ANNALES MATHEMATIQUES

‘An"lb\
-’6, & /4
897 V1)
017 w.
SEEGL 21
8901 2° 3= 1N
' 2345¢ /7890
W78 456, 11730
19017 145 (£ g2
235/ (400 . orf K4
£ 234 i 67
171../5678% 0
157 /7119012° Y
TE V0L 2450 S78
23.765 (390" 290" D3
»¢RY01234 /T 4567\
< TA5)5789( Ve 01
3459 /Y901 2"45678)v 1 434567
6789012345 678901
201 23567890 19123456.

BLAISE PASCAL

OLIVIER RAMARE
Modified truncated Perron formulae

Volume 23, n°1 (2016), p. 109-128.
<http://ambp.cedram.org/item?id=AMBP_2016__23_1_109_0>

© Annales mathématiques Blaise Pascal, 2016, tous droits réservés.

L’acces aux articles de la revue « Annales mathématiques Blaise Pas-
cal » (http://ambp.cedram.org/), implique I’accord avec les condi-
tions générales d’utilisation (http://ambp.cedram.org/legal/). Toute
utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

Publication éditée par le laboratoire de mathématiques
de luniversité Blaise-Pascal, UMR 6620 du CNRS
Clermont-Ferrand — France

cedram
Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://ambp.cedram.org/item?id=AMBP_2016__23_1_109_0
http://ambp.cedram.org/
http://ambp.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

ANNALES MATHEMATIQUES BLAISE PAscAL 23, 109-128 (2016)

Modified truncated Perron formulae

OLIVIER RAMARE

Abstract

We prove two general and ready for use formulae relating variations of the
summatory function Y. __an together with z— f::f F(2)xz* dz/z, where F(z) =
ZnZl an/n® and k is a parameter strictly larger than the abcissa of absolute
convergence of F'.

Formules de Perron tronquées modifiées

Résumé

Nous prouvons deux formules générales prétes a ’emploi reliant les varia-
1 KT

. . . s 2
tions de la fonction sommatoire anz an avec lintégrale 5— |~ F(z)z* dz/z,

N _ z | . 7. NERT .
ou F(z) = anl an/n* et Kk est un parameétre strictement supérieur a Iabscisse
de convergence de F'.

1. Introduction and results

The Perron summation formula [13] gives a direct link between the sum-
matory function ), ., a, and the corresponding Dirichlet series F'(s) =
> ,>1 Gn /1%, see Landau [9, Section 86], or Montgomery & Vaughan [11,
Chapter 5] as well as the notes therein. The integral containing F' extends
over a full vertical line of the complex plane, and the need for truncated
versions appeared very early. One of them can for instance be found in
the classical book of Titchmarsh [17, Lemmas 3.12 and 3.19]. Here is the
version proved and discussed in this paper.

Theorem 1.1 (The MT Perron summation formula). Let

F(s) = Z an/n’

n>1

Keywords: Selberg sieve, large sieve inequality.
Math. classification: 11N35.
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Olivier RAMARE

be a Dirichlet series and let kK > 0 be a real parameter chosen larger than
the abscissa of absolute convergence of F'. Let T > 1 be a real parameter.
For every integer n € [z — 57, T + SLT] we choose an arbitrary real number

0y, in [0,1]. The following formula holds:

1 K+iT x?

Z an + Z Hnan:2m ()—dz

n<r— g5 In—z|<g% r—iT

8T
:1;“ an] du
+O( / )
T 1T

“MT” stands for “Modified Truncated” In particular, both -, an
and ), . ap are covered by this result. In [14], we shall produce s1m1lar
formulae relying on the short sums of (a,) and not of |a,| and replacing
the abscissa of absolute convergence by the abscissa of convergence at the
cost of a slightly more complicated kernel than z*/z.

