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Digital nets in dimension two with the optimal
order of L, discrepancy

par RALPH KRITZINGER et FrieDRICH PILLICHSHAMMER

RESUME. Nous étudions la discrépance L, (p € [1,00)) de réseaux digitaux
de dimension 2. En 2001, Larcher et Pillichshammer ont identifié une classe
de (0,n, 2)-réseaux pour lesquels la version symétrisée au sens de Davenport
a une discrépance Lo d’ordre y/log N/N, qui est optimal grace au résultat
célebre de Roth. Cependant la question de savoir si la méme borne s’applique
a la discrépance des réseaux originaux est restée ouverte.

Dans cet article, nous identifions les réseaux digitaux de la classe susmen-
tionnée pour lesquels la symétrisation n’est pas nécessaire pour obtenir I'ordre
optimal de la discrépance L, pour p € [1,00).

Ce résultat est dans l'esprit d’un article de Bilyk de 2013, qui a étudié la
discrépance Lo des ensembles des points de la forme (k/N,{ka}) pour k =
0,1,...,N —1 et a donné des propriétés diophantiennes de o qui garantissent
I’ordre optimal de la discrépance Ls.

ABsTRACT. We study the L, discrepancy of two-dimensional digital nets
for finite p. In the year 2001 Larcher and Pillichshammer identified a class
of digital nets for which the symmetrized version in the sense of Davenport
has Ly discrepancy of the order v/log N/N, which is best possible due to the
celebrated result of Roth. However, it remained open whether this discrepancy
bound also holds for the original digital nets without any modification.

In the present paper we identify nets from the above mentioned class for
which the symmetrization is not necessary in order to achieve the optimal
order of L, discrepancy for all p € [1, c0).

Our findings are in the spirit of a paper by Bilyk from 2013, who considered
the Lo discrepancy of lattices consisting of the elements (k/N, {ka}) for k =
0,1,...,N — 1, and who gave Diophantine properties of o which guarantee
the optimal order of Ly discrepancy.
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1. Introduction

Discrepancy is a measure for the irregularities of point distributions in
the unit interval (see, e.g., [10]). Here we study point sets P with N ele-
ments in the two-dimensional unit interval [0, 1)2. We define the discrepancy
function of such a point set by

1
Ap(t) = > Loy (2) — taty,
z€eP

where for t = (t1,t2) € [0,1)2 we set [0,¢) = [0,¢1) x [0,t2) with area
tit2 and denote by 1jg4) the indicator function of this interval. The L,
discrepancy for p € [1,00) of P is given by

b
Lp(P) = | ApllL, 0,112 = </[O " |Ap () dt)

and the star discrepancy or Lo, discrepancy of P is defined as

Lo(P) := APl Loqo,12) = t S[Bllz]z |Ap(t)].
€10,

)

The L,, discrepancy is a quantitative measure for the irregularity of distri-
bution of a point set. Furthermore, it is intimately related to the worst-case
integration error of quasi-Monte Carlo rules; see [3, 10, 13, 16].

Throughout this paper we use the following notation: for functions f, g :
N — R, we write g(N) < f(N), if there exists a C' > 0 such that g(N) <
Cf(N) for all N € N with a positive constant C' that is independent of N.
Likewise, we write g(N) 2 f(N) if g(N) > Cf(N) for all N € N. Further,
we write f(IV) < g(N) if the relations g(IV) < f(N) and g(IN) 2 f(N) hold
simultaneously. If the implied constants depend on some parameter, say p,
then this is denoted by <, 2, or =<,, respectively.

It is well known that for every p € [1,00) we have

> Viog N
~pP N )
for every N € N and every N-element point set P in [0,1)2. Here log
denotes the natural logarithm. This was first shown by Roth [18] for p = 2
and hence for all p € [2,00] and later by Schmidt [20] for all p € (1,2).

The case p = 1 was added by Haldsz [5]. For the star discrepancy we have
according to Schmidt [19] that

(1.1) Ly(P)

> log N
~ N Y

(1.2) Lo (P)

for every N € N and every N-element point set P in [0,1)2.
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Irrational lattices. It is well-known, that the lower bounds in (1.1)
and (1.2) are best possible in the order of magnitude in N. For example,
when the irrational number « = [ag; a1, a2, ...] has bounded partial quo-
tients in it’s continued fraction expansion, then the lattice P, consisting of
the points (k/N,{ka}) for k = 0,1,..., N — 1, where {-} denotes reduc-
tion modulo one, has optimal order of star discrepancy in the sense of (1.2)
(see, e.g., [14] or [16, Corollary 3.5 in combination with Lemma 3.7]). This
is, in this generality, not true anymore when, e.g., the Lo discrepancy is
considered. However, in 1956 Davenport [2] showed that the symmetrized
version P¥™ := P, UP_, of P, consisting of 2N points has Ly discrepancy
of the order /log N/N which is optimal with respect to (1.1).

Later Bilyk [1] introduced a further condition on « which guarantees the
optimal order of Lo discrepancy without the process of symmetrization. He
showed that if o has bounded partial quotients, then

I N N—-1
L2(Pa) a \/(])\f? lf and Ol’lly lf Z (—1)kak 504 \/ﬁ
k=0

Digital nets. In this paper we study analog questions for digital nets over
Zo, which are an important class of point sets with low star discrepancy.
Since we only deal with digital nets over Zy and in dimension 2 we restrict
the necessary definitions to this case. For the general setting we refer to the
books of Niederreiter [16] (see also [15]), of Dick and Pillichshammer [3],
or of Leobacher and Pillichshammer [13].

