in the host population. Yu et al. [15] studied numerically the complex dynamical
behavior in a parasitoid- host—parasitoid model. Their results demonstrated that the
superiority coefficient may be a strong destabilizing factor. Ringel et al. [16] inves-
tigated the evolution of a diapause in a coupled host—parasitoid system using a dis-
crete-generation population dynamic model that incorporates the diapause. Zhao
et al.[17]. investigated the effect of prolonged diapause on host—parasitoid dynamics.
They concluded that the prolonged diapause may have a minor effect on the stabil-
ity and persistence of coupled host—parasitoid interactions. Liu et al. [18] proposed a
new host-parasitoid model with Allee effect for the host and parasitoid aggregation.
Their results suggested that Allee effect can alleviate dynamic complexities. In [19],
Zhao et al. suggested and numerically investigated a host—parasitoid model with pro-
longed diapause for the host. The researchers discovered that parasitism and moder-
ate prolonged diapause can help the model coexist.

It is well known that functional response function between species is an important
point in population dynamics research. The functional response describes the per capita
parasitism rates of the parasites depending on the host density. There are four forms of
functional responses, called Holling types (I, II, III, and IV), which were suggested by
Holling [20]. In this work, we will study the dynamics of the host—parasitoid model by
using Holling type III functional response. Holling type III functional response defines
that when the host population increases, the response first rises due to the parasitoid’s
improved efficiency. It then decreases under the effect of handling time or satiation [21].

In this paper, we consider the following host—parasitoid model with a simplified Hol-

ling type III functional response [20, 21]:
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H, bTH2P,
Hor = Hyewp|r(1= ) = 50 |
bTH2P, " (2)
Pt+1 = CUHn |:1 — exp(—m)},

where K is the carrying capacity for the host in the absence of parasitoid, r is the intrin-
sic growth rate, b is a conversion factor related to the Holling type III functional
response, T is the total time initially available for search, and T}, is the handing time. The
parameters b,r,K,T,T), are all positive constants. For simplicity, we substitute
x = %, y=P, m= %, d= ﬁ and & = oK and ignoring the hat, then model (2)

can be rewritten as:

Xp+1 = Xp€Xp {r(l —Xy) —

mxly, )} 3)

Y+l = OXy {1 - exp(—m

where x, and y, indicate the host and parasitoid densities respectively at generation #.
mx,%y,,
d+x2

ling Type III functional response is used to simulate the switching phenomenon [22].

The term

is Holling type III functional response. In population dynamics, the Hol-

The sigmoidal nature of this functional response frequently indicates an instance of
learning behavior in the parasitoid population, with a monotonic increase in the success
rate of parasitism as more interactions with the host take place [20]. Incorporating a
Holling Type III functional response into the Neclison-Billey model has the potential to
maintain a more stable host—parasitoid balance.

The purpose of this work is to highlight the analysis of dynamic complexity in a
discrete-time host—parasitoid model with Hollings Type III functional response. That
is, we will investigate how the Holling type III response influences the dynamic com-
plexity of host—parasitoid interactions.

The major contribution of this research is to examine the dynamic behaviors of the
host—parasitoid model with Hollings Type III functional response. As far as we know,
there has not been any research that has focused on the examination of qualitative
behaviors in the current model. As a result, we first used an effective technique to
discuss the analytical bifurcation structures of two-dimensional discrete-time models
[8]. It is entirely independent of any symmetry technique or numerical bifurcation
tools. More specifically, we study flip and Neimark—Sacker bifurcation analytically for
the first time using normal form theory and the center manifold theorem. In addition,
sensitivity alone is insufficient for deducing the onset of chaotic behaviors in some
ecological models. Thus, we exhibited the first strict evidence for Marotto’s chaos
existence in the host—parasitoid model with Holling Type III functional response by
using the snap-back repeller concept. Also, our results suggest that the ecological
model is more likely to stay stable if we choose a good functional response.

The following is the layout of the paper: in Sect. Methods, the boundedness and
existence of the positive fixed point of the model are investigated. Then, the local sta-
bility of the model fixed point is discussed. Furthermore, a detailed analysis of the
bifurcation of fixed points is studied. Then, we derived the conditions for the existence
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of Marotto’s chaos. After that, we apply a stated-delayed feedback control strategy to
eliminate the bifurcation and chaotic behavior of our model. In Sect. Results and dis-
cussion, numerical simulations are performed to validate the theoretical results. A
brief conclusion is presented in Sect. Conclusion.

