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Abstract: In this article, we compute the vertex
Padmakar-Ivan (PI) index, vertex Szeged (Sz) index,
edge Padmakar-Ivan (PI) index, edge Szeged (Sz)
index, weighted vertex Padmakar-Ivan (WPIV) index, and
weighted vertex Szeged (wSz ) index of a graph product
called subdivision vertex-edge join of graphs.
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1 Introduction, basic definitions,
and notations

A molecule is represented by a graphical method which
shows the relationship between the atoms and bonds
in that molecule. Such a representation is called a
molecular graph. We denote a molecular graph by I. The
set containing all the atoms is called the vertex set of
the molecular graph T, and denoted by V(I'). Similarly,
the set containing all the edges of I is denoted by E(T).
The quantity |V(I')| represents the number of atoms in T,
and it is called the order of I. Similarly, the cardinality
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|[E(T)| represents the size of T, which is the number of
chemical bonds or edges in I. Let |V(I')| = n and |E(I)| =
m. The distance d (v,w) between two vertices v,w € V(T)
is the length of a path of minimal length joining v with
win I. Let u,x,y € V(I') and e = xy € E(T). The distance
between u and e is defined as d (u,e) = min{d (u,x), d,
(u,y)}. A set S C E(T) is called an edge-cut of a connected
graph I'if I' - S is disconnected. For e = uv € E(T'), the
cardinalities of the sets containing vertices or edges in T,
which are closer to one end-vertex of e are important to
study. These number are obtained from the sets defined
as follows:

Ny(e|l) = {x e V(D)|dr(u, x) < dr(v, %)} @
My (el) = {f € EM)]dr(w, ) < dr(v,f)} ()

The cardinalities [N (e|T')| and [M, (e|T)| are denoted
by n_ (ell) and m, (ell), respectively. The quantities n,
(ell) and m, (e|l') are defined analogously. Similarly, we
define the sets N (e|l) and M, (e|T) of vertices and edges
that are equidistant from both ends of the edge e = uv as
follows:

No(e|l) = {x € V(D) |dr(u, x) = dr(v,x)} 3)
Mo(elD) = {f € EMldr(u, /) = dr(v, )} (4)

Clearly {N , N , N} define the vertex partition of I' with
respect to an edge e € E(I'). Thus n, + n + n = n. Observe
that in any bipartite graph, n, = 0.

2 Topological indices

A molecular or topological descriptor/index is a quantity
that correlates some properties of a molecule by a constant.
These properties include physical or chemical properties
or biological reactivity in molecules. The definitions and
analysis of these topological indices uses several tools
from graph theory and heavily depends on it. A standard
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procedure in QSAR/QSPR studies is to find applications of
molecular descriptors. The relations between the physico-
chemical properties of a chemical compounds and the
molecular connectivity of the same compound are used in
QSAR/QSPR studies by using graph techniques. The same
process is adopted in computer-aided drug discovery
and predictive toxicology. As a result, many molecular
topological descriptors emerge from the successful
relationships which are found (Azari and Iranmanesh,
2013; Bajaj et al., 2006; Balasubramanian, 1985a, 1985b;
Basak et al., 2000).

Wiener (1947) defined the first topological index
called the Wiener index as a structural descriptor for
some alkanes. This index is defined as the sum of all
pairwise distances between vertices of a graph. This index
has been intensively studied in theoretical chemistry. It
has found numerous applications in pharmacology, and
many physico-chemical properties of organic molecules,
see books (Balaban et al., 1983; Diudea, 2001) and survey
(Dobrynin and Entringer, 2011). For a connected graph T,
the Wiener index W(I') and its equivalent form for a tree T
is defined as follows.

w) = Z{u,v}EV(F) dr(w,v), W() = EquE(T) nny, (5)

Platt (1952) used the term Wiener number for it and the
same has been exclusively used ever since. Hundreds of
molecular descriptors have been defined during the past
decade. All of these indices are candidates for possible
applications in molecular structure-property studies and
many are actually used in QSAR/QSPR studies (Devillers
and Balaban, 1999; Gupta et al., 2002; Hansch and Leo,
1996). The advancement in the quantitative study of
structure-property relationships requires investigation
of new indices that are capable of correlating different
properties of chemical compounds. These descriptors
are tested with linear or multivariate regressions for their
applications in pharmacology and engineering sciences
(Randi¢, 2004).

In this paper we study several Szeged-type topological
indices of SVE-join of graphs. First we introduce the basic
definitions of these indices and notations in the next
section.