Let n € N and let Zs be the finite field of order 2, which we identify
with the set {0,1} equipped with arithmetic operations modulo 2. A two-
dimensional digital net over Zs is a point set {xo,...,®on_1} in [0, 1),
which is generated by two n X n matrices over Zo. The procedure is as
follows.

(1) Choose two n x n matrices C1 and Co with entries from Zs.

(2) For r € {0,1,...,2" — 1} let r = 79 + 271 + -+ + 2" 1,1 with
r; € {0,1} for all i € {0,...,n — 1} be the dyadic expansion of r,
and set ¥ = (rg,...,rn_1) € Z5.

(3) For j = 1,2 compute C;7 =: (yfn]l), ce ywl)T € Zy, where all arith-
metic operations are over Zo.

. (4) ()

(4) For j = 1,2 compute 29 = ygl 444" and set @z, = (x$1)7x$2)) €
[0,1)%.

(5) Set P :={xo,...,xom_1}. We call P a digital net over Zs generated
by Cy and Cs.
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One of the most well-known digital nets is the 2-dimensional Hammersley
net PHa™ in base 2 which is generated by the matrices

0 0 01 10 00
00 --- 10 o1 .--- 00
01: ............... and 02: ...............
01 .--- 00 00 --- 10
10 0 0 0 0 01

Due to the choice of Cy the first coordinates of the elements of the Ham-
mersley net are xﬁl) =r/2" forr=0,1,...,2" — 1.

(0, m, 2)-nets in base 2. A point set P consisting of 2" elements in [0, 1)?
is called a (0,n,2)-net in base 2, if every dyadic box

mi mq+1 mo mo + 1
{2]‘1’ 201 ) 8 [2]2 272 ) ’
where ji,jo € Ng and mq € {0,1,...,2t — 1} and ms € {0,1,...,272 — 1}
with volume 27", i.e. with j; + jo = n, contains exactly one element of P.
It is well known that a digital net over Zs is a (0,n,2)-net in base 2
if and only if the following condition holds: For every choice of integers
di,ds € Ng with dy 4+ do = n the first d; rows of C; and the first dy rows of
Cy are linearly independent.
Every digital (0, n,2)-net achieves the optimal order of star discrepancy
in the sense of (1.2), whereas there exist nets which do not have the optimal

order of L, discrepancy for finite p. One example is the Hammersley net as
defined above for which we have (see [4, 12, 17])

n P 1/p

and

1 /n 13 4
L Ham e (=1 .
Symmetrized nets. Motivated by the results of Davenport for irrational
lattices, Larcher and Pillichshammer [11] studied the symmetrization of
digital nets. Let @, = (z,,y,) for r =0,1,...,2" — 1 be the elements of a
digital net generated by the matrices

00 --- 01 1 ar2 - A1n-1 QAal1n
00 --- 10 0 1 a2n—1 G2,
Cl =] i and CQ ol R T
01 -+ 00 00 - 1 n-1m
10 --- 00 0 0 - 0 1

with entries a;j, € Zo for 1 < j < k < n. The matrix Cz is a so-called
“non-singular upper triangular (NUT) matriz”. Then the symmetrized net
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PY™ consisting of (z,,y,) and (x,,1 —y,) for r = 0,1,...,2" — 1 has Lo
discrepancy of optimal order

Ly(P¥™) < 2\71/47?1 for every n € N.

In the present paper we show in the spirit of the paper of Bilyk [1] that
there are NUT matrices Cy such that symmetrization is not required in
order to achieve the optimal order of Ly discrepancy. Our result will be
true for the L, discrepancy for all finite p and not only for the Lo case.

2. The result

The central aim of this paper is to provide conditions on the generating
matrices C, Co which lead to the optimal order of L, discrepancy of the
corresponding nets. We do so for a class of nets which are generated by
n X m matrices over Zso of the following form:

0o 0 - 01
o0 --- 10
(2.1) Ci=| oo
o1 --- 00
1 0 0 0

and a NUT matrix of the special form

1 ag a1 - a1 a1 ai
1 as -+ as a3 as
0 0 1 e as as as
(2.2) Co=|[: =+ & " : : )
0 0 0 -+ 1 ap—2 ap—2
o o0 o --- 0 1 Ap—1
o o0 o --- 0 0 1

where a; € Zy forall i € {1,...,n—1}. We study the L, discrepancy of the
digital net P, generated by C and Cy, where @ = (a1,...,a,-1) € Zg_l.
The set P, can be written as

t ty b by
(2.3) Pa:{<2+-~+22,21+---+2n) :tl,...,tne{o,l}},

where by, =t @ ag(tgr1 D -+ Dty) for k € {1,...,n— 1} and b, = t,,. The
operation @ denotes addition modulo 2.

The following result states that the order of the L, discrepancy of the
digital nets Pq is determined by the number of zero elements in a.
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Theorem 2.1. Let h,, = hy(a) = X" (1 — a;) be the number of zeroes in
the tuple a. Then we have for all p € [1,00)

max{y/n, hn(a)}
omn

Ly(Pa) =p

In particular, the net P, achieves the optimal order of L, discrepancy for

all p € [1,00) if and only if hy(a) < /n.

The proof of Theorem 2.1, which will be given in Section 3, is based on
Littlewood—Paley theory and tight estimates of the Haar coefficients of the
discrepancy function Ap,.

For example, if a = 0 := (0,0,...,0) we get the Hammersley net
in dimension 2. We have h,,(0) = n — 1 and hence

n
Lp(PO) Xp 27
Ifa=1:=(1,1,...,1), then we have h,(1) = 0 and hence

n
Lp(Pl) =p \2/7:

fPHam

Remark 2.2. The approach via Haar functions allows the precise com-
putation of the Lo discrepancy of digital nets via Parseval’s identity. We
did so for a certain class of nets in [9]. It would be possible but tedious
to do the same for the class P, of nets considered in this paper. How-
ever, we only executed the massive calculations for the special case where
a=1:=(1,1,...,1), hence where Cy is a NUT matrix filled with ones in
the upper right triangle. The exact value of its Lo discrepancy is given by
1 (5n 15 1 1 \/?