Methods
Existence and boundedness of positive fixed point
First, we show the boundedness of the model (3) and the existence of a positive fixed

point as follows:

Lemma 1 [23] Suppose that x,, satisfies xo > 0, and x,41 < x,exp[A(1 — Bxy,)] for
n € N, where A and B are positive constants. Then lim,,_, osupx;, < ﬁexp(A — 1)

Theorem 1 Every positive solution (x,,y,) of model (3), satisfies the following inequal-
ity: nhﬁng() sup(x,,,y,,) < max{%exp(r — 1), Texp(r — 1)}.

Proof:

Suppose that { (xn, yy,)} is a positive arbitrary solution of model (3). Next, from the first
equation of model (3), we get.

mxﬁyn
d+x2

Xpt+1 = xpexp |r(l —x,) —
< xpexp[r(1 —xy)],

foralln=0,1,2,-- - Suppose that xo > 0, then by using Lemma 1, we acquire

1
lim supx, < —exp(r — 1). (4)
n— 00 r

In the similar manner, from the second equation of model (3), one concludes

2
mx
Vn+1 = 0Xy |:1 — exp <_d +Vli’;>:|
n

<o« lim supx, < gexp(r —1).
n—00 r
Thus, it follows that limn%oosup(xn,yn) < max{ %exp(r - 1), Texp(r — 1) }
Theorem 2  Ifd + 1 < ma, the model (3) has a positive fixed point (x,ys) € (0,1).
Proof:

The fixed point can be obtained by solving.

mx?y mx?y
X = xexp r(l—x)—m , y=oax|l—exp a2l
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Ignoring the trivial fixed point (0, 0), so that we are left with

_r(d+x2)(1—x) v y

ot[l — exp(—;"_fig)} '

, =

mx2

Suppose that

B f@) B
=l —epre Dy ™

where f(x) = m. Then,

mx?

lim F(x) = lim { S —x} = +o0.
af ]

x—0+ x—0+ 1 —exp(r(x — 1))
Notice that, f(1) = 0. By applying I Hopital's rule, and assume that d + 1 < ma, we get

lim F(x) = lim { S ® 1}:‘”1—1<o,

x—>1" x—1- | —arexp(r(x — 1)) B mo

So, F(x) = 0 has at least one positive root in (0, 1).

Stability analysis of the positive fixed point

Now, we study the conditions of local stability of the positive fixed point E, (x*, y*). First,
the generalized Jacobian matrix of model (3) evaluated at E, (x*, y*) is given by:

2 ) o )
(1 — Iy — %)exp [V(l —x) — mx*y*} M exp [r(l X)) — mx*y*}

J(E,) d+x2 d+x? d-+«2
* —mxZy, mdox2y, mx2y, —mx3 mx2y,
¢ [1 - eXp( Py ) } + Z(dixg*)yz xp (_ dfxyz) a2 OXP [r (A=) — dfxyi}
The characteristic equation of J (x*, y*) can be written as:
P(7) = 2% + R(x05:) A + Qx4 94), (6)
where
_ 2dmx2y, mx?
R(%u,y4) = — |1 — 1y — @iy dEa? (e — 1) |, (7)
and
Q) = amx? B mrx3 (e — 32)
T ar T dra) T ®

For the discussion of the stability of the fixed point E, (x*, y*), we state the next lemma
[24].
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Lemma 2 [25] Take the second-degree polynomial equation

)2+ AL+B=0, 9)
where A and B are both real values. Then,

‘A’ <1+ B < 2,

is the necessary and sufficient condition for both roots of the (9) to lie inside the open disk
4] < 1

Proposition 1 Let E, (., y*) be the positive fixed point of model (3). Then, the next

statements hold:

1. E. (%4, y4) is a repeller if and only if

Q(xyi)| > L, and [R(xyx) | < |14 Q(x,34) .
2. Ey (%4, y+) is a saddle point if and only if

R(xoys)” > 4Q(x0ys),  |R(xuys)| > |14 Qa3 |-
3. Ey (x4, 4 ) is @ non-hyperbolic point if and only if

IR (%60 34) | = |1+ Q%4 7+)

) (10)

Q(%s,yx) = 1 and |R (x4, p+)| < 2. (11)

The theorem below demonstrates the necessary and adequate conditions for the local

asymptotic stability of the model (3) at its positive fixed point.

Theorem 3  If neither (10) nor (11) holds, then the positive fixed point of (3) is locally
asymptotically stable if and only if

\R(x*»y*)| <1+ Q(x*;y*) <2,

where R (x*, y*) and Q(x*, y*) are given in (7) and (8), respectively.

