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Introduction

In [4], A. Csazsar introduced the generalized topological spaces. He showed that each
monotonic map § : P(X) — P(X) (6(A) C 8(B), for each A C B) defines a generalized
topology gs on X, containing all the subsets O, that satisfy §(O) D O. The family of all
monotonic maps § is denoted by I'(X). Moreover, each generalized topology g on the set
X defines a monotonic map dg, such that 8,(O) D O, for every O € g.

To learn about the studies of the y—generalized topological spaces (X, g, ), see the
references [4—8]. Moreover, to learn about the studies of the generalized continuity of
functions on the y —generalized topological spaces (X, g, ), which is generated by the
monotonic functions y € {ints, cls, o, «, 7w, B}, see the references [1-3, 9-13], where gs
is a given generalized topology on X. In addition to that the properties of interior and
closure operators are outlined in [14].

The outline of this manuscript is as follows: In the first section, some properties of the
subclasses of the family of monotonic maps I'(X), whose elements generate the same
generalized topology, are studied. Moreover, the relations between the family ® C I'(X)
of all monotonic maps y € I'(X), for which there exists a function f : X — X such that
y(A) = f71(A); A € P(X), and the generalized topologies on X are studied.
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In the second section, the study of some properties and examples on the family of all
monotonic maps ' (X) are outlined.

In the third section, the generalized topologies generated by the monotonic maps:
o = (cls o ints),a = (ints o cls o ints), m = (ints o cls), B = (cls o ints o cl) are studied.

In the fourth section, some interesting relations between the elements of the subfamily
{ints, cls,o,a, 7, B} C ['(X), for any §—Csazsar generalized topological space (X, gs), are
found.

Study of special classes of the family of all monotonic maps I' (X)
Equivalence classes on the family of all monotonic maps I"(X)

Definition 1 Consider the following binary operations on the family I"'(X), where
y,8 € I'(X)and A is a subset of X :

1 (y0d)A) =y(@A).
2 (yNd)A) =yA)NsA).
3 (YUSHMA) =yA)USA).

It is clear that for every y,§ € I'(X), the maps y o 8,y N §, y U § are monotonic maps and
are elements of I' (X).

Definition 2 (Equivalent relation on the family I' (X)) The maps y, 8 € I'(X) are called
equivalent maps, if the family of all y —open sets is identical with the family of all 5—open
sets (gs = g, ), and we write y ~ §.

Each equivalence class of this relation is characterized by its family of open sets,which
forms a generalized topology. The equivalence class, which contains the map §, will be
denoted by I's (X) or simply I';.

Theorem 3 The interior operator ints of the generalized topology gs is the smallest ele-
ment of the class I's. Moreover, for every A C X :

ints(A) = [ v(A)

v€ls

Proof The proof is obtained through the following steps:

1 Letls(A) = ﬂyers y(A), forevery A C X.
It is clear that y (4) D I;(4) =
Is € T(X).

2 Let A be an open set in the class I's, then for every y € I's, we have A C y(A) and

yers ¥ (A), for every y € I's and A C X. Moreover,

A C Is(A). Therefore, every open set in I's is an open set relative to Is.
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Now, if C is an open set relative to Is, i.e. C C I5(C) = ﬂyerg y (C). It follows that
C C y(C); for each y € I's. Therefore, C is y —open set for all y € I's and the family
of open sets in I's is identical with the family of open sets of I5 and so Is € I's. Hence
I5 is the smallest element in I's.
3 It is clear that ints is a monotonic map, then ints € I'(X),; moreover, the relation
O C ints(0) is valid only for the elements of gs. Then, ints € T's.
4 Since ints € I's, then ints(B) D Is(B); for every B C X.
5 We shall show that ints(B) C I5(B); for every B C X.
Let B C X, then ints(B) C B.Since ints € gsand I € ', then
ints(B) C Is(ints(B)) C Is(B).
From 1 up to 5, it follows that Is = ints. Therefore, gs is the smallest element of the
class Ts.
O
Definition 4 Let I's be an equivalence class for any § —generalized topology on the set

X. Every y e I's defines the map

6,(B)=X —y(X —B); BC X.
Definition 5 To each equivalence class I's, there exists an associated class
=10, :yels).

Theorem 6 Let (X, gs) be a generalized topological space, then the following properties

are satisfied:

1 I cro.
2 For any §—closed subset B, it follows that 0, (B) C B, forally € T's.

Proof

1 LetA C B,then X — A D X — B. Therefore, y (X — A) D y(X — B),foreveryy € T},
then

6,(A) =X —y(X —A) C X — y(X —B) = 6, (B).

Which means that 6, is a monotonic map and 6, € I'(X). Consequently, ' c rx.
2 Let A =X — B be an open set in g5, then A =X — B C y(A) = y(X — B), for all
y € I's. Consequently, B D X — y(X — B) = 6, (B).

O
Theorem 7  The closure operator cls of the generalized topology gs is the largest element
of the class T'%. Moreover, for every B C X :

cls (B) = Ointy (B) = | ] 0y (B).
yels
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Proof The proof is obtained through the following two steps:

1 Since the interior monotonic map ints, where ints (C) = UCDAEgg A defines the map

Oints, where Oz, (B) = X — ints(X — B), then 6, € T'°. Consequently,

Ointy(B) = X —ints(X =By =X — [ yX =By = | J X —yX -B) = [ 6,B.
yels yels yels

which means that the monotonic map 6;, is the largest monotonic map in the asso-
ciated class I'%.
2 Let B C X, then

Oy (B) =X —ints; X —B)=Xx- |J A= [ «x-4= () D
(X—B)DAegs Aegs,BCX—A (X—D)egs,BCD
Since
hsB= (] D

(X—D)egs,BCD

then 6,5 (B) = cl5(B), for any B C X, which implies that 0;,,;, = cls.

The subfamily ® c I'(X) corresponding to the family of functions XX
Let XX be the family of all functions f : X — X. Then, for every f € X%, there exists
¥r € I'(X), which is defined as follows: for each A € P(X)

¥ 1 PX) — P(X); yr(A) = fHA).