3 Szeged-type indices

In this section, we introduce some Szeged-type topological
indices that are defined as the number of vertices or edges

Szeged-type indices of subdivision vertex-edge join (SVE-join) = 83

that lye on either side of a vertex or an edge. These indices
are distance based indices and are extensively studied in
the literature for their applications (Gutman et al., 1995).
Now we define some Szeged indices as follows.

Gutman (1994) extended the idea of the Wiener index
to any connected graph and named it as Szeged index
(Sz,) defined in the following way.

Sz,(I) = Ze:xyeE(F) nx(elr)ny(elr)'

The vertex Padmakar-Ivan (PIV) index of a graph I' was
defined by Khalifeh et al. (2009), as follows:

PL,T) = Ze:xyeE(F) (nx(elr) + ny(elr))-

Khadikar et al. (2001) defined the Padmakar-Ivan or
PI, index as follows:

Ple(r) = 2e=xy€E(F) (mx(elr) + my(elr))-

Gutman and Ashrafi (2008) defined the index
(Sz)) as the edge type of the already defined Szeged
index as:

Sz, () = Ze:xyeE(l") mx(elr)my(elr)-

The weighted vertex Padmakar-Ivan (wPIV) index of
a graph I was defined by Ilic and Milosavljevic (2013) as
described below:

PI,(I) = Xemryer(r) (dr(x) + dr(»))(ne(ell) +ny(elD).

The weighted vertex Szeged index (wSz ) defined in
Ilic and Milosavljevic (2013) is given by:

Sz,(I) = Ze=xyeE(F) (dr(x) + dI‘(y))nx(elr)ny(elr)-

4 SVE-join of graphs

Graph operations are used to construct new graphs whose
structure is defined in terms of the structural properties
of underlying graphs. In this section, we define a recently
defined graph operation known as subdivision vertex
edge join of graphs. It is denoted by SVE-join of graphs.
This operation is applied on three graphs and results in
one product graphs. The study of topological indices
for several graph operations has been carried out in
the literature, for examples see: Ashrafi et al. (2010),
Das et al. (2013), De et al. (2016), Imran et al. (2020),
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Figure 1: The SVE-join ¢§ = (PY u kf) of graphs.

Khalifeh et al. (2008), KlavZar et al. (1996), Liu et al.
(2019), Nagarajan et al. (2014), Pattabiraman and Kandan
(2016), Pattabiraman and Paulraja (2012), Siddiqui (2020),
Tavakoli and Rahbarnia (2013), Xu et al. (2019), Yang et al.
(2019), Yousafei-Azari et al. (2008).

The SVE-join of graphs has been introduced recently
in Wen et al. (2019). It is defined as follows. Let L, 1“2’ and
[, are three graphs. Let §(I';) denotes the subdivision of
of I'.. Then the vertex set of I, has two portions, one V(T))
that contains the original vertices of the graph I', and
the other is denoted by V'(T')), which includes the new
vertices that are inserted into the old edges to subdivide
them the edges of T,. Let I'Y & (I UTY) denotes the
SVE-join of our graphs T, T, and T,. The vertex set of
I e (Y urf)is v(r) u v(r) u V(I,) U V(I,) and the
edge set of I} & (I UT¥) is the set E(T) U E(T,) U E(T,)
and all edges that join the vertices of T, with the vertices
of T, and all edges joining the vertices in V’(I',) with all the
vertices of T,.

Consider three graphs C,, P, and K,. Then the SVE join
C3 = (PY U KF) is shown in Figure 1. It can bee seen that

1
2. dr,(x) + 1y,  if x€ V(Iy),
4 ns+2, if xe E(y),
reatorh® = Va (x) +n,,  if x€ V()
dr,(x) + my, if x€ V(I3).

3. dr,(x) = [Nr, (xy)|,

dr,(x) — |Np,(xy)],
ny(e = xy| (I & (I UTY)) =4
n, +nz + 2 —dr,(y),
n, +ny — 2 +dr, (%),

4. drz o) - |1Vr2 Cel,
dr,(¥) = [Nr, (xy)|,
ny +my —dr, (%),

ny +my — 2,

my +nz + 2 —dr, (x),

ny(e = xy|(I{ & (I UTY)) =

ny + ng —dr,(y) + dr, (%),

the edge subdivision of C, is performed first and then the
vertices of C, are joined with all of P, and the new vertices
introduced in the subdivision of C, are joined with all
vertices of K.,

5 Previous results

For an edge xy of the graph T, let N.(xy) be the set of
common neighbors of x and y, and N’ (xy) be a set of
edges that are lying at distance one from x and y. The
set N’.(x) (N (y)) have the edges that are at distance one
from x (y).