Bifurcation analysis
Now, we will discuss different bifurcation types [26, 27] of the model (3). Recall the

characteristic equation of J(E):
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P(J) = 72 = R(%e,34) 2+ Q% 9), (12)
where

R(x*,y*) =1-rG—-L+V, Q(x*,y*) =N —-rGV,

and
2dmx2y* x> amx>
G=xy, L=——"1, V= . - , = £,
- (d +x2)* d +x; (o =) d + 2
If R? (x*,y*) > 4Q(x*,y*), that is:
1—rG—L+V)?>> 4N —rGV), (13)

andR(x*,y*) + Q(x*,y*) = —1, then

_2-L+V+N
T G+GV

So, the eigenvalues of E, (x*,y*) isli=—land Ay =2—-rG—L+ V.
Consider

Qrp = {(r, d,m,a) € Ri 1 (13)and(14)are satisfied iy =2 —rG — L + V},
and

N-1
Qns = {(rd,ma) eRY i r = &y M-r6-L+Vi<2.

Flip bifurcation
Firstly, we investigate the flip bifurcation of model (3) when the parameters vary in a small
neighborhood of Qrp. Taking arbitrary parameters (r1, d, m, @) from Qrp, then model(3) is

converted to

X — xexp {rl(l —X) — ;”fi’zl]
mxly (15)
y —ax|l—exp ~ a2 )|

Choosing r1 as a bifurcation parameter. Model (15) has a positive fixed point Ey (%, )
which may undergoes a flip bifurcation when ry varies in a small neighborhood of Q3.

Consider a small perturbation of (15) as follows:
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x — xexp {(r* +r)1—x) — ;”jfi}z'}
mxy (16)
y — ax|1l —exp a2 )|

where |7*| « 1, denotes a small perturbation parameter.
Assume y = x — x,and v = y — y,, then model (16) becomes

u a a u Sfiluw, v, 1)
(1)= (&) () + () @

where

fwv,r*) = arzur® + anu?® + anv? + ansu*r* + anssu’r?
+arouy + arpzuvr* + O( (lul + v + [7*])?),

g, v, 1) = byu® + bpuv + byv? + O (lul + v + [r*)3),

N m*x>
a1=1-rnG—-L, a)=-——, a3=-G, 1,122:7*2’
o (d+x2)
B 2mdx2y. _ _ mx
ans =rixe — 1+ m, anss =G, apz= m,
2
dn = 2+ r%x* N Z(Vndy)*xi — ZMdsx*Z* - 2mdxiy* " mdrlxﬁy* + rlmdxijzl* — mdx*y*’
(d—l—xﬁ) (d—l—xz)*
2mdxtys — 2mdx2(d + x2) + (mrla — ma2) (d + xf)z
apy = ,
? (d+ xf)3
_2
b=2" M(ax*fﬁ), by=V, b22=7v,
v e (o)

2md3y, — 2mdxlty, — Z(mdy*)zxz + mdy, (d + xi)z
by = a (ks — )5
(d+x2)
T et i L [P
2(d +#2) 2(d +2)

We next consider the following nonsingular matrix

T=< 2o B )
—1—a1 A —m

Using the following translation

(5)r(3)

Then, the model (17) becomes

)= (3 2)G) G 8

Page 8 of 22
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where
. aiz(la —a1) <a11(/12 —ay) b1 ) 9
Xyrf) = ————ur* + - u
f2( Y ) ar(1+ 43) ar(1+ Ap) 1+ 2
<a22(22 —a)  bxn )Vz n a113(A2 — ap) P
ar(1+ o) 1+ 25 ar(1+ 19)
ai13(dy — al)uzr*z n (6112(/12 —a1)) b >uv
ary(1+ A7) ary(1+ A7) 1+ 7
a13(ly —a1) 3
_ O * s
(1t 1) uvr* + ((|M| + v+ |r*|) )
@ (@5 = a3(1+ al)ur* <d11(1 +a1) b1 > 9
7 ax(1+ 42) ax(1+74) 1+4
(azz(l +a1) by )1/2 a13(1 +611)M2r*
612(1 + /12) 1+ /lz 612(1 + )2)
ains(l +ay) 22 <6l12(1 +a1) b1y )uv
ax(1+ A2) ax(1+4) 1+
app3(l+ay) e
#1233\ - T %1) 1) ,
ar(1+ 9) wvr + ((|u|+|v|+|r ’) )
and

u=a2(5c+51), v=(-1—-apx+ (la — a1y,
w? = a3 (¥ + 255+ 7)),
wv = a [—(1 +a)FP + (Vg — 1 — 2a)ij + (g — al)yz],

v = (1+a)*? — 201 + a) (Ja — a)F + (o — a1)5.