Definition 8 The map ¥ : XX — I'(X) is defined by ¥ (f) = Yf-

The map W is an injective map: Let W(f) = W(g) and x € X. If f(x) =y, then
x € yr({yh) = vg({y}). It follows that g(x) =y = f(x). But x € X is an arbitrary element,
then f =g.

Definition 9 The subfamily ® of the family of monotonic maps I'(X) is defined as:
®={y el feX*}=vX" crw.

The subfamily & C I'(X) has a close relationship to the family of continuous functions

on the topological spaces on X.

Lemma 10 The monotonic mapy € I'(X) is an element of ®, if and only if it satisfies the

following conditions:

(@) y(Unh) Ny Uy2d) =9, forall y1,y2 € X and y1 # y2.
(B) Uyex v(yh = X.

Page 4 of 27
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(©) YUier A = Uicr v Qi) and y (i A) = i ¥ (Ai), where I is an arbitrary
indexed set.

Then,y =1, where fis a function from X to itself, where f(x) = y;ifx € y ({y}).
Proof Lety € @, then there exists f € XX andy = Yf-
(@) Lety1,y2 € X such that y; # y3, then

y(nh) Ny ) =y ) Ny =101 Ny =71 0) = 0.

®) Uyex v(y) = Uyex () = Uyex S 0D =T U,ex ) =f 7100 = X.
©)

% (Um) =y (UA,) =f (UA,) =Usrt@n =Jy@n =Jr@n.

iel iel iel iel iel iel
Moreover,
% (ﬂAi) =y (ﬂm) =f (ﬂm) =V 1A =)y = r@p.
iel iel iel iel iel iel
O
Lemma 11 The subfamily ® C I'(X) is closed relative to the composition binary
operation.

Proof Letyy, vy € ®.Since yp(A) =f ! (A)and yy(B) = g~ *(B),forall A, B C X, then

oy A = (L og™H(A) = (g of) HA) = ygor (A).

For each G C P(X), define the family Qg C P(P)as:

Qe={HC®:h(G) CG VY heH}

Definition 12 The subfamily G C P(X) is called invariant relative to Hg if Hg is the
maximal element of the family Q2 with respect to the inclusion relation.

Remark 13 The family Hg is not empty for every G C P(X), since the identity function
idx(A) = A, for all A € P(X) belongs to every Hg.
For each G C P(X), define the subfamily F of the family X* as:

FG:{fEXX : )/fE'HG}
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Theorem 14 IfG C P(X) is a generalized topology on X, then the family ¥ is the fam-
ily of generalized continuous functions on the topological space (X, G).

Proof The proof is clear, since: If f € Fgand A € G, then VRS ‘Hg, which implies
that yy(A) = f ~1(A) € G. Therefore, f : (X,G) — (X, G) is a generalized continuous
function. [

Lemma 15 All the elements h € ® satisfy the relations:

h(U Ai) = J man, h(ﬂ Ai> = () 4y,

ieK ieK ieK ieK

Sor any arbitrary family {A; C X :i € K} C P(X), where K is an arbitrary index set.

Proof The proof is straightforward, since for any function f € XX,

[ (U Ai) =@, (ﬂ Ai> = (/'@

ieK ieK ieK ieK

O

Theorem 16 If G and G are subsets of P(X) and G C Go, then Hg C Hg,, if each ele-
ment of Go can be written as arbitrary unions of finite (arbitrary) intersections of elements
of G.

Proof Let G, Gg be subsets of P(X), where G C Go. Let G, G be invariant relative to Hg
and Hg, respectively. Then, #(G) C G; h € Hg. Let g € Gy, then from the assumption, g
can be written in the form: g = Uie]o mj,-eKi Aj;;where A;; C G, for all i, j. Consequently,
if h € Hg, then from Lemma (1.15), it follows that

ne=n{ U N4 | =UMNnran=U 4 cGo

iEI()}’,'EI(,‘ iEIO jiEI(i l’E[o}’,'EI(,‘
since A;.; = h(Aj,) € G. Then, h € Hg,y,and so Hg C Ha,. O

Corollary 17 If G is a subset of P(X), then Hg C Hr(G), where T(G) is the (generalized
topology) topology on the set X, generated by G as a (generalized base) sub-base. Since the
elements of T (G) are obtained from the elements of G, using (arbitrary unions) arbitrary
unions and arbitrary finite intersections.

The following example shows that in general, if G, Gp are subsets of P(X), where
G C Go. Then it is not necessary that Hg C Hg,.
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Example 18 Let X = {a, b,c}, G1 = {{a}} and Gy = {{a}, {b}}. Consider
the function f : X — X, where f(a) = a,f(b) = cand f(c) = b. Then,
vr(G1) = f~1(Gy) = {{a}} = G, which implies that vr € Hg,.But

vr(G2) = f~1(Gy) = {{a}, {c}} ¢ Ga, which implies that vr € Ha,- Therefore,
He, € Ha,.

It is clear that the element {b} € G, can’t be obtained from the elements of G, using
the union and intersection operations. This justifies why Hg, is not contained in Hg,,
although G; C Ga.

The following example shows that in general, if G C P(X). Then Hg # H(G), where
7(G) is the generalized topology generated by G.

Example 19 Let X = {a, b,c}. Choose G = {{a}, {b}}. Then, t(G) = {0, {a}, {b}, {a, b}}.
Consider the function g : X — X, where g(a) = b,g(b) = band g(c) = c. Then, the
action of y, is defined as follows: y, (G) = g XG) = {#,{a,b}} ¢ G, then Ve € Ha,
Ye(T(G)) =g 1 (1(G)) = {9, {a, b}} C T(G), then Ye € He(G)- Therefore, Hg # Hq(Gy)-
Theorem 20 Let Gy, Gy C P(X), then Hg, N Hg, C HGinG,-

Proof Lety € Hg, NHg,,theny € Hg,,i € {1,2}.It follows that y (G;) C G;,i € {1,2}.
Consequently, y (G1 N G2) = y(G1) Ny (Ga) C Gi N Gy. It follows thaty € Hg,na,.
Therefore, Hg, N Hg, C HGinG,- O

Example (1.17) shows that the inverse statement of Theorem (1.19) is not valid. Since
Gi1 NGy =Grand HGmGz = HGI [ HGZ'

Remark 21 IfH C I'(X)andy € I'(X), then y o H and H o y can be defined as:
yoH={yoh:heH}, Hoy=lhoy :heH} CTX).