Another path is to use a smoothed version, i.e. to get a formula for the
sum Y. .. anf(n/x), where f is a compactly supported and sufficiently
differentiable function; it is commonly assumed to take the value 1 when
n/x < 1 and the value 0 when n/x > 1+ ¢, where 0 is some positive pa-
rameter. The smoothness of f ensures that its Mellin transform decreases
fast enough in vertical trips. To recover ), -, a,, we then need to evaluate
> w<n<(1+0)z @nf(n/z) which relies on the behaviour of a,, on the “short”
interval [z, (14 d)z|. The same kind of information is required to truncate
the Perron formula; for instance, I proposed in [15, Theorem 7.1] a general
version in which the error term is clearly dependent of the behaviour of
short sums (a fact missed by Liu & Ye in [10, Theorem 2.1] — to be com-
plete, one has to notice that the choice H > T in this theorem leads to a
useless result). The smoothed version offers flexibility but the truncated
version offers simplicity. Theorem 1.1 shows that the truncated version
can in fact handle any kind of bounded weight attached to a,, around the
border {n = z}.

When using Theorem 1.1 for F(s) = —('(s)/{(s), or for F(s) =1/¢(s)

@

we select £ = 1+(log(2x)) ~!. We then employ the inequalities 37,5, S <
log(2z) as well as 3, _;|<ys|@n| < uz when 1/3/z <u <1 by the Brun-
Titchmarsh Theorem (the harmless restriction u > 1/4/x comes from the
handling of prime powers). On assuming 7' < /z, this gives the error term
O(xlog(xT)/T). Several authors set to improve this term, like Goldston

[n— w\<uac
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MODIFIED TRUNCATED PERRON FORMULAE

n [3], Wolke in [18, Theorem 1] or Perelli & Puglisi in [12]. Our next result
belongs to this vein.

Theorem 1.2 (The MT Perron summation formula, second form). Let
F(s) = 32,51 an/n® be a Dirichlet series and let k > 0 be a real parameter

chosen larger than the abscissa of absolute convergence of F. Let T > 1

20x 20x

be a real parameter. For every integer n € {x — T+ 7 ] we choose

an arbitrary complex number 0, of bounded modulus. Let § and € > 0 be
two real parameters in (0,1]. There exists a subset I* of [T, (14 §)T] of
measure > (1 — €)0T such that for every T* € I*, we have

K+HIT™ z
Z an + Z Gna,n—_l/Jr F(z)m dz

2im T z
20 20 -1
n<z— g [n—z| <=

1/5 K
( Z |an| 1/5en Z ’an|> )

n>1 In—z|<20z/T

We can for instance select 6 = 1/loglogT. The fact that there is a
abundant set of possible T™* is useful in practice; for instance, in the case
of —('/¢, we want T* to be at distance > 1/logT from the ordinates of
the zeroes of . Since there are O(T logT) zeroes, the measure of the set
of T’s in [T, 2T that are at distance < ¢/logT from the ordinate of (at
least) one zero is < ¢T', and this is < T if ¢ is small enough.

When applied to F(s) = —¢'(s)/{(s), or for F(s) = 1/{(s), this formula
leads to the remainder O(z(logz)T 2 + 2T~ 1). In case a remainder term
with >, ‘Z—Z'/Tk for a k > 2 is preferred, Theorem 5.3 is at the reader’s
disposal.

The localisation in T relies on an integral Gorny inequality for a spe-
cial class of functions on which we now comment. Extending work of
Hadamard [5], Hardy & Littlewood [6] (see also Cartan in [1] and Kol-
mogorov [8]), Gorny proved in [4] the following.

Theorem 1.3 (Gorny). Let f be a C*-function on a finite interval. We
have

17Ol < 4 (k/0 I f oo~ 1S W lc™. (0 < €< k)

This kind of result is often termed “Landau-Kolmogorov inequality”
though these authors studied the somewhat different case of the segment
[0, 00).
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We consider here the class Cy(a,b) of functions f over an interval (a, b)
(both a and b can be infinite) that are k-times differentiable, such that
all £ when h € {0,--- ,k} are in L? and such that, for all index h €
{0,--- ,k — 1}, we have fM(a) = fM(b) = 0. The following theorem
holds.