In the following lemma, we present some structural
properties of the SVE-join of graphs.

Lemma 5.1

According to Wen et al. (2019), let I', T, and I, be graphs.
Then the degree of vertices in the SVE join T} = (I} U TE)
and the number of vertices and edges closer to arbitrary
vertices and edges in this product is given below:

V(I & (Y UTE)| =ny + my +n, + ngand [E(TY & (IY UTE))| = 2my + nyn, + myng + m, + my.

if xy€e E(I,),
if xy € E(I3),
if xe€ V(I and y € V(Iy),
if x€ E(I}) and y € V(I3),
if xe V() and y € E(Ty).

if xy€ E(IY),
if xye E(T3),
if xe€ V() and y € V(Iy),
if x€ E() and y € V(I3),
if x€ V() and y € E(Ty).
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5. ny + [N'r, (x2)| = IN'r, (x2%2) |
+dr, (xz) — dr,(x'3), if xy € E(I),
my + |N'r, (x3)| = [N'r, (x3x"3) |
+dr, (x3) — dr, (x'3), if xy € E(I3),
my (e = xy|(I{ & ([ UTH)) ={mz +n, — 1+ m, — IN'r, (x,)]
+(n3 + 1)dr, (x1) — dr, (x2), if xe€ V(I;) and y € V(Iy),
2n; +my +nz3+ms+1
—|N'r, (x3)| = dr, (x3), if xe E(Iy) and y € V(I3),
my +nyn, —ny — 2+ 2dr, (x1), if x€ V(I}) and y € E(I7).
6. ny + [N'p, (x'2)| = IN'r, (x2x"2) |
+dr, (x'3) = dr,(x2), if xy€ E(I),
my + [N'r, (x'3)| — [N'r, (x3x'3)|
+dr, (x'3) — dr, (x3), if xye E(I3),
my (e = xy|(I¥ & (1Y UT)) ={ 2my +ny — 1 = 24y, (x;)
+dr, (x2), if xe€ V(I;) and y € V(Iy),
3m; —1— (drl (x1)
+d1—1(x’1)) + dr, (x3), if x€ E(y) and y € V(I3),
ms + myng +dr, (x'1), if xe V(Iy) and y =xz € E(Iy).

6 Main results

Now we proceed towards the main calculations of several calculate the vertex PI and vertex Szeged indices of SVE
Szeged and PI-type indices of SVE join of graphs. First we join of graphs.

6.1 Vertex Padmakar-lvan and vertex Szeged indices of SVE

Theorem 6.1
LetT, T,, and I, be three graphs. Then:

PIU(F]_S & (sz U F?E)) = M;(13) + M (I3) — 27’”2|1Vl"2 (") = 2m3|N1"3 (x3x'3)]
+(n1n2 + n3m1 + nlml)(nl + le + Tl3 + ml) - anmz - 2m1m3.

Proof.

PIV(Fls & (sz U F?})) = ZquE(FZ) (drz (x2) — |NI‘2 (x2x'2)| + drz(xlz) - |NF2 (xzx'2)|)
+ZuveE(1"3) (dr3 (x3) — |NF3 (x3x'3)| + dF3 (x'3) — |NF3 (X3X'3)|)
+ Xx,ev(r,) Layev(ry) (nz —dr,(x2) + nz +dp, (1) +ny —dp (%) + m1)
+ Y reBry) Trsevrs) (M3 — dry(x3) + 2 4+ 1y + 1y +my — 2)
+ Y ev(ry) Tanerry) (M2 + 1 — 2 +dr (x1) + my +n3 + 2 — dr, (1))
= Yuverr,) (dr,(x2) + dr,(x'2)) = 2 Zuver(r,) INr, (x2x'2)]
+ Yuverqrs) (dr,(x3) +dr, (x'3)) = 2 Zuverrs) INr, (x3x'3)]
tnyny(ng +ny +ng +my) —ng Ypevr,) dr,(X2) + mnz(ng +ny +nz +my)
—My Yzev(r,) W2 (x3) + nymy(ng +n, +ng +my)
= My () + My (T3) — 2my|Nr, (x2x"3)| — 2m3|Nr, (x3x'3)|
+(nyn, + ngmy + nymy)(ng + ny, + n3 +my) — 2nym, — 2myms.