2n (192 + 32 + 4.2m 72-22”>

We omit the lengthy proof, but its correctness may be checked with War-
nock’s formula [22] (see also [3, Proposition 2.15]) for small values of n.

Compare (2.4) with the exact Ly discrepancy of PHa™ = Py which is given
by (see [4, 6, 17, 21])

1<n2 290 3 n 1 1 )1/2

(2.4) Ly(P1) =

Ly(Po) = o | =+ S5 + 2 — -
2P0 = g \Gi T2 T8 GG a2 72

3. The proof of Theorem 2.1 via Haar expansion of the
discrepancy function

A dyadic interval of length 277, j € Ny, in [0, 1) is an interval of the form
m m+1

I=1lim = [23 27
The left and right half of I; ,,, are the dyadic intervals I 1 2, and L1 2m+1,
respectively. The Haar function hj,, is the function on [0,1) which is +1

> for m e {0,1,...,29 —1}.
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on the left half of I;,,, —1 on the right half of I;,, and 0 outside of I;,,.
The Lo,-normalized Haar system consists of all Haar functions h;,, with
j€Ngand m=0,1,...,27 — 1 together with the indicator function h_1,0
of [0,1). Normalized in L2([0,1)) we obtain the orthonormal Haar basis of
Ly([0,1)). ,

Let N_; = Ng U {—1} and define D; = {0,1,...,27 — 1} for j € Ny and
D_; = {0}. For j = (j1,72) € N2, and m = (my,mz) € D; := Dy, x D,
the Haar function h; », is given as the tensor product

hjm(8) = hjymy () gy my (t2) - for £ = (t1,12) € [0,1)%.
We speak of I ., = Ij; m; X Ij, m, as dyadic boxes with level
‘J‘ = ma‘X{Oa .71} + m&X{O,jQ},

where we set 119 = 1jg1). The system
lsl R
272 hj,m ] EN,l,mE]D)j

is an orthonormal basis of L([0,1)?) and we have Parseval’s identity which
states that for every function f € Lo([0,1)?) we have

(3.1) 11 ooy = D 273" ml?,

jeN%l mG]D)j

where the numbers ij,m = fj,m(f) = (f; hjm) = Jo1)2 f(&)hjm(t) dt are
the so-called Haar coefficients of f. There is no such identity for the L,
norm of f for p # 2; however, for a function f € L,([0,1)?) we have a
so-called Littlewood—Paley inequality. It involves the square function S(f)
of a function f € L,([0,1)?) which is given as

1/2
SH=1 Y > 2NujmPig,. |
jeN2_1 meD;
where 17 is the indicator function of I.

Lemma 3.1 (Littlewood—Paley inequality). Let p € (1,00) and let f €
L,([0,1)%). Then

ISz, =p 1L,

In the following let yi; , denote the Haar coefficients of the local discrep-
ancy function Ap,_, i.e.,

pim = [ A, (bt
[0,1)2

In order to estimate the L, discrepancy of P, by means of Lemma 3.1 we
require good estimates of the Haar coefficients ji; ,,. This is a very technical
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and tedious task which we defer to the appendix. In the following we just
collect the obtained bounds:

Lemma 3.2. Let j = (j1,j2) € N2&. Then
(1) if 1+ j2 <n—3 and j1,j2 > 0 then |ujm| < 272" o
(2) ifji+je>n—2and 0 < ji,j2 < n then |pjm| S 277771772 and
i m| = 27201=252=4 for all but at most 2" coefficients [j.m with
m c ]Dj.
(3) if j1 = n or jo > n then |Mj,m| =9
Now let j = (—1,k) or j = (k, —1) with k € No. Then

(4) if k <n then |ujm| <2777k,
(5) if k > n then |ujm| = 272k73.

Finally, if hy, = Z?;ll(l —a;), then
(6) f(=1,-1),0,0) = 27" P (hn +5) + 27272,

Remark 3.3. We remark that Proposition 3.2 shows that the only Haar
coefficient that is relevant in our analysis is the coefficient p_1 _1) (0,0)- All
other coefficients do not affect the order of L, discrepancy significantly: they
are small enough such that their contribution to the overall L, discrepancy
is of the order of Roth’s lower bound.

The proof of Proposition 3.2 is split into several cases which take several
pages of very technical and tedious computations. We would like to mention
that the proof of the formula for the important coefficient 11—y _1) (0,0) is
manageable without excessive effort.

2j1—2j2—4

Now the proof of Theorem 2.1 can be finished by inserting the upper
bounds on the Haar coefficients of Ap, into Lemma 3.1. This shows the
upper bound. For details we refer to the paper [8] where the same method
was applied (we remark that our Proposition 3.2 is a direct analog of [8,
Lemma 1]; hence the proof of Theorem 2.1 runs along the same lines as the
proof of [8, Theorem 1] but with [8, Lemma 1] replaced by Proposition 3.2).

The matching lower bound is a consequence of

Ap, (t)dt

Ly(Pa) > Li(Pa) = [ A, (t)]dt > = 1,100

[0,1]2

[0,1]?

and item (6) of Lemma 3.2.