Assume that Eq. (20) has a center manifold W*(0, 0, 0) at * = 0, which may be approxi-
mated as below [11]:

We©,0,0) = { (£5,r) € R 5 = h# + bia" + ' + O( (& + |*))*) },

where
I = azai(1+a1) + bi1al _ap(l+ a1)? + azby (1 + a1) n an(l+a1)® + arbyn(1 + ﬂl)z,
1-73 1- 73 ax(1—73)
_ —aiz(l+a1)
O A+?
I3 =0.

Therefore, the model (20) restricted to the center manifold W*(0, 0, 0) given by

Fid— —%+ i@ st + 5@+ sgir? 4 558 + O ([f] + [))*),

Page 9 of 22
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where
2 [a11(2 — a1) b1 ay (A2 — ay) b12
— _ _ 1 —
51 2|: ar(1+ A9) 1+;LZ:| a2( +(11)|: ar(1+ 29) 1+ Ay
ax(Ay — ai) by }
+A+a)’ - ,
(At { ax1+72) 1+
a13(Ay — 611)]
= 1 +l I —— ]
2=l 2){ a>(1+ 72)
an(d2 —a))  bn

a12(Ay — ay) b1z }
: )+ arly(lp —2a1 — 1 -
ar(1+ J2) 1+A2> bl =2 ){ arx(1+73) 1+
axn(dy —ar) by } <d13(12 — ﬂl)>
— +ayly | —————
a2(1 + )\42) 1+ 12 6l2(1 + /12)

$3 = Za%lz(

—2b(1+a))(d2 —a1) {

a123(ly — 611):| 9 {61113(/12 - ﬂ1)]
—ay(1+ay) | BB2 4D austfa —a) |
ax( a1)[ o+ ) 2| (L1 )
o0 = aol [m(@%l)}
TR a0+ ) )
a (A2 — a1)> {alg(ﬂuz —a1) b1y }
=2a30 (| =) faali (Mg — 2a1 — 1 _
% “ 1< as(1+ /A2) a2k (% “ ) az(1 + ) 1+ 2y

ax(ly — ay) by }

—-2L@1 Jo — -
11+ a1)(A2 ﬂ1){ PR T/

Define the following two nonzero real quantities:

9 a°F n OF oF 259 % 0
a~a o a~ = 48 ’
9xar* ~ 9r* dx / ) 2

2

1/9%F +1 33F 2(2+ )#O
=1z -\ == =2(s7+s .
“=\2\2) T3\ s 1

(0,0)

o] =

Finally, the above discussion can be summarized in the next theorem.

Theorem 4 When the parameter r fluctuates in a small neighborhood of r1, the model
(3) undergoes a flip bifurcation at the fixed point (x*,y*) if ag # 0. Moreover, if ag > 0,
the period-2 orbits bifurcating from (x*, y*) are stable, whereas if ay < 0, they are
unstable.

Neimark-Sacker bifurcation

Secondly, we discuss the Neimark—Sacker bifurcation of model (3) by choosing the

parameters (d, r2, m, o) arbitrarily from the set Qys, so, model (3) is converted into the

new following form:
xexp [1”2(1 —x) — m’y }

x 3
< ) R ), (21)

ax{l — exp(— y)}

d+x?
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Consider a perturbation of (21) as below:

xexp[(ri*—}— r)(1—x) — mxiy}
(;> -~ ozx{l — exp(—;"_’:i{)T+ 2 (22)

where }F‘! & 1denotes a small perturbation parameter.
Suppose u = x — x4, vV = y — ¥s. Then, we transform the fixed point (x*,y*) of model
(22) into the origin, we have

2 2 O 3
<u> N <a1u+azv+auu + apuv + azv* 4+ O((lul + Iv)?) 7 23)

14 biu + byv + briu® + biouv + by + O((|M| =+ v |)3)

and a1, az, a1, a1z, a, b1, ba, b11, bag, b1 are given in (19) by replacing r; with rp + r*

The characteristic equation of model (23) is indicated by
2 —R(r*) A+ Q(r¥) =0,
where
R(r)=1—(rn+7r*)G—L+V, Q(r*)=N—(r2+r*)GV.