Definition 22 Let G C P(X), then the ordered pair < G, Hg > is called an invariant
system.

Theorem 23 If < G,Hg > is an invariant system and f € XX is a one-to-
one correspondence, then < f(G),)/f—l oHgoyr > is an invariant system and

HrG) = vp-1 0 Hg o -

Proof Since < G, H¢ > is an invariant system,

then #(G) C G; h € Hg. Consequently, we have:

1 0 hoy)(F(G) = vy 1 (h(y (F(G))) = FFHF (G C f((G)) Cf(G).
Therefore, yy-1 o h o yy € Hy(G), for all i € Hg. Hence, yp-1 0 Hg o yr C Hy(G)-
Now, we show that Yr-1oHgoysisa maximal element of the family

Q) ={HCP:h(f(G)Cf(G) V¥ heH}
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Let yp1o0 Hgoyr CH, where He€Qqg), and let heH, then h(f(G)) =h
(rp—1(G) Cf(G). It follows that yf(h(yfa(G))) Cyr(yp-1(G)) =G. Hence
yroho ¥r-1 € Ha, and so

Y-ioyfohoyrioyr =hey10Hgoyy.

Therefore, H = y;-10Hgoy, and y10Hgoys is a maximal element of
the family Q). Consequently, Yr-1oHg oyr = Hy(), which implies that
< f(G), Yr-10 Hg o yr >is an invariant system. [l

Corollary 24

(1) If f € XX is a one-to-one correspondence function, then f~* € XX is a one-to-one
correspondence. Using Theorem (2.7), it follows that

<f NG,y o Hg oy >~

is an invariant system.
(2) Each one-to-one correspondence function f and invariant system < G, Hg > define a

sequence of invariant systems:

{<f"(G),yf_noHc;oyfn> : neN}.

Remark 25 From the study of the invariant systems < G, Hg >, it is shown that there
exists a one-to-one correspondence between the family of G—continuous functions and
the family of f(G)—continuous functions: &1 < Yp-10 ho V& h € Hg, where f € XXis
any one-to-one correspondence function.

Study of some properties and examples on I'(X)

Definition 26 [7]. Let (X, g) be a generalized topological space, then X C g is called a
base for gif: every A € g can be constructed as a union of some members of .

Moreover, any subfamily ¥ C P(X) generates the unique generalized topology g on

X, where

g=GE)={ACX:3 S, C%, A= UBi )
B,‘GEO

and g is the smallest generalized topology on X, containing .

Theorem 27 Lety; € I'y andy, € T'y,. Then:
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1 gyiopm D & NGy and if y1,va € Ts, then gy,oy, D g, but, in some cases the equality
holds.

2 gnupy O Glgy,, gy, ), but the equality is valid for some special cases, where G{gy,, gy, }
is the generalized topology, which is generated by the family g,, U gy, .

3 gnny, = 8y N &y, Moreover, ify1, yo € T's, then gy,ny, € T's.
Then, the intersection operation forms a binary operation on Is.

Proof

1 Let Oeg,Ngy then OCy(0) and O Cy(0) Consequently,
(y1 0 12)(0) = y1(y2(0)) D 1(0) D O, then O € g0 Therefore,
8rioyy D 8n N&py-

See Example (2.1), in which, g5 # g5 if § = y and gs = g if § = 2
2 LetO € gy, Ugy,,thenO C y1(0) or O C y2(0). Consequently,
(Y1 U ) (0) = y1(0) U (0) D O,then O € gy,uy,. Therefore, g,,uy, D &y, U gy
Since G{gy,,8,} is the smallest generalized topology on X, containing gy,uy,, then
Enuy, 2 G{g)/l’gyz}'
See Example (2.2), for the equality case.
3 LetO € gy, Ngy,,then O C y1(0)and O C y»(0). Consequently,
O C y1(0) N y2(0) = (y1 N ¥2)(0), then O € gy,ny, and gy,ny, D 8y N &y
Now, et O €gyny, then O C (y1 Ny2)(0) =y1(0) Ny2(0). Consequently,
O C y1(0)and O C y»(0),then O € g, N gy, and gyny, C &y N &y,-
Therefore, the intersection operation is a binary operation on I';.
O

In the following example, a map y € I's is constructed to have the following

properties:

() y*=yoy gZI‘},,but,y3 er,.
(i0) gyom) =gy = G{Og, 01 U0} €T);me(0,1,2,3,.. .}
(iif) g =82 = G{0Og, 01,02} D gyenh =gy and &2 gly;nefl,2,3,...}.

Example 28 Let X be a non-empty set and Og, O1, O3 be non-empty mutually disjoint
subsets of X. Define the map y : P(X) — P(X) as follows:

y(A) = Og;if A D Op and A does not contain Oy, Oy.
y(A) = Oy;if A D O7 and A does not contain Oy, O;.
y(A) = O1;if A D Oy and A does not contain Og, O3.
Y(A) = Uer v(0);if A D U;ep Oi, where £ C {0, 1,2}
y(A) = @; if A does not contain Og or O; or Os.

The map y satisfies the following:

(i)  y(Oo) = Oy.
(i) y(O1UO02) =y(01)Uy(02) =0,U 0.
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(@@ y(OpUO1UOy) = 0gU 01 UOs,.
(v) y(A) B Aif A ¢ G{Op, 01 U Oy}

Therefore, the topology
&y = G{Oo, 01 U Oz} = {#, Op, O1 U 02,00 U O1 U Os}.