Appendix. Computation of the Haar coefficients p; ,,

Let P be an arbitrary 2"-element point set in the unit square. The Haar
coefficients of its discrepancy function Ap are given as follows (see [7]). We
write z = (z1, 22).
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e If j =(—1,-1), then

(A1) pim = g (= 2n)(1 = 22) — 7.

zeP 4
e If 5 = (j1,—1) with j; € Ny, then

(A2) pjm =—-27""170 37 (1= [2my+1-2F e ) (1— ) +272 72,
ZEPﬂijm

o If 5 = (—1, j2) with jo € Ny, then

(A3) ym = =270 S (1= a1 -2 ) (1) 272,
ZEPﬂijm

e If 5 = (j1,72) with j1,j2 € Ny, then

(Ad) pjm=2"""27272 N (1—|2my +1— 2711 4))
ZEPﬁijm

X (1 —[2mg +1 — 272 55|) — 2= 21=2j2—4

In all these identities the first summands involving the sum over z € PNI; ,
come from the counting part ]{, > zep Ljot)(2) and the second summands
come from the linear part —t;ty of the dlscrepancy function, respectively.
Note that we could also write z € IJ m, Where IJ m denotes the interior
of I m, since the summands in the formulas (A.2)—(A.4) vanish if z lies
on the boundary of the dyadic box. Hence, in order to compute the Haar
coefficients of the discrepancy function, we have to deal with the sums
over z which appear in the formulas above and to determine which points
z = (z1,22) € P lie in the dyadic box [j,, with 7 € N2, and m =
(m1,m2) € D;. If m; and mgy are non-negative integers, then they have a
dyadic expansion of the form

(A5) my = 2j1_1T1 + oty and mo = 2j2_181 + 4S5,

with digits r;,, s, € {0,1} for all i1 € {1 ..,jl} and i2 € {1,...,72},
respectively. Let z = (21, 22) = (%" + -+ 2n, 2 + -+ 12’—2) be a point of
our point set Py. Then z € Py NI, 1f and only if

(AG) tntl—k = Tk for all k € {1, ... ,jl}

and b, = s; for all k € {1,. .. ,jg}.
Further, for such a point z = (21, 22) € Iy, we have
(A7) 2my+1 -2y =1t =27 g g — - = 207 gy
and

(A8)  2mo+1—22Mzg =1 b1 — 2 b0 — - — 227",
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There are several parallel tracks between the proofs in this section and
the proofs in [9, Section 3|, where we computed the Haar coefficients for a
simpler class of digital nets.

Let in the following H; :={i € {1,...,j}:a; =0} for j € {1,...,n—1}.
Then h,, = |H,—1]| is the parameter as defined in Theorem 2.1.

Case 1: j € J1 := {(—-1,-1)}.
Proposition A.4. Let 3 € J1 and m € D;. Then we have

Cha+5 1
Him = on3” T Santz-

Proof. By (A.1) we have

1
Him = o Z 1—2) 1—22)—1
z€73‘a
:1—— Z 21—— Z Zz—l—f Z 2122—*
2€Pa z€Pa 2€Pa
1 1 1
_—Z+27+27 Z 2122,
ZEPa
where we regarded ) . .p 21 = Y .cp, 22 = Zoljon = 2nmt — 27l in

the last step. It remains to evaluate ), p 2122. Using the representation
of Pg in (2.3), we have

1
t t\ (b bn
Sam= Y <2+...+22)<2}+...+2n>

z€P t1,...,tn=0
n 1
tkbk tklbkz
= Z Z on+1— k2k + Z Z on+1—ki9ka = Sl + ‘92'
k=1t1,...,tn=0 ki,ka=111,...,tn=0

k17#k2
Note that by only depends on tg,tx+1,...,t, and b, = t,. We have

1

1 n
S gt Y

ti...,tn=0

1

2n+2 2" Z tn b + 2n+2 Z 2k Z tkbk

tn=0 k=1 ti..tn=0

2n+2 Z Z (1@ ar(thy1 @ Dtn))

Tkt tn=0
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1 1 n—1 1 1 n—1
kon—k—

:Z+2n+2222n 1(2—ak):4—|—8<n—1+2(1—ak)>

k=1 k=1
1
To compute So, assume first that k1 < kg. Then
1 1 1
Z thy by, = 2k1~1 Z by by = A Z bk,
t1,...stn=0 tkl,...,tnzo tlirl,...,tn:O

1
— 2k1—12k2—k1—1 Z bk — 2k1—12k22—k1—12n—k2 — 2n—2
) .
th,...,tn:()
Similarly, we observe that we obtain the same result also for k; > ks and
hence

S _ 1 i 2k17k22n72 _ 1 i 2k17k2
2= on+1 T8

k1,k2=0 k1,k2=0

k1 #ko k1#k2
1 2

=—(-n+2"t 4 )
8 ( " o
Now we put everything together to arrive at the claimed formula. U

Case 2: j € J2:={(—1,752) : 0 < j2 <n—2}.

Proposition A.5. Letj = (—1,j2) € Jo andm € D;. If H;, = {1,...,j2},
then

(A9) mujm = 2—2"—212—4( 922 1) 4+ 27 (a4 e — 2)

72
2n+2 Sk
LI =9
k=1

where the latter sum is zero for jo = 0. Otherwise, let w € {1,...,j2} be
the greatest index with a,, = 1. If aj,41 = 0, then

[ m = 2—2n—2 o 2—n—j2—3 + 2—”—2]24-111—5 + 2—2]2—25

+ 27 at g (1 - 250 @ - D 5j,)).
If aj2+1 — 1; then

,Ufj,m — _27%7.]'273 + 27j2+w72n73 + 272j27n+w74 + 272]'2726

—2n—j -2 —n—ja—4
— 97 2n—j2tw (sw@...@3j2)+2njz Ajyt2-
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In the latter two expressions, we put € = j,le ;Z(ﬁﬁ, where the values
k