Theorem 1.4. Let f be in class Ci(a,b). For any h € {0,--- ,k}, we have

P (v) ) </|f |dv> %.

The skeleton of the proof of Theorem 1.1 is the same as the proof of [15,
Theorem 7.1], indeed confirming the fact that no new information is being
incorporated: we extract more from the proof. The proof of Theorem 1.2
again starts from the same matrix.

We take the opportunity of this paper to point out what seems like
a small mistake in [18, Theorem 1]: in inequality (2.5) therein, a factor
(x/n)? is missing as far as I can see. This has the consequence that [18,
Theorem 2] is valid only for T > log x, a restriction that is of no conse-
quence for the applications. [7, Theorem 1] has thus the same restriction,
as it relies on Wolke’s paper.

’ ﬂh)@)fdv < (

Notation

Though the constants in the final results are not explicitely given to give
as simple results as we could, they are computed for the most part of the
paper. To do so we rely on the classical notation f = O*(g) to mean that

fl <g.

2. The MT Perron summation formula

Here is the more precise result we prove, from which deducing Theorem 1.1
is a matter of routine.

Theorem 2.1. Let v: R — [0,1] be such that v(y) =1 when y > 1/4 and
v(y) =0 wheny < —1/4. Let F(s) = Y_,,~1 an/n® be a Dirichlet series and
let k > 0 be a real parameter chosen larger than the abscissa of absolute
convergence of F. Let finally T and T" be two positive real parameters such
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MODIFIED TRUNCATED PERRON FORMULAE

that T' < AT. We have

Zanv(Tlog(n/x))— ! / F(z)—dz

1 207 J_iT z

o [ lan| 72" du
+0 </1/T' Z n® 5T'u2 |~

n/|log(z/n)|<u

In this theorem, the value of v(T log(n/x)) can be chosen arbitrarily
inside [0, 1] when ze=V/(T) < n < 2e'/™T), There is a very large freedom
of choice for the function v, and, in fact, formula (2.7) below is valid in
an even larger context. We denote by Y the (multiplicative) Heaviside
function defined by

0 O<z<l,
Y(z)=4¢1/2 z=1, (2.1)
1 1<z
We consider also the function a(y, x’) depending of the positive parameters
k' and defined for positive y by
eVr’
a(y, k') = — arctan(1/x’). (2.2)
T
Here is our main lemma.

Lemma 2.2. Let v be a function of the positive variable y. For k' > 0
and y, we have

1 e dy
‘wy) -

20 S —i z

I

eyr

< min (\v(y) —Y ()| + Tl lv(y) — aly, x| + e ’?ﬂ) :

™

Proof. When y < 0, we write for K > «’ going to infinity :

K +i K+i K—i K —i e¥% dz
/ - - - = 0.
K —i K K+i K—i z
The third integral dwindles to zero when K increases. Both integrals on
the horizontal segments are bounded by e¥~' /|y| (bound1/|z| by 1 and
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integrate the e¥?). This implies that

1 R+ eV dz
v(Y) = 5= /

2 S —i z

< V() —o(y)| +

(y <0).

The same bound holds for y > 0: the proof goes as above except that we
shift the line of integration towards the left hand side. We get

1 [r+ e dz
o) - 5 |

21 S z

eVr’

<1 —v(y)l+ (0<y). (2.3)

|yl

These bounds are efficients when |y| is large enough; else we proceed more
directly. Since we want this proof to holds also in the case of Theorem 3.1,
we introduce a parameter 7 € [1,2], which is thus equal to 1 in this very
proof. We write