The four steps (shown above) which constructs the map y will be denoted by the follow-
ing notation:

y : 0 1; O > Oy — Og.

The map y?¢ Iy, since: y2(0)=0;; i€{0,1,2}, and y2 A, for any
A CX,A & G{Og, 01,05}.

Therefore,
g2 = G{O0, 01, 02} = {9, O¢, O1, 02, Og U O1, Og U O3, 01 U 03,09 U O1 U Oa}.

Therefore,

gy2 = G{OO; O]; 02} = {Qr OO! Olr OZr OO U Ol: OO ) 02; Ol ) OZ! OO U Ol U 02}
The map y2 can be constructed using the following symbols:
y? :[0p,01,02] 1 .

The map y3 € 'y, since

¥3(0p) = Op, y3(01) = 03, ¥3(02) =01, y3(01U02) = 0,U0y, and y3(A) B A,
forany A C X and A € G{Op, O1 U Oq}.

Therefore,

8,3 =gy = G{0o, 01 U Oz} = {#), 09, 01 U 03,09 U O1 U Oz}

Consequently,

gy =gy = G{0p, 01 U0y} € Iyine {0,1,2,3,...}.

and
gy =gy2 = G{0p, 01,02} D g, nry =gy

and

g €T ine(l23,...).

A general construction of Example (2.3) can be illustrated in the following theorem.
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Theorem 29 Let X be a non-empty set and Oy, O1, Oy, . . ., Oy, be non-empty mutually
disjoint subsets of X. Define the map y : P(X) — P(X) as follows:

y(A) = Og;if A D Og and A does not contain any of the subsets O;; 1 < i < n.

Y (A) = O;41;if A D O;and A does not contain any of the subsets Og; s # i,0 < s < n,
andl<i<n-1.

y(A) = Oy;if A D Oy and A does not contain any subset of O5,0 < s < n.

Y (A) = Ujer v(00);if A D ;ep Oi, where £ C {0,1,2,3,4, ..., 1}

y(A) = 0;if A does not contain any set O;,i € {0,1,2,3,...,n}.

The map y can be defined as:
)/IO()T;Ol—>02—>03—>O4—>....—>On—>01.

Then, for any positive integer numbers n, s, k, it follows that:

1 gy=G{Oo,01UOQU03U~--UOn}.
2 g, #gys =G{0p,01UO145UO14195U - UOy—gs41,...,05U O UO35 U ---U Oy},

wheneverl <s <n—landn = ks, k > 1.
3 g #8=Gl00,01,00s,...,0,}

whenever s > nand s = kn.
4 gy =gy =G{0p,01 U0 UO03U---UOy,},

whenever (s > nands #Z kn)or(s < n— landn # ks, k > 1).

Proof
1 The definition of the map y implies that
y(0p) = 00, y(O1 UOUO03U---UO,) =01 U0UO03U....U O,
andy(A) p A,forall A C X;
A €{0,00,00U02UO03U.....UO,,00UO1 UOUO3U.....U Oy}
Therefore, the generalized topology generated by the monotonic map y is
gy = G{0g,01 U0 U03U.....U Oy}
or
g =1{4,00,01U02U03U....U O, 0 UO1 UOyUO3U.....U Oy}.

2 Let s be any positive integer such that1 < s < n — 1, then
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Op : i=0,
yH(0) = Osti D 1<i<n-—s,
Oi—n+ts T n—s+1<i<n.

(i) Letn = ks, k € {2,3,4,...}, then:

¥ (Oo0) = O.

Y (01U O145U O1425 U ...... U Oy—s+1) = O1 UO145 U O1495 U ...... U Oy—st1-
Y (02 U Og45 U Ogyas U ... U Oy—s42) = 02U Og45 U Ogyps U ... U Oy—st2-
Y (03 U O345 U O3425 U ...... U Oy—s43) = O3 U O345 U O340 U ...... U Oy—s43-.

;/(OSUOZSUOBSU ...... U Oy) = Os U Oy U O35 U...... U Oy,
Moreover, y(A) 2 A,forall A C X;

A & {0,00,01 U O145 U O1425 U ee... U Oyy—541}
or

A & {03 U Oz45 U Oppog U .ee.. U Oy—g19, 03 U O345 U O3495 U ...... U Oy 543}
or

A & {04 U O4y45U Ogy25 U ...... U Oy 44, . . ., Os U Og4 U O35 U ... U Oy }.
Therefore, y* can be defined as:

y®: 00 1; 01 = O145 = O1425 = ... — Op—sy1 — Oy,
02 — 02+s — 02+25 > e — On—s+2 — 02,
Og — 03+S — Og+25 > eeees — On—s+3 — Og,

Og = Oy — O35 — ... — 0, — O;.

And so, the generalized topology generated by the monotonic map y* is

gy #&ys = G{0g, 01 U O145U O1425 U ... U Oy—s41; err Os U Og5 U O35, U ... U Oy}

(it) Let n # ks, k € {2,3,4, ...}, then:

¥ (Oo) = Oo.

y(O1UOy U ... UOu—sUOy_s4+1UOy_s42U...UO,_1UOy)
= 0145 U Oy U ...... U O, U001 U O03,...0s_1 U Oy
=01U0yU..... UOy—s UOy—s41UOy—sy2U...UO,_1UO,.

Moreover, y (A) 2 A,forall A C X;
A & {0,00,01 U0 UO3U ... U0,,00U01 U0, U003 U...... U Oy}

Therefore, the generalized topology generated by the monotonic map y* is

Page 12 of 27
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&y =gy = G{Op,01 U0 U003 U .....U Oy}
or
&ys = {0,00,01 UO2UO03U.....U Oy, 0g U0 UOUO3U ... U Oy}
3 Let s be any positive integer such that s = kn, k € {1,2,3,.. .}, then
Y5(0) =0;, i€{0,1,23,...}.
Therefore, the map y* can be defined as:
7* 1 [00,01,02,...,04-1,04] 1.
And so the generalized topology generated by the monotonic map y* is
gys = G{Og,01,09,...,0,_1,04}.
4 Let s be any positive integer such that
s>n, s=kn+r, ke{l,2,3,...}, 1<r<n-—1,
then
y'(O0) =y" " =y"(0) =0y l<i<nm l<r<n-L

Moreover, this case is the case [2].