This completes the proof.
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Theorem 6.2

LetT, T,, and I, be three graphs. Then:

SZU(F].S & (sz U F31)) = M, (I3) + Mp(T3) — |1VF2 (x2x") | M (T) — |NF3(x3x'3)|M1(F3)

Proof.
Sz, (T} & (I UTY))

—(nz + my)My(T;) + my|Nr, (x2x'3)|? + m3|Nr, (x3x'3)|* + nyny (n, + ng)
(ny + my) + 2myny,(ng + my — ny, —n3) — 2nymy(ng + my) + 4mym, +
mnz(n, + n3 + 2)(my + ny — 2) = 2mymy(ny + my — 2)

+nymy(ng +ny — 2)(nz + my +2) +2mi(n, + ny —my —ngy — 4).

= Yuver(ry) (@r,(*2) — INr, (x2x'2) ) (dr, (x'2) — |Np, (x2x"2))
+ZuveE(l"3) (dr3 (x3) — |NF3 (x3x’3)|)(d1—3(x’3) - |Nr3 (x3x'3)])

+ Yk ev(ry) Zxpev(ry) (M2 — dr, (x2) + 1z + dr, (x1))(ny — dp, (%) + my)
+ Y eB () Zxsev(ry) (M3 — dry(x3) + 2 +ny)(ng + my — 2)

+ Yxiev(ry) Zxneery) (M2 1y — 2 +dp (x))(my +ng + 2 — dr, (x1))
= ZquE(Fz) (drz (xz)drz (x') — |er (xzx'2)|(drz (x2) + drz (x'2))
+|Nr, (x2%"2)1?) + Tuver(rs) (dr, (x3)dr, (x'3) — [Np, (¥3x"3)](dr, (x3)
+dr, (x'3)) + [Np, (x3x'3) 1) + Xy, evry) Zagevery) (M2 +n3)(ng +my)
+(ny + my —ny —ng)dp, (x') — (g + my)dr, (x'2) — w%l(xrl)

+dr, (x'1)dr, (X'2) + Xx,erry) Lasevary) (M +my — 2)(ng +n, +2)
—(ny + My — 2) X, er(ry) Zxsev(rs) Ars (X3))

+ v vy Zaneray (Mg + 1y —2)(my + 13 + 2) — wf (%)

—(nz + ny —my —ng — 4)dr, (x1))

= M,(I3) — |Nr, (x2x"2) |[My () + my|Np, (x2x'5) |* + My (T3)

—|Nr, (x3x'3) M (T3) + m3|Nr, (x3x'3)|? + nyny(ny + n3)(ng +m;)

+2mn,(ny + my — ny, —n3) — 2nymy(ny + my) — n, My (I;) + 4mym,

+mns(n, + ng + 2)(my +ny — 2) = 2mymz(ny + my — 2) + nymy(ny +n, — 2)

(nz + my +2) —myM;(I}) + 2m2(n, + ny —m; —nz; — 4)

= M, (I) + My(T3) — |NF2 (x2x'3) My (T) — |NF3 (x3x'3)| My (T5)

—(ny + my)My(T;) + my|Nr, (x2x'2)|? + m3|Nr, (x3x'3)|? + nyny (n, + ng)

(ny + my) + 2myny,(ng + my — ny, —n3) — 2nymy(ng + my) + dmym, + mynz(n, + ng + 2)
(my+ny —2)=2mmz(ny + my —2) + nymy(ny +n, — 2)(ng + my + 2)

+2m?(ny, + ny —my —nz — 4).

This completes the proof.

6.2 Edge Padmakar-lvan and edge Szeged indices

In this section, we calculate the edge PI and edge Szeged indices of SVE join of graphs.

Theorem 6.3

Let I, I, and ', be three graphs. Then:

PI(IY = (IY UT)) =2m,(2n, + IN'r, (x2)) + 2m3(2€; + |N'r, (x3)]) — 4my|N'r, (x2X5) |

—4mg|N'r, (x3x3)| + (2my +nyny)|N'r, (x'2)| + (2m3 — myny)|N'r, (x'3)]
+n1n2(m3 + le + m2 + 2m1 + nl - 2) + mlnz(znz + mz + 37’13 + m3 + 3m1 - 2)
+(Tl1 - le)Ml(Fl) + nlml(mz + 71,171.2 - nz + m3 + m1n3 - 2) + 4‘m%.
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Proof.