Fw
tk(ma) depend only on my and are either 0 or 1. Hence, in any case we
have |ijn| S 2772,

Proof. We only show the case where jo > 1 and H;, # {1,..., ja}, since the
other case is similar but easier. Let w € {1,...,j2} be the greatest index
with a,, = 1. By (A.3), we need to evaluate the sum

> (I—z1)(1— |2mg + 1 — 22T 5)).
zEPaﬂIj,m

By (A.6), the condition 2z € Py N Iy, yields the identities by = s, for all
k € {1,...,72}, which lead to t; = s for all k € {1,...,72} such that
ar = 0. Assume that

{k‘E{l,...,jg}:akZI}:{kl,...,/{?l}

for some | € {1,...j2}, where k1 < ko < -+ < k; and k; = w. We have
th, = Sk, ® Skyq1 © - D s, forallie {1,...; -1} and t, =5, ®--- D
Sj ®tjs41 @ -+ @ ty,. Hence, we can write

Ll Sw® D85 Oljpp1 @ Dly
2n—j2 2n+1—w

1—21:1—’11,— —¢,

where © = 274, + - + 2_("_j2_1)tj2+2 and

J2

e — €(m2) _ Z tk(mQ) _

on+1-k

For the expression 1 — |2mg + 1 — 2727125| we find by (A.8)
1-— |2m2 +1-— 2j2+122| =1- ‘1 — tj2+1 D aj2+1(tj2+2 b---D tn) — U|,

where v = v(tj,42,...,tn) = 27 bj 10 + -+ + 2-(n=i2=Dp, - With these
observations, we find (writing 7; = t; @ --- @ t, for 1 < j < n —1 and
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tw(tj2+1) =S D - Dsj, D tj2+1 D TJ'2+2)

S (—z)(1—|2my+ 1 - 27 z))
2€PaNljm
1
S |y bt teltiprn)
= on—ja on+l-w
tj2+1,...,tn=0
X (1= [1—tj41 @ aj,11Tj42 — v)

_ aj2+1sz+2 tw(aj2+1Tj2+1)
- Z { (1 —u— s Snri—w —clw

Ljo+25e-5tn=0

ajo 1112 @1 tw(aj11 T4 O 1)
+ (1 —u— —Ta - S i—w —c)(1—v)

1
— Z 2—n—1 < _ 2j2+1 _ 211) + 2n+1 _ 271—‘,—16

tj2+2,...,tn:0
+ thw(aj2+1Tj2+1) — 2ty 4 272y 4 2wy

= 2t (a1 T 1)0 — 22 @ Ty (20— 1))

Let first aj,41 = 1 and hence ty(aj,+1Tj,42) = tw(Tjo42) = sw ® - D 55,
does not depend on t;. Since

1 1 on—i2—1_1 I 1

— — _ " _9n—j2—2 _ —

> ou= > v= ) 2 5
tj2+2,...,tn:0 t]'2+2,...,tn:0 =0

we obtain

o -zl —[2mg+1- 27211 1)
zGPaﬂIj,m

— 9—n-1 <(_2j2+1 _ow 4 gntl _ on+l. + thw(Tj2+2))2n_j2_1

) . 1
+ (2w + 2]2+1 _ 2n+1 _ 2w+1tw(1ﬂj2+2)) (271—]2—2 _ 2)

1

— 2j2+1 Z 1‘32_"_2(21) _ 1)> .

tj2+27-'~7tn:0
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We analyze the last expression. We find

1 1 1
Z T]'2+2(2U - 1) =2 Z sz-i-?U - Z Tj2+2
tj2+2,“.,tn:0 tj2+2,...,tn=0 tj2+2,“.,tn=0
1
n—jo—2
=2 Z z}zﬁ-lv — 2" )

tj2+2,...,tn=0

where

1

Z Tjy42v

tjg+25e--tn=0

(tjot+2 ® Tjr+3)

I
™~

t]'2+27~--7tn:0
tist2 @ ajo2Tj543 | bjoys bn
y < . ottt g
1
. ((Tj2+3 S @ ajpi9Thes | bisys nf”_l)
jo+35e5tn=0 2 ! o
1 n—jo—2_
B 10 (1—aj,42)Tjts | w1
- ¥ : + Y s
tjg+35-tn=0 =0

1

1 g
= 5 Z (1 - (1 - aj2+2)TJ'2+3) + 2" =
tjo43sstn=0
1 )
=5 (277 = (- a2 o
. 1
= 2”—32—4(1 + aj2+2) 4 on—j2—4 -7

We put everything together and apply (A.3) to find the result for aj, 41 = 1.
Now assume that aj,11 = 0. Then

tw(aj,+1Tj42) = tw(0) = $0w ® -+ B 55, B Tjy 1o
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Hence we have

Y -zl —[2mg+1- 27211 1)
ZE'Par‘IIj’m

— 2—n—1 ((_2]1+1 + 2n+1 _ 2w _ 2n+15)2n—j2—1

. . 1
2]2+1 _ 2n+1 <2n—J2—2 _ >
+( ) ;

1
2. 2nTRm gt N vtw(0)>.
tj2+2,.‘.,tn=0
We considered Zt17-2+2,...,tn:0 ty(0) = 2777272 Tt remains to evaluate

1

Z vty (0).

tj2+2,...,tn:0

We find
1
Y. (w® @5 @40 B Thpus)

tj2+2,~~~7tn:0
tig+2 ® ajy42T5543 | bjpq2 bn
X ( 2 I T
) 21: ((Sw@_,,@sjz@Tjﬁg@l)@ajﬁﬂhH
tj2+3,~~-7tn:0 2
bj,+2 bn
+T +ot 2n—j2—1>