Corollary 30 Using Theorem (2.4), the following results can be obtained easily:

1 Ifnis a prime number, then there exists only two generalized topologies on X, which

can be constructed as follows:

(i) gy # &y = G{00, 01, 0y,...,04_1, Oy}, whenever s is divisible by 7.
(ii) gys =& = G{0p, 01 U0, U O3 U...... U Oy}, whenever s is not divisible by

n.

2 Ifsisa prime number and n > s, then there exist only two generalized topologies on X,

which can be constructed as follows:

(i(gy # gy, = G{O0p, 01 U 0145 U O1 425U ... U Op—s41,...,0s U Oz, U O35, U ... U Oy},
whenever 7 is divisible by s.
(ii) gys =gy = G{Op, 01 U0 U O3 U ...... U Oy}, whenever # is not divisible by

S.

3 Ifs, n are prime numbers, and n # s, then there exists only one generalized topology

on X, which can be constructed as follows:
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gy =8y = G{0g,0O1 U0, UO3U ... U Oy).

The following example shows that in general g,,u,, # G{y1,y2}, for some y; € I';, and
y2 € I'y,. Moreover, the equality will be valid for some special cases.

Example 31 Let X be non-empty set and Oy, O, O3, O4 be non-empty mutually
disjoint subsets of X. Suppose that Oy, O3 are disjoint, O = O3 U Ogand O3 N O4 = ¥.
Define the three monotonic maps yy, y2, 3 : P(X) — P(X) as follows:

y1(A) = Oy, forall A D Ojand AN Oy = 0.

y1(A) = O3, forall A D Oyand AN O; = 0.

y1(A) = UoicA'id 11(0;), where £ C L = {1,2}.

Y1(4) =@, forall A C X and A does not contain any set O}, € {1,2}.
y2(A) = Oy, for all A D O and A does not contain Oy.

12(A) = Oy, for all A D Oy and A does not contain O;.

Y2(A) = UO,-cA,iel 12(0;), where £ C L = {1,2}.

y2(A) =@, for all A C X and A does not contain any set O;,j € {1,2}.
y3(A) = Oy, forall A D O;.

y3(A) = @, for all A C X and A does not contain Oy.

Therefore,
71(01) = y2(01) = y3(01) = O1,and y;(A) D A, forall A C X, A ¢ {#,01},i € {1,2,3}.

which implies that g,, = g, = g, = {0, O1}.

Hence, gy,,4y, and g,, are different monotonic maps, defining the same generalized

topology. At the same time, we have the following:

(1 U y2)(01) = n1(01) U y2(01) = O1.

(11 U y2)(02) = 1(02) U y2(02) = O3 U Og = Os.
(y1 Y y3)(01) = 1(01) U y3(01) = O1.
(y1Uys)(A) pAforallA C Xand A ¢ {0, O1}.

Therefore,

gnuy, = G{O1, 02} = {4,01,02,01 U O}, gy uys = {4, O1}.
Then,

Glgn &n) = 8n U &n = gnuy = 14,01} C gpup-
And

& YEn #&nurr &1 Y& = &nuys-
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Obtainment of generalized topologies generated by special monotonic maps
Let g5 be a given generalized topology on X, which is generated by the monotonic map 8,
whose generalized interior and generalized closure are denoted by ints and cl;s respectively.
It is known that the monotonic maps ints o ints = intsand cls o cls = cls. But the composi-
tion of the monotonic functions ints o clsand cls o ints have different behaviors.

o —generalized topological space (X, g,)

Theorem 32 Let g5 be a given generalized topology on X, which is generated by the
monotonic map §. The non-empty elements of the generalized topology g, which is defined
by the map o = cls o ints consists of all subsets A C X, having non-empty ints(A) and
(each —open subset O € g5 intersects ints(A)) or (each 5—open subset O € g5, which does
not intersect ints(A), does not intersect A also).

Proof Let A C X. Then:

1 Ifints(A) = @, theno (A) = @.
2 Ifints(A) # ¥, then

o (A) =cls(ints(A) = (X -0 : ints(A) CX — O}
Oegs
=V (x-0 : int;(A)N0O=0)
Oegs
=X—ij . ints(A)NO =)
Oegs
X : UOEgg,inQﬂO:@ 0=19
ﬂOEgg,int,;ﬂO:(()(X -0 UOEgg,int,;ﬂO:Q) O#Y

Therefore, the set A C X is o —open subset ( the class of all g—semi-open sets) if
0 (A) D A. This statement is valid in the following cases:

(a) For every A, for which ints(A) # ¥ and UOeg,;,z’ntmozﬂ O = ¥, which means
that each §—open subset O intersects ints(A).
(b) For every A, for which ints(A) # @ and UOeg&intmO:@ O # ¥,and

AcC ﬂ X—-0)=X— ﬂ 0.

Oegs,intsNO=0P Oegs,intsNO=0
Therefore,

AN ﬂ 0 =40.
Oe€gs,intsNO=Y

This means that each §—open subset O, which does not intersect ints(A), does
not intersect also with A.
O
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Remark 33 The set X is o0 —open, if X is §—open or there exists a subset A C X with
non-empty §—interior, and intersects each §—open subset O € g;s.

Notation 34 'Throughout the rest of our study, the three special generalized topological
spaces (X, gis), i € {1,2, 3}, will be defined as follows:

1 Let(X,g1s5) be al§—generalized topological space on the non-empty set X, where gi5
is generated by the non-empty subsets O1, Os, O3 satisfying the following conditions:

01 N0y = {x1},02 N O3 = {x3} and O3 N O1 = {x3}. Moreover, x1 & O3, x2 € O3
and x3 & Os.

2 Let (X, g2s) be a 26 —generalized topological space on the non-empty set X, where gas
is generated by the disjoint non-empty subsets {O1, O2}.