Since the parameters (12, m, d,a) € NS, then the eigenvalues are conjugate complex

numbers /1, 2 with|4, 1| = 1, where:

1= 1 o) (),

So, we have

1 o0 d| /| -GV

\S}

Since the parameter (d,rp,m,a) € NS, implies that R(0) # —2,2. Thus
R(0) # —2,0,1,2 at r* = 0, gives o # 1,forall n=1,2,3,4. Moreover, we rule out
R(0) # 0,1, which results in:

1-rmnG—-L+V #0,1 (24)

Consequently, when r* = 0 and the conditions (24) holds, the roots of (23) do not
lie in the intersection of the unit circle with the coordinate axes. we use

_ R(0) 1
r* =0, p=-— w= 3 4Q(0) — R%(0),

2

to generate the normal form of model (23) at r* = 0.
Consider the next translation:

(1)= (% %)) s

Under the translation (25), we get

Page 11 of 22
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(

where

) ” (ﬁﬁ _ﬂw> (j) - (g((x)) ) (26)

L0 R

— 1
f(x7y) = P [ﬂnuz + apuv + azzvz} + O((le + \y|)3),

Bl = (WU ) (e ba),

P way w
_ b
N (“220*“1) _ 22>V2 +0( (a1 + b])*),
wa) w

and

u=axx, v=(U-—a)x—owy
u? = ax?,
uv = ax[(u — a1)x — wyl,

V2= (u—a)?%® —2u— ap)wxy + w25/2.
=2
After that, we characterize the next nonzero real quantities:d = [—Re <(112’;?)‘L11L12>

—31Lu P — |13 | + Re(ZLaz) | I7o

where
Ly = i((},—c& +f2ﬁ) + i(gm +§2ﬁ)>’
Ly = é((fzﬁ —]725,5, + 2?2&5/) + z(Em — 8255 — 2]725;5;)>,
Ly = %((72&56 ~fogy = 2?25@) + i(gza"cfc — &yt 2f72’?5’))’
Ly = % (<f2xxx +/ 255+ oz +§2W> + i(‘?m"‘ + iy ~ o _EW))'

On the basis of this analysis, the following theorem is constructed.

Theorem 5  Suppose that conditions (24) and 6 # 0 are satisfied, then model (3) will
exhibit N-Sacker bifurcation at the fixed point (x*, y*) when r is close to ry. Further, if
0 < O(resp.,0 > 0), then an attracting (resp., repelling) invariant closed curve bifurcates

[from the fixed point forr > ry (resp.,r < ra).

Existence of Marotto’s chaos
Here, we demonstrates how the model (3) shows chaotic behavior in the sense of
Marrotto [28]

Definition 1  Assume that the function F : R” — R" is differentiable in B,(Z). If
F(Z) = Z and all eigenvalues of DF (X) exceed 1 in norm for every X € B,(Z), the point
Z € R”is an expanding fixed point of F in B,(Z).

Page 12 of 22
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Definition 2 For some r > 0, let Z be an expanding fixed point of F in B,(Z). If there
exists a point Xo € B,(Z) with Xg # Z, FM(Xy) = Z and DFM(Xy) # 0 for some positive
integer M, then Z is said to be a snapback repeller of F.

Firstly, we state the condition that (x*, y*) is an expanding fixed point of F. For model
(3), we get

mxy

d+x? T
mxzyx v K= (x” y’l) .
ax|1l —exp ~ i

The eigenvalues associated with (x,, y,) are given by

FOX,) = xexp [r(l —Xx) —

R(%4p4) £ \/Rz(x*,y*) — 4Q (%, ¥+)
2

Mo =

’

where

R(xs,95) = A1 —rG—L+ V),

Q(x*,y*) =N —-rGV.

We assume that these eigenvalues with (x*, y*) are a pair of complex eigenvalues /, 2,
and

S Z‘ is greater than unit. This implies to

Rz(x*,y*) — 4Q(x*,y*) <0,
Q% y4) —1> 0.

Suppose that
Dy (x0,95) = R* (%, 94) — 4Q (%4, 95) = (1 =G — L+ V)? — 4(N — rGV).

_(1_ _ 2
Thus D; (x*,y*) <0ifre Wi ={(r,d,a,m) € Ri|r < W}.
Also,

Dg(x*,y*) = Q(x*,y*) —1=N-rGV —1.

Thus Dz(x*,y*) >0 if re Wo ={(r,d,a,m) € Rilr < %}. We summarize the
above analysis in the following lemma.