/+- /+~ it o .
/H Tetrdz U /“ T dz 4 o /T (e —1)i dt_
K K

!—iT z e -7 K+ it

The first integral is 2 arctan(1/£’) < 7w while we deal with the second one

by using
1
/ eiuty du
0

This leads to the upper bound 27|y| (even if y = 0), and thus

eity -1

ity

<1

1 KT g¥z yr' yr'
v(y) — 5 /H/_iT © . c < |v(y) — € arctan(1/k")| + ¢ WT\y|. (2.4)
The lemma follows readily. O

Let us continue the path of generality. The parameters ' from
Lemma 2.2 and the parameter x from Theorem 2.1 are linked by &’ = k/T.
We suppose given a function v and the existence of three parameters cq,
¢9 and 6 such that

ly

—Y (V)] 2L < e
ﬁi,??e,'”(y) )] e =a
0<k'<k

= (2.5)
—Y(eY 1 — !

s mm<|v(y) /(e )IJr 7|v(y) a(/y,ff)u!yI) < e
y/lyl<e, ey |yl eyr m
0<k'<k
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We write

1 1 f-c-HTF |
;anv og(n/x)) — 2171'/ - (2)? z

-1
co Y lmljarrl ool

T|log(xz/n)|<0 " T|log(z/n)|>0 ”“|10g($/n)’

We continue via

’an| |an| du
I S

Titogte/myze " NOBE/ ML pyoglaTnyize ™ iogte/m) u?

[ |ay| du
0/T , nt u?
/T<|log(z/n)|<u
= = Z Mdi; _p! Z |an|
0/T nt u nk
[log(z/n)|<u Tlog(z/n)| <6
and thus
1 Kk+HiT 7
Z anpv(Tlog(n/z)) — 5 / F(z)—dzjz™"
n>1 1 iT z
< C1+7T / |an|d7u+ 02_61+7r_1 3 jan|
0/T ne u? 0 nk
[log( a:/n |[<u T|log(xz/n)|<6
We define
-1
€3 = max (cz, Cl—i_eﬂ) (2.6)

If (c; +7 1) /0 < co, we may replace c; by the larger value c2f) — 1. This
yields:

.CU_H

Z anv(Tlog(n/z)) — ! /HHT F(z)w—z dz

n>1 2ir T z

o0

3
~—T/0 Jor

]an| du
nk oy’

2.7)
[log(z/n)|<u
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Proof of Theorem 2.1. We assume that v(y) = Y (e¥) when y > 6 for some
6 > 1/4 and thus ¢; > 0 is enough. We further assume that 0 < v(y) <1
in general, and since

1
max (1+,1+“> <147 (2.8)
0<u<b U ™

we can chose ¢co = 1+ 71, In this context ¢z = 1 + 71 < 7/5. Finally,
on setting 7" = T'/0, we get

1 K+HIT x?
Z anpv(Tlog(n/z)) — / F(z)—dz
et 217r iT Z
o0 lan| 72" du
= _/1 7 Z nt 5T'u2
/ n/|log(z/n)|<u
for any function v satisfying the above hypotheses. Il

Proof of Theorem 1.1. We recall the simple inequalities ¥ > 14y valid for
y > 0aswellase ¥ < 1—y/2 valid for y € [0, 3/2] to replace v(T log(n/x))
by 0,,. We select T = 2T and we use furthermore

/OO |an| 72" du
, 2
YT og(aim<u " 107U
Txh a 1/2 7e" du
<5Tz‘nz‘+/ Z jan 5Tu?
n>1 VL) 1 fog(a/m) <u

We use e¥ < 142y when y € [0,1] and e™¥ > 1 — 2y to simplify the second

term via
1/2 du
/ > < [ anl 5
1 1/2T In— (7

/@2T) n/|log(z/n)|<u x|<2u:p

The change of variable 2u +— u concludes the proof. U

3. The WMT Perron summation formula

We start here the proof of Theorem 1.2, but we first prove a general
and more precise result, namely Theorem 3.1 below, which we will then
specialize. The idea is inherited from [18, Theorem 1]. It is expedient to
state it in a general form. Let £ > 1 be a some fixed real parameter. A
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MODIFIED TRUNCATED PERRON FORMULAE

function w over [1,&] with value in C is said to be (k,§)-admissible for
some non-negative integer £ when

(1) w is k-times differentiable and w*) is in L.
(2) We have ffw(t)dt =1.