1 1
=35 Y. (I—ap2)Tes®su @ B s @1
tj2+3,...,tn=0
on—iz=2_] I

+ZW
=0

A A 1
= 2n_]2_4(1 + aj2+2(1 - 2(310 SRR sz)) + 2 Z
Again, we put everything together and apply (A.3) to find the result for
Ajo+1 = 0. O
Case 3: j € J3:={(k,—1) : k > n}U{(-1,k) : kK > n}.
Proposition A.6. Let j € J3 and m € ;. Then we have

1
Him = S5or+3-
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Proof. This claim follows from (A.2) and (A.3) together with the fact that
no point of P, is contained in the interior of I; ,, if j1 > n or j» > n.
Hence, only the linear part of Ap, contributes to the Haar coefficients in
this case. 0

Case 4: j € J4 := {(0,—1)}.
Proposition A.7. Let 3 € Jy and m € Dj. Then we have

1 1
Him = ~ons ¥ gomie-

Proof. For z = (21,22) € Pa N Ijm = Pa we have

b b
2 AL
and
th—1 1

1—|2m1+1—221|:1—’1—tn—

9 T on—1
by (A.7). We therefore find, after summation over ¢,

> (—12my+1—2z|)(1 - 2)
2€PaNlj m

! 1 1
= 1—— —ov(l)+ —u+uv(l) — wv(0
(1 g v+ g () —w(0))

=2 (1 - 21“) + (2171 ~ 1> (22— 271

1 1
+ Z uv(l) — Z uv(0).
t17~~~7tn—1:0 t17..-,tn_1:0

Here we use the short-hands v = 27,1 4+ --- + 27**1¢; and

O(tn) =271 (tn) + - 4+ 27" by ()
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and the fact that 2%1,...,15”,1:0“ = Zgl,...,tn,lzo v(1) =272 -271 Tt is not
—_ouv(1); hence

cesy ctn—1
Z(1—\2m1+1—2z1])(1—22):14—2 = T
2EPq
The rest follows with (A.2). O

For the following two propositions, we use the shorthand
Rzrl@‘--@rjl.
Case 5: j € J5 :={(J1,—1): 1 < j1 < n—2}.
Proposition A.8. Let 3 € J5 and m € D;. Then we have

[jm = 9—2n—2 _27n7j173+2*2J'1*2€_2*2n*1R_2*n*j1*3an_j1_1(1 —2R),

where
Ji
! T © Any1k(Th—1 D D71)
(A].O) e = E(m1) = o + ];:2 n T '

Hence, we have |pj m| S 277771,

Proof. By (A.2), we need to evaluate the sum

S (A= 2myi+ 1 =272 ))(1 - 29).
zepaﬂljym

The condition z € Py N Iy, forces t,, = r1,...t,11-j = rj and therefore

by by, tn,jl @an,le
1_22:1_5_..._27:1—v(tn_j1)—W—€)
where
b1 bn—; —1
U(tn*jl) = 9 +oe Tt 22—?’11—1
tl@al(tQ@"'@tnfﬁ @R)
— 5 +

4 i1 © njia(tnjy © R)
2n—j1—1
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and € as in (A.10). Further, by (A.7) we write 2m; 4+ 1 — 271F1z = 1 —
tn—jy — u, where u =271, _; 1 + -+ 4 207" 14 Then

Z (1—12my 4+ 1 =212 ) (1 — 29)

zelpaﬂijm
1
th—j; D an—j R
= Y (et - IR )
t1yeestn—j; =0
X (L= (1 =tp—jy —ul)
1
. an,le
-y { (1 —0(0) — g s) u
t1yeestn—j; —1=0
1®an—j R
+ (1—v(1)—w—5) (l—u)}
= > {1-2""" —e4+ 2" "q,_; R+ 2"""u —v(1)
t1yeestn—j; —1=0
—otting, o Ru+uv(1) — uwv(0)}
=" (1 =2 — e 4 2117, R)
+ (2227 (22— 1 - 21, R)
1
+ Z (uv(1) — uv(0)).
tl,...,tn,j1,1:0
We understand b1, ..., b,—;,—1 as functions of ¢,_;, and have

1

Z uv(0)

t1yestn—j; —1=0
1

_ tn—j1—1 t1
- Y (2 oy W)

t15etn—j; —1=0

. <b1(0) L bn_j1_1(0)>

+ -

2 gn—i—1
-1 i1
_ i " i L1:br, (0) + " i tk1 ka (O)
- —j1—k9ok —j1—k19k
t1,eestn—j; —1=0 k=1 2nmhTR2 k1,k2=0 nhmigh

k1 k2
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The first sum simplifies to

—j1—1 1
2n7j17k2k

k=1 Bty —1=0

1 "I :

= s Z 20 Z tr(tk @ ag(tps1 © th—j—1 D R))
k=1 toyeeestn—gy —1=0
1 : !
+ W2n—31—2 Z tn,jlfl(tn,jlfl O] anfjlflR)

tn—j;—1=0

n—ji1—2 1
= o Z 2¢! Z (1@ ag(thr1 ®tn—j—1 D R))

tht1ystn—j; —1=0
1
+ 1(1 @anj;1(R®1))
1 n—j1—2

: 1
= 5 Do ohtlonmih 29 gy + 1@ anj 1(RoO1))
k=1

oo\H

—Jj1

1
Z (2—ap) + (1D an—j;1(RD1)).
k=1 4

Basically by the same arguments as in the proof of Proposition A.4 we also
find

1 n—j1—1 1
Z Z t/ﬂ bk‘2 _ 1 Z 2k17k‘2
on—ji—k19k2 8 '
t1,...,tn,j171=0 k1,k2=0 k1,k2=0
k1#ks2 k1#£ko
Hence, we obtain
1 1 n—j1 —2