3 Let (X, g35) be a 36 —generalized topological space on non-empty set X, where gss is
generated by the non-empty subsets O1, O, O3, Oy, satisfying the below:
01 N0y ={x1}, O2N O3 ={x3},03N 04 ={x3} and O4 N O; = {x4}. Moreover,
O1N0O3=0Pand Oy N Oy = 0.

o —generalized topological spaces which are defined by special generalized topological spaces
X, gis),i € {1,2,3)}

By using Theorem 32, the o —generalized topological spaces can be constructed as
follows:

1 The o —generalized topology g, on g1s is defined as follows:

Let A # (J be 0 —open subset, then int15(A) # ¥, and it contains at least one 16 —open
subset O;, € g15. Consequently, int;5(A) intersects all the elements of g;5. Therefore,
the family of o —open subset of g5 consists of each subset of X, containing at least

one of the non-empty elements of g15.

It is clear that X is 0 —open set, but X is 18 —open only if X = O; U Oy U Os.

2 The o —generalized topology g, on g5 is defined as follows:
Let A # ¥ be o —open subset, then inty5(A) # ¢, and it contains one element of
{O1, 02,01 U O3}. Therefore, the family of o —open subset of gys consists of the fol-

lowing subfamilies:

(i) Any subset of X, containing O U Oa.
(ii) Any subset of X, containing O1 and does not intersect Os.
(iii) Any subset of X, containing Oz and does not intersect O;.

It is clear that X is 0 —open set, but X is 26 —open only, if X = O U O,.

3 The o —generalized topology g on g3s is defined as follows:
Let A # ) be o —open subset, then int35(A) # ¥, and it contains at least one element
of {O1, Oy, O3, O4}. Therefore, the family of o —open subset of g35 consists of the fol-
lowing subfamilies:

Page 16 of 27
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(i) A is o—open subset if int3s(A) contains at least two elements of
{O1, Oy, O3, O4}, since int3s(A) intersects all the elements of gs3s.

(ii) If int35 (A) contains O; only (or O3 only), then A is 0 —open subset if it con-
tains O; and does not intersect Og (or if it contains O3 and does not intersect
0y).

(iii) If int35(A) contains Og only (or O4 only), then A is o —open subset if it
contains Oy and does not intersect Oy (or if it contains O4 and does not inter-
sect O9).

It is clear that X is o—open set, but X is 36—open only, if
X201U02U03UO4.

a—generalized topological space (X, g,)

Theorem 35 Let g5 be a given generalized topology on X, which is generated by the
monotonic map 8. The non-empty elements of the generalized topology g, on X, which is
defined by the map o = ints o cls o ints consists of all subsets A C X, satisfying the follow-

ing conditions:

1 IfX & gsand O Nints(A) # 0, for all O € gs. Then, A € g, if:

ad) = | 004D int;(A).
Oegs

2 IfX € gsand O Nints(A) # @, for all O € gs. Then, A € gy if.
a(A) =X D A D ints(A).

This means that X € gs = X € g5 Ngy.
3 Ifints(A) # 0, and

U 0=4.

0egs,0Nints (A)#£0,3U egs,UNints (A)=@,LUNO£D
Then, A € gyif:

a(A) = U 0 D A D ints(A).
0egs,ONints (A)£0

4 Ifints(A) # 9, Uoeg;, 0nints a)20 O O A

U O+

Oegs,ONints (A)#9,AU egs,UNints (A)=0,UNO#D

and
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AN U 0 =.
Oegs,ONints (A) £, egs, UNints (A)=3,UNO£D
Then, A € gy if:
a(A) = U 0 D A D ints(A).

Oegs,ONints (A)£B,UNO=AVU egs, L Nints (A)=1

Proof

(@) Let A C X such thatints(A) = @, then «(A) = 0. Hence, ¥ € g,.
(b) Let A C X such thatints(A) # 0, then:

X  Uoegsintsno=n O =9
@(A) =ints (0 (A)) = ints
ﬂoegg,intaﬁozﬂ(X - O) : UOEga,inl};ﬂO:@ o 75 9
Uoegs intsno-s O i X & 8 Uoegs intsno=p O =9
= X : X e &5 UOEga,intgﬂO:ﬂ 0=y
Uoegs,0nints ()2 uno=mviregs,unints =0 O+ Uoegs,intsno=p O # ¥

The subset A is o —open subset, if ®(A) D A. This statement is valid in the following

cases:

1 For every A C X, for which ints(A) # 0, X & g5, UOGgg,L’ntgﬂO:Q) O = (i.e. each §—
open subset O intersects ints(A)), and

a(d) = | 020 A D ints(A).
Oegs

(Therefore, X is not «—open set if it is not §—open set).

2 Let X € gs, then A is a—open subset for all A C X, since a(A) =X D A D ints(A).
Therefore, X is @ —open set if it is §—open set.

3 Forevery A C X, for which ints(A) # 9, and

U 0=40.

Oe€gs,0Nints (A)#0,3U €gs,UNints (A)=0,UNO#D

(i.e. each §—open subset O, intersecting ints(A) does not intersect any § —open sub-
set U, for which U N ints(A) = 0).
Then, A € g, if:

a(A) = U 0 D A D ints(A).
Oegs,ONints (A) £

4 Forevery A C X, for which ints(A) # @, and

Page 18 of 27
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U 0 # 4.