(3) We have w® (1) = w®(¢) = 0 for 0 < ¢ < k — 2. This condition is
empty when k£ = 1.

For such a function, we define Ny ¢(w), Z¢(w) and My, ¢(w) by
_ _ ¢ w® (u
2 Nigw) = Hut (@) + D) 40 3 [y 30)

ZLe(w) = [$ ww(u) du/m and
1/(k+2
Mpe(w) = 14 ((k + 1) Nee(w)) /5 2 (w)BD/E2) (3.9
In our usual application, we select w = 1 with k£ = 1 and £ = 2. Note
that, since w belongs to the class Ci_1(1,&) defined in the introduction,
we can use Theorem 1.4 to bound [¢|w (u)|du when h < k — 1 in the

(
sole terms of ff|w(u)\2 du and ff\w(k_l)(u)|2 du. We will do so only in an
application we have in mind.

Theorem 3.1 (The WMT Perron formula). Let k > 1 be an integer
and let £ > 1 be a real number. Let w be a (k,&)-admissible function. Let
v: R [0,1] be such that v(y) = 1 wheny > My ¢(w) ™Y *+D and v(y) =0
when y < — My ¢(w) ™Y *+D | Let F(2) = 32, an/n? be a Dirichlet series
that converges absolutely for Rez > kq, and let Kk > 0 be strictly larger
than kq. Forx > 1, T>1 and T' < ng(w)l/(kH)T, we have

/§T /’H‘t r*dzw(t/T)dt
" 2im T

. o0 lan| 2% du
+0 (Mk,s(m/l/T, d. T |

[log(z/n)|<u

Z anv(Tlog(n/x))
n>1

Here WMT is for “Weighted Modified Truncated”. This term is so long it
is better to use an acronym! Note that My, ¢(w) > 1, so the choice 7" =T
is always possible. Notice further that for the choices wpe = 1/({ — 1)
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and k = 1, we have ff woe = 1, then Ny ¢(woe) < 3/(2(§6 — 1)m) and
Le(woe) < &/(2m). On assuming that £ < 2, we find that My ¢(woe) <
1+ (3¢%2/(6€ —1))3/(27). In case & = 2, we more precisely find that
Mio(1) <1+ %(f — 1)!/3, and thus, in particular, we find that, for any
£>1,

| T preit cdz  dt
ST e R
< 2m Jr Je—it z (£-1)T

o [ lan| 52" du/3
+0 (/1 Z —1)1/3T2u3 '

7 og(ormi<a ™ (6

We have thus handled the question of the localization of t. Concerning
the main contribution in the error term, the convergence in 1/u? is usually
what is required for applications. The proof of Theorem 3.1 relies on the
next lemma.

Lemma 3.2. Let v be a function of the positive variable y. Let w be
(k,&)-admissible function. For k' > 0 and y, we have

Kk +iT zy dZ
- d
y 2im / /n —ir T> ’

< min (\Y(e%—v(y)HW,w(y)— (o) |+

fa(ﬂf))-

Proof. The proof starts like the one of Lemma 2.2. When y < 0, we
consider the equality

K it K+17' K—ir K =T\ o¥% dz
Lo+ + )
K/ —iT /it K+it K—ir z
The third integral dwindles to zero when K increases. We integrate these

four integrals with respect to 7 € [1,£], after multiplication by w(7). We
can take avantage of this integral sign, by writing

K+t o2y dz € el (T
— Uy
/ /n Lir dr = / / U+ 1t du. (3.3)