Y w)=3 Y @-a)+ (1 (Rol)

tl,...,tn,h,l:O k=1

1 1
+ = E o1k
8 k1,ko=
1,k2=0
k1#k2

We can evaluate Zgl

oy 1=0 wv(1) in almost the same way; the result
is

1

1M 1
> =3 Z 2 —ay,) 4(1@% i-1R)+ Z ok1—k2

t15estn—j; —1=0 kl,k2 0
k1#ks
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Hence the difference of these two expressions is given by

1 1 1

Z uv(l) — Z uv(0) = Zan,jl,l(QR —1).

tl,...,tn_jl_lzo tl,...,tn_jl_lzo

Now we put everything together and use (A.2) to find the claimed result
on the Haar coeflicients. g

Case 6: j € J6 := {(J1,J2) : j1 + j2 < n — 3}.
Proposition A.9. Let j € Js and m € D;. If H;, = {1,...,52} or if
Jj2 =0, then we have

fjm =2"2""2(1 = 2an_j, R)(1 — aj,11).

Otherwise, let w € {1,...,j2} be the greatest index with a,, = 1. If aj,41 =
0, then

If aj,41 =1, then
[hjm = _2—2n—j2+w—3(1 _ 2an—j1R)(1 _ 2(3w DD Sjg))-

Note that for j1 = 0 we set ap—j; R = 0 in all these formulas. Hence, in
any case we have | m| <27

Proof. The proof is similar in all cases; hence we only treat the most com-
plicated case where jo > 1 and H;, # {1,...,j2}. By (A.4), we need to
study the sum

> (= 2my+ 1 =25 |) (1 — [2mg + 1 — 272 z)),
Zepaﬁlj,m

where the condition z € Py NI}y, forces ty 1 =1 forall k € {1,...,51}
as well as by, = s, for all k € {1,...,j2}. We have already seen in the proof
of Proposition 2 that the latter equalities allow us to express the digits g
by the digits s1,...,sj, of mg for all &k € {1,...,72} \ {w}. We also have
tw =Sw® - B8, Dtjs41®---Bt,. With (A.7), these observations lead to

2mi+1 =2 =1ty —u = 20T ) 9T — eo(my),

where u = 271, _j, 1 + -+ 2027 2 o and €5 is determined by mo.
Further, we write with (A.8)

2mg + 1 — 2j2+1Z2 =1- bj2+1 -V — 2j1+j27n+1bn_j1 — 61(m1),
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where v = v(ty—j,) = 27 bj 4o+ -+ 20F27 2, L) and g is obviously
determined by m;. Hence, we have

S (= 12my +1 =27 )(1 — [2mg + 1 — 272 2])
zEPaﬂIj,m

1
= Y (1 — |1 =ty —u— 2Ry ontwsly 52(m2)|)

tj2+1,...,
tn—j; =0

x <1 — 1= tjo41 B ajpp1(tjot2 & - B tpjy © R) — v(tn—jy)

_ 2j1+j2—n+1(tn_j1 ® an—le) o 51)‘> ]

Recall we may write t,, = 54, @ - © 8j, Dtjos1 Dljpg2 @ - Dly_j 1D
tn—j; ® R. We stress the dependence of t,, on tj,41 @ t,—j by writing
tw(tjpr1 @ th—jy). If aj,11 = 0, then we obtain after summation over ¢j,1
and t,_j,

S (= 2my+ 1 =275 |)(1— [2mg + 1 — 27T z9))
z€PaNlj m

1
= > (u+ 27, (0) + £2) (v(0) + 272 g, R +eq)

tj2+27"'7
tn—j;—1=0

+ (w2 g oh el (1) 4 gp)
X (1 — 'U(O) — 2j1+j2—n+1an_le - 2’51)
+ (1 —u— 291771 (1) — £9) (v(0) 4+ 27127 (g, R 1) + 1)

+ (1 —u — 20 H2mntl _oiitw=ly () — &)
x (1—v(l) =22 (g,  R®1)— 51)}

1
= Z 14+ 22(n+j1+j2+1) 4 9jitw=1 _ 92ji1+j2—ntw

tj2+27"'7
tn—j;-1=0
_ 22j1+2j2_2”+3an,j1R + (21+2j1+j2—n+w _ 2j1+w)tw(0)
+ 2711 (2¢,,(0) — 1) 4 2" FRFL(y(1) — 0(0))

=2 (0(1) 4 0(0)) + 27 (1,(0)0(0) + tw“”““))}'
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We regarded ¢,,(1) = 1 — £,,(0). By standard argumentation, we find
1 1

o 1
Yo=Y =t
tig+2;-stn—j;—1=0 Ljg+2,-stn—j; —1=0
and
1 1 o
> tw(0) = > 1 =2n 123,
tjo+2se-stn—j; —1=0 tig+25estn—j; —2=0
We use the short-hand T'=t;,.3® --- D t,,—;, —1, which allows us to write
J2+ Ji—1
1
> tw(0)v(0)
tj2+2r~~7tn—j1—1:0
1
= > (Sw@ @ sj Bljpa® - Bty j 1B R)
t]'2+2,...,tn_j1_1=0
% (tj2+2 D ajy+2(tjo+3 D - Dln—ji—1 B R)
2
4 o8 © Gyl sa & S tnjy 1 © R)
4
tn—ji—1 D an—j; 1R
4+t T
L 1
= > Sw® @5, ®TORO1®a),12(T & R))
t]'2+3,...,tn_j1_1:0
on—i1—Jj2-3_1 I
+ Z 2n7j17j272
=0
L 1
= X Sbwsesp@ele(-an)(TeR)
tig+3se-stn—j; —1=0
o 1
Qn—i1mj2=S _ 2
+ 4
Similarly, we can show
1
> tw(0)v(1)
tj2+2,...,tn,j1,1=0
L 1
= Y Sbwe @5, 0(1-ap)(TORO1)
Ljo+3ystn—j; —1=0
o 1
on—ji—j2=5 _
+ 4
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and therefore