PL,(I7 & (I U TY))
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= Yuver(r,) (M1 + [Nt (x2)| — IN'r, (x2x"2)| + dr, (x2) — dr, (x'3)

+ny + [N, (x'2)| = [N'r, (x2x2) | + dr, (x'3) — dr, (x2))

+ Xuverrs) My + IN'r, (x3)| = [N'r, (x3x"3)| + dr, (x3) — dr, (x'3)

+my + [N'r, (x'3)| = [N'r, (x3x"3)| + dr, (x'3) — dr, (x3))

+ 2x,ev(ry) Zxevry) Mz +ny —1+my — [N, (x)| + (n3 + Ddr, (x1)

—dr,(xz) + 2my +ny — 1 = 2dr (%) + dr, (x2))

+ Xx,erry) Dxsev(rs) (2ng +my +ng +mg + 1 — Nt (x3)] — dr, (x3)

+3my — 1 — (dr, (x1) +dr, (x'1)) + dr, (x3)

+ Xx,ev(ry) Bxgxnerry) Mz +niny —ny — 2+ 2dp, (x1) + mz + myng + dr, (x'1))
= 2m,(2ny + [N'r, (x2) + IN'r, (x2)| — 2|N'r, (2x"2) ) + 2m3(2€; + [N'r, (x3)]
+|N'r, (x3)| = 2|N'r, (x3x'3)|) + nyny(mz + ny +my + 2my +ny — 2 — |N'p, (x2)|)
+ Yxev(ry) Dxpev(ry) (Ms — Ddr, (x1) + myny (2n, + my + nz +mz + 3my
=IN'r,(x3)]) = Xxierry) Zxsev(rs) (dr, (x1) +dr, (X'1)) + nymy(m, + nyn,

—ny + Mg +myng — 2) + Yy ev(r,) Dxrgerry) dr, (1)

+ Yxiev(ry) Zxgxneey) (@r, (1) +dr, (1))

= 2m,(2ny + [N'r,(x2)) + 2m3(2€; + |N'r, (x3)|) — 4m,|N'r, (x2x'5) |

—4mg|N'r, (x3x'3)| + 2my + nyny)|N'r, (x'2)| + (2mz — myny)[N'r, (x'3)|
+nin,(mz + ny + my + 2my + ny — 2) + mn,(2n, + my + 3nz + my + 3my — 2)
+(ny — ny)M (Iy) + nymy(my + nyn, — ny + My + myng — 2) + 4m2.

This completes the proof.

Theorem 6.4

LetT, T, and I, be three graphs. Then:

Sz(IF & (I UT3))

Proof.

Sz(IF & (I UT3))

= 2(My () + My (T3)) — F(I;) — F(I3) + my(ny + |[N'r, (x2)|

=[Nt (e2x') (g + N1, (x"2)| = IN'p, (x2X'2)1) + mg(my + |[N'r, (x3) ]

—=|N'r, (x3x'3))(my + |N'r, (X'3)| = IN'p, (x3%'3)]) + mynp(mg +np — 14+ m;

—|N’1—2 x)D@2my +n; — 1) 4+ 2myn,((ng + H)2my +ny — 1) —2(mz +n, — 1+ m,
—=|N'r, (x2)])) + 2myny (m3 + ny, + my — |N'r, (x2)| — 2my —ny) — 2ny(ng + 1)

M () + dmymy(ng + 3) —ny M (I,) + mns(2ny, + my +ng+mz + 1

=|N'r, (x3))(3my — 1) = ng(2ny + my + ng + my + 1 — |N'r, (x3) I)M; (I})
+2mym3(2n, + my + ng + my — 3my + 2 — [N'r, (x3)]) + 2mzM, (I;) — m; M, (T3)
+nymy(my, + nyny, —ny, — 2)(mz + myng) + ny(my + nn, —n, — 2)

Yxxnerry dr, (21 +4mg (mz + myng) + 2n; My (Iy).