Concerning the inner integral, we momentarily set f(7) = w(7)/(u + it);
we check, by using Leibnitz formula for the ¢-th derivative of a product
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for instance, that f((¢) = f@(1) = 0 when 0 < ¢ < k — 1. Since we need
to bound the k-derivative, let us recall this formula in our context:

m\ i " (m — h)lw™ (7

h+1
0<hem (u+ir)™

With m = k — 1, this implies that

w(k—l)(l)
U+ i

w1 (g)

PO =

) =

while with m = k, the above formula gives

k) 7 (k — h)lw™ (1)t
f(k) (7') = Z (h) Eu 4 iT))k—fH—(l ) )

0<h<m

We employ k integrations by parts to reach

/lg eWw(r) dr _ (fl)k_l /feiTyf(k—l)(T) dr

u+ it (iy)k—1 )i
A ey L T
- (iy)* - (iy)*
(=DM s
— )F /1 e yfk (r)dr

We return to (3.3) and integrate with respect to u:

/ /K-H‘r ezydz )d
T
K +1‘r

(k 1) (f) /Ke(u+2i)y du (_1>k71w(k71)(1) /K eluti)y du
(11/) W w18 (iy)* WU
W (=DE(k — h)wP (1) K elutiny
+ Z / / dudr.

The integrals over u are bounded respectively by %e“/y /lyl, €Y /|y| and
e"'V/|y| (in the first one, bound 1/(u + i€) by 1/, and integrate e, and

119



Olivier RAMARE

proceed similarly for the next two). We thus have reached

-
K/ +it z
Lw®=1(g)] + [w*-V (1 (k = h)l|w™ (7)]
= Tl Bl dr
|y 1 O<h<k: |yl

which is thus bounded by 2me"'¥ Ny ¢ (w)/|y| 1 On gathering our results,
we conclude that we have proved, for y > 0, that
|y|k+1 '

ST e dz
. d
y 2im / /f; —ir ) i
(3.4)

This is the counterpart of (2.3). The same bound holds for y > 0: the
proof goes as above except that we shift the line of integration towards
the left hand side. These bounds are efficients when |y| is large enough;
else we again resort to (2.4). The lemma follows readily. O

eVr’

< [Y(e¥) = v(y)| + Ngg(w)

We continue to follow the previous section. The parameter x’ from
Lemma 3.2 and the parameter x from Theorem 3.1 are again linked by
k' = k/T. We now suppose given a function v and the existence of three
parameters cj, ¢4 and 6 such that

k+1
e Nec@l
y/ly|=0, evr’ -
0<k'<k
and
() =Y ()] | Npe(w) |o(y)—aly, )] /
hax, min < e + Miaz o + [yl L (w) | < cy.
0<k'<k
We write
T1 ¢ H—Ht d t/T)dt|z™"
Zanv og(n/x)) 217rT/ / — dzw(t/T)dt|z
n>1
lan| e +1 |ay|
< c’2 Z + Z .
= k+1 k1
Thogami<e ™ T Tlioglaynyze M llog(x/n)]
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We continue via
|an|
Tlog(z/n) >0 7" [10g(z/n)]

S lan| [ (k+1)du

)

k+1

Tloga/m)|>0 "V 7 llos(z/n)]

o0 lan| du
=(k+1
(k + )/9/T Z e ukr2

6/T<log(x/n)|<u

o0 lan| du — THH |an|
:(I'H'Q)/O/T > PR s Ry s > e

[log(z/n)|<u T|log(xz/n)|<6
and thus
T /{+1t
Zanv Tlog(n/x)) / / —dzw(t/T) dtjz™"
21T
n>1
cl—i—l/ lan| du ( , cﬁ—l) lan|
+ | cp — Z —.
k+1 k+2 2 k+1
T 6/T [log( x/n |[<u nru 0 T|log(xz/n)|<6 n
We define

;o , c1+1
C3—maX C2,W

If (c; + 1)/6%*! < ¢}, we may replace ¢ by the larger value ch0*T! — 1.
This yields:

(3.5)