Oe€gs,0Nints(A)#0,3U €gs,UNints (A)=0,UNO#P

(i.e. each 6—open subset O, intersecting ints(A), intersects some §—open subset 1/,
for which U N ints(A) = @).
Then, A € gy ifints(A) # ¥ and

a(A) = U 0D A D ints(A).
0egs,0Nints (A)£B,UNO=PVU egs,LNints (A) =0

Remark 36
The map o = ints o cls o ints is called controlled by the generalized topology gs. It can be
denoted by as.

a—generalized topological spaces which are defined by special generalized topological spaces
(X, gié):i € {11213}

By using Theorem 35, the a—generalized topological spaces can be constructed as
follows:

1 The a—generalized topology gy on g1s is defined as follows:

Let A # () be a—open subset, then int1s(A) # @, then it contains at least one 16—
open subset O;, € g15. Consequently, int15(A) intersects all the elements of gis.
Therefore, the family of @ —open subset of g15 consists of:

(i) Each subset A of X, containing at least one of the non-empty elements of
g15 (if X is 186—open set).

(ii) Each subset A, containing at least one 1§—open subset and
A C 01 U0y U O3 (if X is not 18—open set).

2 The a—generalized topology g, on gos is defined as follows:
Let A # () be o —open subset, then intys(A) # J, then it contains one element of
{O1, Oz, O1 U Oq}. Therefore, the family of « —open subsets of gos consists of the fol-
lowing subfamilies:

(i) A = O1 U Oy, if X is not 16—open set.
(ii) Any subset A of X, containing O; U Oq, if X is 2§—open set.
(iii) The subset A of X, if A = Oj0r A = O,.

Therefore, gy = g5, if X is not 26—open set. This result is true for
every gs generated by a family of disjoint subsets, when X is not §—open set.

3 The a—generalized topology g, on g3s is defined as follows:
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Let A # ) be «—open subset, then int3s(A) # 9, then it contains at least one element
of {O1, Oz, O3, O4}. Therefore, the family of @ —open subset of g3s consists of the fol-
lowing subfamilies:

(i) The subset A of X, if int3s5(A) contains at least two elements of
{O1, 0y, O3, O4}, since int3s(A) intersects all the elements of gss if: X is 35—
open set, or A C O; U Oy U O3 U Oy and X is not 36 —open set.

(ii) The subset A of X, if A= 0O10r A =0y0r A= 030r A = 0O,.

1 —generalized topological space (X, g,;)

Notation 37 Let g5 be a given generalized topology on X, which is generated by the
monotonic map §. Each subset A C X divides the elements of the generalized topology
gs into two classes:

Ap={0egs:ANO#UY}, Va={Ueg :ANU =0}

For each O € A4, we define

Uo = U u.

UeV4,UNO#Y

And

ea=(xcA:x¢& UO
Oegs

It is clear that the family {A4, V4}, for all A C X forms a partition for the §—general-
ized topology gs on X. Moreover, (Ag =¥ = Va4 =gs)and (V4 =0 = Aq = g5).

Theorem 38 Let g5 be a given generalized topology on X, which is generated by the
monotonic map 8. The non-empty elements of the generalized topology g on X ( the fam-
ily of all m —preopen sets), which is defined by the monotonic map m = int; o cls consists of
all non-empty subsets A C X, satisfying the following conditions:

(i) V4 =0 and X is 8—open set.
(i) IfVa =9,and X is not §—open set and A C Jpeg, O-
(i) fVa # 0,04 # Band A € Upen, onupiics, O-

Proof Consider the action of the map 7 on the subset A of X :
Let A =, then 7 (A) = @. Hence, ¥ € g.

Let A # ¢, then we get
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Nueg X —U) Ay =0
T (A) =ints(cls(A)) = ints{ Nyey, X — U) C Ag £ D,V # D
X : Va4 =10,.
(7] s Aa =0 or Ag#EOB, V4 £D,Uo #0; 0 € Ay.
UUO:M,OE@ 0] : Ay #E0,V4 #0,30 € Ay, Up = 0.
B X : Va=0X €gs.
Uoe O - Va=0X ¢&gs.

The nonempty subset A is 7 —open subset, if 7(4) D (A). Therefore, the subset A is 7 —
open subset in the following cases:

() IfVqa =0Pand X € gs5. Then, A is w—open subset, since 7(4) = X D A.
(i)) 1fV4 = @, and X is not §—open set. Then, A is 7 —open subset if A C UOE&S O.
(tii) If Aq # @ and V4 # @, then the nonempty subset A is 7 —open subset, if:

= |J o= U 0> A.

Uo:ﬂ,oegg 0L 4,0NU=0;UUeV 4

7 —generalized topological spaces which are defined by special generalized topological spaces
X, gis),i €1{1,2,3}

By using Theorem 38, the m —generalized topological spaces can be constructed as
follows:

1 The w—generalized topology g on g1s is defined as follows:
A is m—open subset:

(i) If A intersects each of the subsets {O1, O, O3} and X is 1§ —open set.
(i) If A intersects each of the subsets {O1, Oy, O3} and X is not 1§—open set,
then A C O; U Oy U Os.

2 The w —generalized topology g on gs is defined as follows:
A is m—open subset in the following cases:

() ANO1 £ B,AN Oy =Pand 7(A) = O; D A.
(i) AN Oy £ ¥,ANO; = Pand m(4) = 05 D A.
(iii)) AN Oy #0,AN Oy # Band 7(A) = O; U Oy D A.

3 The w —generalized topology g on gs; is defined as follows:

Page 21 of 27
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A is m —open subset in the following cases:

i) If it is included in O and intersects Oy, Oq.
ii) If it is included in Oy and intersects O1, Os.

iv) If it is included in O4 and intersects Oz, O;.
v) If it is included in O; U Oy UO3U O4 and intersects all the elements
{Olr 021 031 04}

(
(
(i) If it is included in O3 and intersects Oy, Oy.
(
(

Remark 39 Consider the following case: If V4 # ¢ and Up # ¥, for some

O € A4 C Ay. It follows that A is not 7 —open subset. Since if Up # @, for some

O € A14 C Ay, then the points of A in O are not included in 7 (A) = UU@:(/),OEAA 0.
Then, A is not included in 7 (A) and is not ¥ —open subset.