= Yuver(ry) (M + [Nt (x2)| = IN'r, (x2x"2)| + dr, (x2) — dr, (x'3))

(ny + [N'r, (X'2)| = [N'p, (2x'2) | + dr, (x'2) — dr, (x2))

+ Ywerms) (M1 + [Nt (x3)| = IN'p, (x3x"3) | + dr, (x3) — dr, (x'3))

(mq + [N, (x'3)| — [N'r, (x3x"3)| + dr, (x'3) — dr, (x3))

+ X, ev(ry) Lapev(ry) (M3 + 1y —1+my — [N, (x)| + (3 + Ddr, (x1)
—dr, (x2))(2my + ny — 1 = 2dr, (x1) + dr, (%2)) + Xx,epry) Zxsevrs) (2N,
+m, + ng +ms + 1 — |N'r, (x3)| — dr, (x3))(3my — 1 — (dr, (x1) + dr, (x'1))
+dr, (x3) + Xx,ev(ry) Zayxrieer,) (Me +nyny —np — 2+ 2dp, (1))

(m3 + mynz +dr, (x'1))
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= Yuwerr,) (1 + [Nt (x2)| = [N'r, (e2x"2) Dy + [N'r, (x'2)| — [N, (x2x"2))

+(dr, (x2) — dr, (X'2))(IN'r, (x'2)| = N, (x2)]) = (dr, (x'2) = dr, (x2))?)

+ Ywerrs) ((My + |N'r, (x3)] = [N'r, (e3x'3) ) (my + [N'p, (x3)| = IN'r, (x3x"3)])

+(dr, (x3) = dr, (X"3))(IN', (¥'3)| = IN'r, (x3)]) + (dr, (x'3) — dr, (x3))%)

+2x,evry) Zxev(,) (M3 +ny —1+my — [N'h, () )(2my + 1y — 1)

+((nz + D(2my +ny — 1) = 2(mz + ny — 14+ my — |N'r, (x2)))dr, (1)

+(m3 +ny + my — [N'r, (x2)| = 2my — ny)dr, (x2) — 2(ng + 1)(012"1(951)

+(n3 + 3)dr, (x1)dr, (x2) = 0F, (%2)) + Xx,erry) Tasev(rs) ((2ng +my

+nz +mz +1—|N'r, (x3))(3my — 1) — (2n, + my + n3 + my + 1 — [N'r, (x3)|)

(dr, (x1) + dr, (x'1)) + (2n; + my + n3 +mz — 3my + 2 — |N'p, (x3))dr, (x3)

+dr, (x3)(dr, (x1) + dr, (x'1)) — wﬂ (x3)) + Xy ev(ry) Zxgxreery) (M +14ny

—n, — 2)(m3 + mynz) + (my + nyn, —ny — 2)dr, (x'y) + 2(m3 + mynz)dr, (x;)

+2dr, (x1)dr, (x'1))

= 2(My(I3) + My (T3)) — F(I) — F(T3) + my(ng + |N'r, (x2)| = [N'r, (x2x"2)1)

(nq + IN'r, (X'2)| = IN'p, (")) + ma(my + |N'r, (x3)| = [N'r, (x3x"3)])

(my + [N’ (x'3)| = [N'r, (x3x"3) ) + nynp(mg +np — 14+ my — [N'p, () D(2my + 1y — 1)
+2myn,((ng + 1)(2my +ny — 1) — 2(m3 + ny — 1+ m, — N, (x2)]))

+2myny(mg + ny + my — [N'r, (x2)| — 2my — ny) — 2n,(ng + DMy ()

+4mym,(n3 + 3) — n My (I;) + myng((2n, + my + ng +mz + 1 — [N'r, (x3)[)(3my — 1)
—n3(2ny, +my +n3+my+1— |N'F3 (xx) DM (7)) + 2mymg(2n, + my +n3 + my — 3my
+2 = |N'r, (x3)]) + 2mzM, (I}) — myM; (T3) + nymy (m, + nyn, —ny — 2)

(mz + myng) + ny (M, + yn, —ny — 2) Xy wr ey dr, (') + 4m3(mz + mynz) + 2n; My ().

This completes the proof.

6.3 Weighted vertex Padmakar-lvan and weighted vertex Szeged indices

Now we calculate the weighted versions of vertex PI and vertex Szeged indices of SVE join of graph.

Theorem 6.5

Let I, ', and I, be three graphs. Then:

Proof.

wPL(IP & (I UTE) = F(I) + F(T3) + 2(Ma(T) + My (T3)) — (2|Nr, (5x"2)| — 1) M (I2)

—(2|Nr, (x3x"3)| = m)M; (I3) — 2nym, (2| Np, (x"2)| + 1y +13)
—2mym3(2|Nr, (x3x'3)| —ny —ng +2) —4mym, + (ng +n, +nz3 +my)
(mnzs(ng +ny +my +2) +nn,(ny +ny, +m+ 1) + 2my(ny + my)
+2(nym, + nymy)).