ET H-‘rlt
nv(T'1 —d t/T)dt|x™"
,;a v(T log(n/x)) 217rT/ / zw(t/T) dt|x
A o0 lan| du
< (T/Q)k-i-l /H/T Z nk ukt+2’ (3'6)

log(z/n)|<u

Proof of Theorem 3.1. We assume that v(y) = Y (e¥) when y > 6 for some
0 > My, ¢(w)~/*+1) and thus ¢; = 0 is enough. We further assume that
0 <wv(y) <1 in general, and since

Iqr}g())( (1 + N k—l(—l ),1 + uiﬁ(w)) < Mkf(w), (37)
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so we can chose ¢y = My ¢(w). In this context c¢j = ¢, (this is where the
bound on 6 is required). Finally, on setting 7/ = T'/6, we get

&T n+1t 7
(T'1 — T
Z anv(T log(n/x)) 217rT/ / dzw(t/ ) dt

n>1
o0 lan|  xFdu
<ng<w>/ Y
< My, ; +1),,k+2
YT o ogtarmisa ™ T
for any function v satisfying the above hypotheses. O

4. An integral Gorny inequality for a restricted class

Proof of Theorem 1.4. We use the notation my = f;|f,§h)(v)|2dv. We only
consider the case 0 < h < k. Repeated integrations by parts followed by
Cauchy’s inequality give the recursion

my <myZm? (0<h—t<h+t<k)

from which we infer that

m?m}?  when h > k/2,
mp < 1/2 _1/2 (4.1)
my’ " myy when h < k/2.
We will use this rule recursively. Let us write
h 5w
k =12
with a; € {0,1}. Let I > 1 be some fixed index. We write
> G-
T — 7].
1<i<I 2 2
We prove by recursion on I > 1 that
broog_1 br 1
my, Sm@mg 22 m, (4.2)

We first notice that by/2! < h/k hence 2'h — bk > 0, while (b; +1)/27 >
h/k and thus k > 2'h — brk. Let us first consider the case I = 1: when
by = a; = 1 or when by = a; = 0, this is what we have just proved
n (4.1). Let us now assume the formula proved for index I and let us
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consider index I + 1. If 2'h — bsk > k/2, then a;11 = 1 and we can use
the first rule in (4.1), getting

bpo 1 oq_ 1 b 1
of T5T+1 of T ol oI+¥1
mp < my Mo Mo h—bk)—k

br41 g1 _bp 1
of —of m21+1
2041 h—br 1k

and we further notice that, in this case,
1 b 1 1 br 1 br1

ol ol — oI+1 ~ 9I+1 ol — = oI+l  9I+1°

This concludes the proof in this case and the case ayy1 = 0 is similarly
handled. Once (4.2) is established, we only need to let I go to infinity, since
the values of mj, are bounded (they belong to a finite set). The Theorem
follows readily. O

5. Proof of Theorem 1.2

We define
v(1 —v))* when v e [0,1],
fuw) = {0 =) o1 (1)
0 else
and we select the (k,&)-admissible function wy ¢ defined by
(2k+1)! u—1
- .2
Wi ¢ (u) k!2(€_1)fk(£_1) (5.2)

which indeed satisfies ff wy ¢(u) du = 1. Here is a first corollary to Theo-
rem 3.1, from which we will deduce Theorem 1.2.

Corollary 5.1. Let k > 1 be an integer and let £ > 1 be a real number.
Let F(z) = Y., an/n* be a Dirichlet series that converges absolutely for
Rez > Ky, and let & > 0 be strictly larger than k. For x > 1 and T > 1,
we have

1 &7 it “d t/T)dt
Zan:%/ / F(Z)x Zwké(/ )
2im Jr Je—it T

n<x o
U lan| (k+ 1)2z" du 2/e
+ O (/ Z — Rz OXP .
W0 IYT g ampcu ™ 70 ¢-1

We start with a classical lemma, see for instance [2, (2.9)].
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Lemma 5.2. We have n! = (2mn)"/2(n/e)"e’+/12") for n > 1 and some
0+ E}O, 1[