1
L o 1
Z tw(0)(v(0) + v(1)) = gn—i1—j2—4 | gn—ji—j2=5 _ L

tj2+2,...,tn_]’1 ~_1=0
a fact which can be found by distinguishing the cases aj,41 = 0 and a;j,11 =
1. We put everything together and obtain

S (T—12my+1 =27 )(1 = [2mg + 1 — 2721 z])
ZEPaij’m
— 2j1+]’2*n + 271*]'1*]'2*2 o 2*n+j1+j2+lan_j1R

which leads to the claimed result for aj,+1 = 0 via (A.4).

Now assume that aj,+1 = 1. In this case, it is more convenient to consider
tw as a function of ¢j, 41 ®---®t,—; & R. We obtain after summation over
tj2+1 and tn_j1

S (T—12my+1 =27 ) (1 — [2mg + 1 — 2721 2])
ze/Paﬂ]j,m
- %u+?ﬁnﬂHH%Mﬁ+Wﬁw%Mm+fﬁ

tig+2etnoj —1=0
x (v(0) 20127 H g, R 4eq)
+ (w422 T @ R 1) 4+ 27771, (1) + £3)
x (1 —v(0) —20tT27 g, R —g)
+(1—u— 2" (T g Ry 1) — 2014071, (0) — &)
x (v(1) + 2012t (g, RO 1) +e1)
+ (1 —u— 20Tt @ R) — 2707y (1) — &)

x (1 —o(l) =202 ntlq, R 1) - 51)}

1
— Z 22n{2n+j1+jg+l

Ljo425stn—jq —1=0

4 2%ttt () 9t (0) + 2a,—j, R(2t,(0) — 1))

_ 92(j1+j2+1) 4920 4 (22j1+2j2+3 _ 2n+j1+j2+2)(T @ R)
(T ® R) - 1)

+ 2'rl—i-j1—i-j2—i-28
= 2R (p(0) + 0(1)) + 27 (21, (0) — 1)(0(1) — 0(0))

+ammﬂ%mm+vu»+w%hﬂﬁ%T@RﬂWU+”@”}
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Again, we used t,(1) = 1 — t,,(0). Note that ¢,(0) = s, & -+ B s, is
independent of the digits ¢j,42,...,t,—j;—1. We have

1 1
S S
Ljn+25tn—j; —1=0 Ljp+25-stn—j; —2=0

1 1
and we know the sums 3> . v(0) and Dty artng, —1=0 v(1)

from above. Similarly as above we can show

1
> (T ® R)v(0)

tjg+25e-stn—j; —1=0

1 1
=5 X (00 -ap2)(thps® - Ol ©R))
Ljo+3seertn—j; —1=0
on—j1—j2—3_1 I
Y e
=0
as well as
1
>, (TeRw)
tjn+25estn—j; —1=0
1 1
=3 Y Qa3 @ Sty ®RG 1)
t]'2+37---7tn7j171:0
on—j1—Jj2—3_1 I
+ > g
1=0
which yields
1
> TeR)+0(0)
tig42;estn—j; —1=0
on—j1—j2—3_1 I
__ on—j1—jo—4 b
—on—i1i—j2=4 | 9 ;) a2

Now we can combine our results with (A.4) to obtain the claimed result. O
Case 7: j € J7 := {(j1,J2) : 0 < j1,J2 < m—1and ji1+j2 > n—2}.

Proposition A.10. Let 5 € J7 and m € ;. Then we have |pjm| S
2702 for all m € D and |pjm| = 272172274 for all but at most 2"
elements m € D;.
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Proof. At most 2" of the 21| dyadic boxes I v, for m € D; contain points.
For the empty boxes, only the linear part of the discrepancy function con-
tributes to the corresponding Haar coefficients; hence |p; | = 272172274
for all but at most 2" elements m € D;. The non-empty boxes contain at
most 4 points. Hence we find by (A.4)

|Mj,m| < 9—n—j1—j2—2

x> (= 2my + 1 =2 ) (1 — [2mg + 1 — 2721 5]
zEPﬂlj,m
+ 9—2j1=2j2—4

< 91 —i2=24 4 9= 21— 22—4 < 9n—j1—j2 9—j1—j2—(n—2)—4

—n—ji1—j2
<9 .

Case 8:j € Jg:={(n—1,-1),(-1,n —1)}.

Proposition A.11. Let 5 € Jzs and m € D;. Let j = (n —1,-1) or
J=(-1,n—1). Then pjm, S 272"

~

Proof. At most 2 points lie in I ,,,. Hence, if 5 = (n—1, —1), then by (A.2)
we have

il <27 ST (0= 2y 4 1 2 (1 2] + 2%
ZG'PﬂIj’m

— 2—77,—]1—12 + 2—2j1—3 — 2—2n+1 + 2—27’7,—1 < 2—27’7,‘
The case j = (—1,n — 1) can be shown the same way. O
Case 9: j € Jo := {(j1,J2) : j1 2 nor j2 > n}.
Proposition A.12. Let j € Jg and m € D;. Then jij y = —27 21— 2j2—4,

Proof. The reason is that no point is contained in the interior of I; ,,, in this
case and hence only the linear part of the discrepancy function contributes
to the Haar coefficient in (A.4). O
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