Lemma 3 If (%.,ys) € WiNWa,  then R*(xp:) —4Q(xs,95) <0  and
Q(#4,y5) —1 > 0. Moreover, if the fixed point z*(xsyx) of model (3) satisfies

z* (x*,y*) e Uy = {(x*,y*); (x*,y*) e W1N W, } Then, z* (x*,y*) is an expending fixed
point in Uz

According to the definition of a snap-back repeller, we need to find one point
z1 (xl,yl) € U, such that z; # z*, FM(z)) = z*,
ger M, where Map F is defined by (3).

To continue, notice that

DFM (z1)| # 0, for some positive inte-
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2
mx1y1 _
d+x% } =%

> (27)
oxy {1 - exp(—%)} =y

Xx1exp [r(l —x1) —

and

mx. %yz
d +x§

ax) [1 — exp (— P )} =y,

Now, a map F2 has been constructed to map the point z; (xl,yl) to the fixed point

X2exp [r(l —Xx7) — = Xy

z* (%4, 7+ after two iterations if there are different solutions from z* for Egs. (27) and
(17). The various solutions from z* for Eqgs. (17) satisfy the equation below

Xy = K
(1- 25 Jexpr1—s2)
d+x% |:lnx2 + (1 ) (29)
= —% |In?2 +r(1 —x
¥ mx% Xk
Substituting x; and y; into Eq. (27) and solving x; and y;, we have
_ x)
X1 = ’
P (2 e
_ d+x% In* 1 (30)
Nn= Tx%[ng‘f""( _xl)}
By simple calculations, we get
|DF2(z1)‘ — 14 +Ax(73me2 TF- 2mBFx3> + mBx3 (ZBx 4 2BFx2> 4 r(=D — DFx)]
mDx? (1 - exp(mex3)) 2m* B2’ —m?BNx®  2m*Bx® 3
xl d+x P\ U Clre) At exp(—me’))

Ax

d+x? d+x2 C(d +x2) Ay

< mx? I 2Cm?B2x? m*BNx® 2m2x53>}
- mrDx” —

x [D(1 — exp (7me3> + DFx(l — exp<7me3>> — Dx(—3mBx® — 2mBFx®

mBNx3(F + r)
+ [ ———

c + mBx® (2D2x + 2D2Fx2) )exp (—me3> A

where

mx?y ]

A = aexp [r(l —x) + rDx — mBx> — d1a2

D2
B (- PC )
d + D2x?
a2
C= exp[l — exp<d}j_xx§/>}
mx?
D= (exp(r(l — X)) —

d—i—xz)’

2mx3y 2mxy
F=1r= N2 d4 a2
(d +x2)
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Clearly, if lemma 3 is satisfied, the solutions of Egs. (29) and (30) will furthermore
be subject to z1 (x1,¥1), 22 (%2,y2) # 2* (%4, %), 21 (¥1,51) € Uz+and |DF?(z1)| # 0, then
z* is a snap-back repeller in U,«. As a result, the next theorem is obtained.

Theorem 6 Let the conditions in lemma 3 hold. Then, the solu-
tions zo (xz, y2) and z; (xl, yl) of Egs. (29) and (30) satisfy in addition
z1(x1,01), 22 (%2,92) # (%0,94), 21(%1,01) € Uzr, z1(x1,91) # (0,0) and |DF?(z1) | #

0, then z* (x4, yx)
is a snap-back repeller of model (3), and therefore model (3) is chaotic in the sense of
Marotto.

In Sect. Results and discussion related to numerical simulation, we choose specific
parametric values to demonstrate the presence of conditions in Theorem 6.

Chaos control
Here, the state delayed feedback control method [29-31] will be used to stabilize the
chaotic orbit at an unstable fixed point of the model (3). The controlled form of model
(3) can be written as follows:
2
Xpi1 = XneXp [r(l — %n) — }Zigz} +8(¥n — xn-1),

mx2y, )} (31)

Yntl = Oy [1 — eXP(— pw

where § is the feedback gain for the controlled model (31).
After that, we introduce u, = x, — x,,_1 to get the next controlled model, which is
equivalent to model (31):

2
Xpt1 = Xn€XPp [r(l — %) — }Zj_;,z} + Suty,
2
yni1 = oy |1 — exp(— 22 ), (32)
mxﬁyn
Upr1 = Xp | exp|r(1 —xy,) — i | 1) 4+ Suy,

The generalized Jacobian matrix of controlled model (32) calculated at the fixed

point (x*,y*, u*) is given as:

2dmx2y, mx2 —mx3 mxty,
(1= 2 Yenplr - - 2225] gt —x0 — 2%]
* * *

(d+x2)”
2 2 2 3 2
_ _ — XY 2mdaxyy _ mxiys max;, — XY
o) = ot - ) [+ Trew (<) Fnee(SEF) 0
_ _ 2dmxly, _ _ mxlys —mxd _ _ mxlys
( TX4 (@2 exp |r(1 —xy) pw e exp|r(1 —xy) pwe 8
(33)

The characteristic equation of](x*,y*, u*) is given as

F) =B +A2+Bi+C, (34)

Page 15 of 22
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where

Lv

]
o

C=-8V.
(35)

A=-14rG+L—-8—V,B=81+V)—rGV —LV +N +

Keeping in mind that the model (31) is controllable, we have the next lemma.

Lemma 4 Suppose that d + 1 < ma, then the fixed point (x*,y*, u*) of model (31) is a
sink if the following conditions are satisfied:

\A+é\<1+g,
\A_gé]<3_fe, (36)
C24B_AC < 1.

Results and discussion

Numerical examples and discussion

This section presents bifurcation diagrams, phase portraits, and maximum Lyapunov
exponents (MLE) to validate our analytical results and demonstrate the complicated
dynamics of the model (3).

Example 1 We choose d=4, «a =2, and m =10 with initial condition
(xo, yo) = (0.683,0.728) and suppose r changes in the interval [2,3.5]. Accord-
ing to Theorem 2, we know that model (3) has only one positive fixed point
(x*, y*) = (0.683204,0.0.727583) at r ~ 2.4. Furthermore, the characteristic equation of
the linearized model (3) estimated at (x*, y*) is given by:

P(2) = 2% + 133453/ + 0.334533. (37)

The roots of (37) are given by ;3 = —1and Ay = —0.332993 with [13] # 1 and
(d,,m,r) € FB. From Fig. 1a, b, we see that model (3) undergoes flip bifurcation at
r ~ 2.4. The bifurcation diagrams of model (3) for x,,y, shows that when r < 2.4, the
fixed point is stable, at r &~ 2.4, it becomes unstable and periodic oscillations appear in
the range 2.4 <r < 2.59, which ultimately leads to chaos. In Fig. 1c, the maximal Lya-
punov exponent is plotted to confirm the existence of chaotic behavior. Keeping in view
Fig. 1c, we are able to split the interval [2, 3.5] into two sub-intervals, one being a non-
chaotic area where all the MLE are negative and it is indicated by [2, 2.59], and the other
being a chaotic area and it is indicated by [2.59, 3.5], where some MLE are positive and
others are negative. In addition, the chaotic area is larger than the non-chaotic area.
Arguing as in [32], the changing MLE signs confirmed that in the chaotic area [2.59, 3.5],
there are stable fixed points or stable periodic windows.

Example 2 Fixing d=14, «a =2, andm =10 with initial condition
(xo, yo) = (0.514,0.679). Hence, using Theorem 2, the model (3) has a positive fixed
point (x,y:) = (0.514265,0.678663) at r ~ 2.22. Also, the characteristic equation of
model (3) evaluated at (0.514265, 0.678663) is described by



Yousef et al. Journal of the Egyptian Mathematical Society (2023) 31:2 Page 17 of 22

0.6

04

02r

Maximal LE
g'

021

-04

-0.6

-0.8

(0
Fig. 1 Flip bifurcation diagrams and MLE for model (3) with d=4,a=2,m=10,2<r<3.5and
(x0,y0) =(0.683, 0.728)

P()) = 2% 4+ 1.39899/ + 1.

Further, P(4) has a pair of conjugate complex roots 415 = —0.699876 + 0.713969i with
|)»1,2‘ =1land (r,m,d,a) € NS. As a result of Theorem 5, a Neimark—Sacker bifurcation
occurs at r & 2.22. Figure 2a, b shows the bifurcation diagrams for model (3). In addi-
tion, the MLE are plotted in Fig. 2c. These MLE confirm the existence of chaotic behav-
ior. Figure 3 shows various phase portraits for model (3). From Fig. 3a, it is clear that
the unique positive fixed point (x*, y*) = (0.514265,0.678663) of the model (3) is locally
asymptotically stable. Further, at r ~ 2.22, the fixed point E, becomes unstable, and a
closed invariant curve containing the unstable fixed point E, is formed. This indicates
the existence of Neimark—Sacker bifurcation at » &~ 2.22 (see Fig. 3b). The radii of these
closed curves increase as r rises, as shown in Fig. 3c, d. The closed invariant curve van-
ishes at r = 2.4733, and orbits with periods of k form, as shown in Fig. 3e. Atr ~ 2.5822,
an attractive chaotic set forms, as seen in Fig. 3f.