Proof of Corollary 5.1. Recall (5.1) and (5.2). We have
(264 1)
/ Wi ¢ (u = /0 fr(v)dv =1

by the value of the Euler beta-function. This function is (k, £)-admissible

and even better: we have w,(fg 1)(1) = ,(Ckg 1)(5) = 0. We need to evaluate

the L'-norm of its h-th derivative, when h < k, and we consider the L?-
norm instead. First note that

¢ (2k +1
[ towlan= ZE0

We again put my, = fol\flgh) (v)|* dv and use Theorem 1.4. First note that
k integrations by parts yields

(2k) _(2k)1K!
/| | dv —fk2 /f m (5.3)

and thus

/| (2k+1)! 1k 12 zk % (2k+1)!
wie( dus Py (2k+1)! k12

On using Lemma 5.2, we readily get that, for k£ > 1,

£ (4mk) /4el/24 r2k\ 2R3k [(2k -+ 1)V/Ark(2k [e)2kel/24
/1 [w e (u)| du < R <e> ok (ko)2F ’

?’f(( —1>>h'

As a consequence, we find that

271 Ny ¢ (wh¢) < 3Vk - klexp G

and, consequently,

2%k 1/(k+2)
ng(wkg) <l+-= <3\[ k! exp ) .
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We check with Pari/GP [16] and Lemma 5.2 above that this is not more
than

3

1—|—;-0.6-(k‘+1)exp 7

(k+ 1) exp

2 2
e( — 1) e(€—1)
The proof of Corollary 5.1 is complete. (]

A first step towards Theorem 1.2

Theorem 5.3. Hypotheses and datas being the same as in Theorem 1.1,
let further 6 and e > 0 be two real parameters in (0,1] and k be a positive
integer. There exists a subset I* of [T, (1 + )T of measure > (1 — €)0T
such that for every T* € I*, we have

1 pRHT z?dz

Z an + Z Opan, = — F(z)

g n—z & 247 Jp—iT* z

8T
1/6 K Z |an| s 1/ ] kdu
T Tkuk-H :

n>1 |n— z\<2u1’

It may be worth mentionning that the choice of T* depends on 1" and
on k but that the constant implied in the O-symbol does not.

Proof. We take £ =14 § in Corollary 5.1. Note that & in Corollary 5.1 is
k+ 1 in Theorem 5.3. Let us set

/ lan| (k +1)z" du 2/e
VT ne TRtz P e

(5.4)

[log( /n |[<u

For any parameter € > 0, the set I of t € [T,£T] for which

K+it zd
Z n_i/ F(Z)x -

2im J_it z

> l(¢e-1DT- R

verifies || < 6(5 - 1T.

We finally treat PR in a similar way as for Theorem 1.1, though we
cannot use 7" = 2T but stick to the simpler choice T = T. This forbids
the simplification of the constants that arose from the final change of
variable 2u — u. Note that we split the integral at « = 1. The conclusion
is easy. ([l
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Proof of Theorem 1.2

A treatment of the error term slightly different from the one performed
in the proof of Theorem 5.3 leads to Theorem 1.2. We split the integral
at u = 1/T*=2/* with k = [log(3T)] when T is larger than 10 say. One
readily checks that 7%/% < 10 and, on recalling the definition of 9 in (5.4),
we obtain

7eM/0(1+8)a" 5 [an] +/10/T 5 7(146)e*/Oke” du
1

RS —op | = g

T n/log(a/n)<u

For the u’s considered, we have
> el X aal.
n/|log(z/n)|<u In—x|<20z/T

When we are at this level, we see that this error term is anyway larger

than
Z 0,ar,.
In—z|<z/(8T)
and larger than the same quantity with 20z/T instead of x/(8T"). This is
also the reason why we can relax the condition “6,, is a real number within
[0,1]” into “#,, is a bounded complex number”. The Theorem 1.2 follows
readily.
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