wPI, (I & (IYuTld) = Yuver(ry) (dr,(x2) +dr, (x'3) + 2ny)(dr, (x2) + dr, (x'3)

—2|Nr, (x2%"2)|) + Zuwerrs) (dry(x3) + dr, (x'3) + 2my)(dr, (x3)

+dr, (x'3) = 2|Np, (x3X'3) 1) + X, evry) Zxpevr,) (dr, (X1)

+dr, (xz) + 1y + nz)(ny + Ny + nz + my —dr, (x3))

+ Yy eB(ry) Dxsevry) (M3 +mq + 2+ dr, (x3))(ny + 1y + 13 + my — dr,(x3))
+ Xxievry) Zxnerry) (A, () + 1y + 13+ 2)(ny + 1y +n3 +my)
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= Yuwverry) ((dr,(x2) + dr, (x'2))? = 2(INr, (x2x"2) | — 1) (dr, (x2)

+dr, (x'2)) — 414N, 02X ) + uwer(ry) ((dr, (x3) + dr, (x3))?

_2(|Nr3 (x3x'3)| — ml)(dF3 (x3) + dF3 (x'3)) — 4m1|NF3(x3x'3)|)

+ Xx ev(ry) Zxyev(ry) (M1 + 1y + 13 +my)(ng +ny) — (ng + ny)dr, (x3)

—dr, (x1)dr, (x2) — wlz"z (x2) + (g + ny + ng +my)(dr, (x1) + dr, (x2)))

+ Y eB ) Dxsevry) (M3 +my +2)(ny + 1y + 13 +my) + (n, + 1y — 2)dp, (x3)

—0)12~3 (x3)) + (ny + 1y + 15+ M) X evry) 2xrgeey) (dr, (1) + (2 + 13 + 2))

= F(I3) + 2M,(T3) — 2(|NI‘2 (x2x'3)| = n)M; (1) — 47117”2“\[1‘2 (x2x'3) |

+F(T3) + 2M,(I'3) — 2(|Nr, (x3x'3)| — mq)M;(I3) — 4m;mg|Nr, (x3x'3)|

+nyn,(ng + ny +n3 +my)(ny + ny) — 2nymy(ng + ny) —4mym, — n;M; (I,)

+2(ny + ny + ng +my)(nym, + nymy) + mynz(nz + my + 2)(ny +ny + nz +my)
+2mims(n, + ny — 2) —myM,(I3) + my(nqy + ny, + n3 + my)(nyn, + ning + 2n, + 2my)
= F(I3) + F(I3) + 2(My(I;) + My(T5)) — (2|Nr, (x2x'3)| — nq )M, (I3)

—(2|Nr, (x3x'3)| = my)M;(I3) — 2nym, (2| Ny, (x2X'3)| + 1y +n3)

—2my;m3(2|Nr, (x3x'3)| = ny —ny +2) —4mym, + (ng +n, +n3 +my)

(myng(ng +ny + my + 2) + nyny,(ny + ny + m+ 1) + 2my(ny + my) + 2(nym, + nymy)).

This completes the proof.

Theorem 6.6

Let I, I, and ', be three graphs. Then:

wSz, (T > (IY UTd)

Proof.

wSz, (I > (IY UTd)

= Z1(T3) + Z5,1(I3) — [Np, (x2x"2) |F (1) — |Nr, (x3x'3)|F (T5)

—(nz + my)F(I1) + 2(ny — |Nr, (x2x"2) DM () + 2(my — | N, (x3x'3)|

M, (T3) (np(2n, + ng + 3my) + my(ng — 2 —my))My(Ty) — (INp, (x2x"5))|

(INr, (x2x"2)| + 2np) + ny + nymy + 2my )My (T) — (INr, (x2x"2) |

(INp, (x2x"5)| + 2my) + my(ng + my — 2))M; (I3) + 2myn,(nyn, + myng

+ng —nyng —nf —nymy) + 2nymy((ng + my)(ng + 20, + nz) — |Np, (x2x2) )
+nn,(ny + ny)(ny + nz)(ny +my) + mnz(ny + my — 2)(ng + my + 2)

(ny +n3 + 2) — 2mymg((ny + my — 2)(my —n,) — |NI‘3 (x3x'3)| + nymy (ng
+my + 2)(ny + n3 + 2)(ng + 1y — 2) + 2mi(ng + my + 2)(ny + 2n, + n3).