Example 3 Here, we illustrate the existence of Marotto’s chaos in model (3). Tak-
ing r =2.5822, d = 1.4, m =10, and @ = 2. Also, the fixed point E, has the form
2*(2.43, 3.21)and the eigenvalues related to this fixed pointare 4; 5 = —0.79301 £ 0.516882i.
From Lemma 3, we have z* € U = {(x*,y*); (x*,y,k) ewin Wz} ie. z* is expand-
ing fixed point. Further, there is a fixed point z1 (x1,y1) = (0.614365, 0.746553) such that
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Fig. 2 N-Sacker bifurcation diagrams and MLE for model (3) with d=14,a=2,m=10,2<r<2.7and
(x0y0)=(0.514,0679)

F%(z;) = z* and |DF 2(zl)} # 0. Thus, z* is snapback repeller. Figure 4 shows the chaotic
attractor associated with these parametric values.

Example 4 Finally, we illustrate the effectiveness of the delayed feedback control strat-
egy for the model (3). Takingm = 10, o = 2, d = 1.4,and r = 2.55in the chaotic region.
Then, model (3) has a unique positive fixed point (x*, y*) = (0.524796,0.73716), and the
characteristic equation for the Jacobian matrix has a pair of conjugate complex roots
A2 = —0.924898 £ 0.427348i with |41 2| = 1.01885 > 1. Thus, E, = (0.524796,0.73716)
is a source of model (3). Then, model (32) can be written as:

10x2
Xpyl = Xexp {2.55(1 — %) — m} + Suy,
* n
IOxﬁyn
Ynr1l = 2%y {1 — exp <_14+x,% , (38)
10x2
Uyt = Xy (exp {2.55(1 — X)) — 1;6_:}:2} - 1) + Suy,
* n

The characteristic equation of the Jacobian matrix of (38) is given by:

23 4 (1.8498 — 8)/2 + (0.518015 + 1.513598) /. — 0.5135885 = 0.
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Fig. 3 Phase portraits of model (3) for different values of rwith d=14,m=10,a=2,2 <r<2.7 and and
initial conditions (x0,y0) =(0.514, 0.679). Phase portrait forar=2.111,br=222,cr=2.31664,d r=234055, e
r=24732 and fr=2.5822

From Lemma 4, we have E, is a sink if 0.05 < § < 0.1650491. Thus, model (38) is con-
trollable for § € ]0.05,0.1650491[. The controllable region related to these parametric
values is shown in Fig. 5.

Conclusion

In this work, we investigated the complicated dynamic behaviors of a host—parasitoid
model with Holling type III functional response. Firstly, the existence and stability of the
positive fixed point are derived. We then studied the bifurcation behavior of the model
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Fig. 5 Controllability region of model (32) with d=14,a=2,m=10and re[2.22,2.7]

(3) by applying a perturbation method and the center manifold theorem. Consequently,
it is analytically demonstrated that the model presents chaotic behavior in the sense of
Marotto. Chaos control of the model (3) is performed by the state-delayed feedback con-
trol method. Finally, examples with numerical simulations are carried out to confirm
our analytical findings. Our results show that our suggested model has rich features and
complicated dynamics. Also, we find that when a simplified Holling type III functional
response is included, the area of chaos is reduced when compared to host—parasitoid
models with the functional response that was examined by [33]. So, the Holling type III
functional response could be seen, at least in part, as a stabilizing effect. Therefore, the
Holling type III functional response leads to a direct density dependence when host den-
sity is low and thus can lead to the stabilization of host—parasitoid interactions. Thus,
natural enemies that display a Holling Type III response are more effective at organizing
hosts because they can find hosts at lower densities. This research helps to understand
the dynamic behavior of host—parasitoid interactions with an intraspecific competition
that may be used to improve classical biological pest control.

Generally, many biological scientists have developed many complex nonlinear math-
ematical models to describe population dynamics and interactions. However, biologists
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are generally frustrated by such mathematical models’ analytical intractability. The
method used can be regarded as a different approach to the problem.

Abbreviations

FB Flip bifurcation
NS Neimark-Sacker
MLE Maximum Lyapunov exponents
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