= Ywer(ry) (dr, (x2) +dr, (x'2) + 2ny)(dr, (x2) — [Nr, (x2x"2)])
(dr,(x'2) = INr, (x2x"2)|) + Xuver(rs) (dr, (x3) + dr, (x'3) + 2m;)

(dr, (x3) — INr, (x3x'3) ) (dr, (x'3) — |Nr, (x3x'5) )

+ Y ev(ry) Zxgevry) (dr, (x1) + dr, (x3) + 1y +ny)(ny +ng + dr, (x1)
—dr,(x2))(ny + my — dr, (x1)) + Xx,ebry) Zxsev(ry) (M3 +my + 2
+dr, (x3))(ny + 3 + 2 — dr, (x3)) (g + my — 2)

+ Y ev(ry) Zxnerry) (dr,(x1) + 1y +nz +2)(n, + 1y — 2+ dr, (x1))
(ng+my +2—dr, (x1))

= Yuver(r,) (W, (x2)dr, (x'3) + dr, (x2)wf, (x'5)) — INp, (x2x"5) |

(dr, (x2) + dr, (¥'2))? = |Nr, (x2x2) |*(dr, (x2) + dr, (x2))

+2n4dr, (x2)dr, (x'2) — 2n4|Nr, (x2x"3) | (dr, (x2) + dr, (x'2))
—2ny|Nr, (x2x'3)[3) + ZuveE(l"3) (((1)12"3 (x3)dr, (x'3) + dr, (xg)w%3 (*'3)
—|Nr, (x3x3) | (dr, (x3) + dr, (x3))* = |Np, (x3x3) |* (dr, (x3)
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+dr, (x'3)) + 2mydr, (x3)dr, (x'3) — 2my | N, (x3x'3) | (dr, (x3)

+dr, (x'3)) — 2my | Np, (x3%'3)1%) + X, evry) Lapev(ry) (_CUF1 (x1)

—(2ny +n3 — ml)w%l () — (g + ml)wlz“z (x2) +dr, (xl)wlz“z (x2)

+((ny + ng)(ng + my) — (ny + ng — ny —my)(ng +ny))dr, (x1) + (ng + my)
(ny + 2ny + ng)dr, (xz) — (n3 — ny)dr, (x1)dr, (x2) + (ny + nz)(n, +n3)

(e +my)) + (g + my — 2) ¥y ebry) Zasev(rs) (M3 +my +2)(np +n3 +2)
—(my —nz)dr, (x3) — w12—3 (x3)) + X, ev(ry) Zxery) (M2 + 13 +2)

(ny +ny —2)(ng +my +2) + (ny + 2ny + n3)(ng + my +2) — (n, +ny — 2)
(ny +ng + 2))dr, (x1) + (Mg — 0y = 21, + 2)wf (%) — 001%1 (1))

=2Z.(13) + Z,.(I3) — |NI‘2 (x2x'3)|F () — |Nr3 (x3x'3)|F(T3)

—(ng + my)F(Ty) + 2(ny — |Nr, (x2x") Y)Mo () + 2(my — | Np, (x3x'3) |M(T3)
(n2(2ny + ng + 3my) + my(ng — 2 —my))My (Iy)

—(INr, (e2x"2) [(INp, (x2x"2) | + 2n3) + 1y + nymy + 2my) My (T;)

—(INr, (e2x"2) [(INp, (2x"2) | + 2my) + my (ng +my — 2))M, (T3)
+2myn,(nyny + myng + n3 —nyny —n? —nym,)

+2n;my((ng + my)(ny + 2n, +n3) — [Nr, (x2x"2)|)

+nun,(ny + ny)(ng +n3)(ny +my) + mynz(ng +my — 2)

(ny +my + 2)(ny + n3 + 2) —2mymz((ny + my — 2)(my — ny,)

—=|Nr, (x3x'3)| + nymy(ng + my + 2)(ny + 13 + 2)(ng + 1, — 2)

+2m2(n3 + my + 2)(ny + 2n, + n3).

This completes the proof.

7 Conclusion

The operation of subdivision vertex-edge join of graphs is
also known as SVE join of graphs. We computed the several
distance based topological descriptors of graphs, namely
vertex Padmakar-Ivan (PI ) index, vertex Szeged (Sz ) index,
edge Padmakar-Ivan (PI) index, edge Szeged (Sz) index,
weighted vertex Padmakarlvan (WPl ) index, and weighted
vertex Szeged (wSz,) index of SVE join of graphs. These
results are helpful for people who are interested in applied
chemistry for the computation of SVE join of graphs.
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