B—generalized topological space (X, gg)

Theorem 40 Let g5 be a given generalized topology on X, which is generated by the
monotonic map §. The non-empty elements of the generalized topology gg on X, which is
defined by the monotonic map B = cls o ints o cls consists of all non-empty subsets A C X,
satisfying the following conditions:

1 If for some Og € g5, A intersects Og and A intersects each O € gs, intersecting Oo.
Moreover, A C UUﬂA#(A,UEgg X -U.
2 IfA intersects every O € gs.

Proof Consider the action of the map  on the subset A of X :
Let A = ), then B(A) = ¥. Hence, ¥ € gg.

Let A # @, then we get:

B 1 Aa=0 or Lg#0,Va#0,Uo #0;0€ Ny.
mLIeVA(X_O) D AL £ D, VA £B,30 € Ay, Up = 0.
B(A) =cls(m(A)) = cls
X 1 Va=0,X egs.
UOegg 0] T Va=0,X &gs.
B Aa=0 or Ag#0,VaF#0B,Uo #D;0 € Ay.
= UUO:M,OEg,; O : Mg #0,Vq4#0,30 € Ay, Up =0.

X : Vua=0.
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The nonempty subset A is f—open subset, if B(A) D (A). Therefore, the subset A is f—
open subset in the following two cases:

1 If for some Og € g5, A intersects Og and A intersects each O € g;, intersecting Op.
Moreover, A C Uynazpueg X — U
2 If A intersects every O € gs.

Remark 41 The nonempty subset A is —open subset, if A intersects every O € gs. It
follows that X is S—open set.

B—generalized topological spaces which are defined by special generalized topological spaces
X, gis),i €{1,2,3)

By using Theorem 40, the S—generalized topological spaces can be constructed as
follows:

1 The B—generalized topology g on g1s is defined as follows:
A is B—open subset:

(i) If A intersects each of the subsets {O1, O, O3} and X is 1§—open set.
(i) If A intersects each of the subsets {O1, Oz, O3} and X is not 18—open set,
then A C O; U Oy U Os.

2 The B—generalized topology gg on gs is defined as follows:
A is B—open subset in the following cases:

(i) AN O1 # B,AN Oy = (. Therefore, each subset of Oy is f—open subset.
(i) AN Oy # B,A N O1 = (. Therefore, each subset of Oy is B—open subset.
(iii) A intersects O1 U Os.

3 The B—generalized topology gg on g3; is defined as follows:
A is B—open subset in the following cases:

(¢) If it intersects three subsets only of {O1,03,03,04}, and A C X — O; or
A N O; = @, for only one element i in the family {1, 2, 3, 4}.
(i7) If it intersects all the elements of gss.
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Properties of the composition binary operation on the monotonic functions
ints, cls, 0,0, 7, B

Let (X, gs) be any §—generalized topological space, generated by § € I's. Then, for any
A C X, the definitions of the monotonic maps o,«,7 and B, implies the following

relations:
1 a(A) = ints(o(A)).
2 B(A) = cls(m(A)).
3 ints(A) Cints(o(A)), cls(m(A)) C cls(A).
4 o(A) =o(ints(A)), w(A)=m(cls(A)).

Theorem 42 Let (X,gs) be any 5—generalized topological space, generated by § € T';.
Then, for any A C X, the following conditions are satisfied:

T(X —A) =X —o(A).
oX —A)=X—n(A).
a(X —A) =X —B(A).
BX —A) =X —a(A).

B w NN o

Proof The proof is straightforward, using the relations: ints(X — A) = X — cls(A) and
cds(X — A) = X —ints(A).O

Theorem 43 Let (X, gs) be any §—generalized topological space, generating by § € T';.
Then, for any A C X,andy € {o,a, 1, B}, it follows that y (A) = y2(A).

Proof
1 o(A) = ﬂ (X =V ints(AH)NV =0},
Vegs
o2(A) = ﬂ (X =V :ints(c(A) NV = @}.
Vegs

Since ints(A) C o (A), then ints(A) C ints(o(A)), which implies that for any V' € g;,
ifints(o (A)) NV = @, then ints(A) NV = @. Therefore 62(A) C o (A).

Conversely, let x € o (A)and x & o2(A), then there exists V € gs such that x € V and
ints(o(A)) NV = @. Since ints(A) C o (A), then ints(A) NV = @, which contradicts
x € 0(A). Hence x € 02(A),and 62(A) D o (A), which implies that 62(4) = o (A).

2 P2A)=n@@A) =1X—0X—-A)=X—-0(0X—-A)=X—-02(X—A) =X—-0(X—-A) =n(A).
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3 &*(A) = a(@(A) = a(int; (0 (A))) = ints (o (ints(o (A)))) = ints (0 (0 (A))) = ints(o (A)) = a(A).
4 B*(A) = B(BA) = B(cls(t(A))) = cls( (cls (T (A)))) = cls (w(w(A))) = cls (w(A)) = B(A).

O
Theorem 44  Let (X, gs) be any §—generalized topological space, generated by § € T.

The composition operation o on the set of all functions is a binary operation on the family
of monotonic maps {ints, cls,o,a, 7, B}.

Proof One can construct the following table easily.

o ints cls o b4 o B
ints intg T o T o T
cls o cls a /3 o ﬂ
o o B o B o B
b4 o b4 o T o /4
o o b4 o b4 o 14
B o B o B o B

Therefore, the composition operation o is a binary operation on the family of monotonic
maps {ints, cls, o, o, 1w, B}. O

Corollary 45 Let (X, g5) be any §—generalized topological space, generated by § € T's.

Foranyy € {ints,cls,o,, 7, B}, it follows that:

Boy=0ovy.
Toy=aoy.

yoo =yoa.
yom=yop.

ints oy oints = oy % ints.
clsoyocls =B;y # cls.
coyoo =o.

Toyom=m.

O 00 N O U W N

aoyow =a.

10BoyopB =8

Proof The proof can be constructed from the above table in Theorem 44. O
The relation between the y—generalized topological spaces, where
y € {ints, cls,0,a,, B}, can be studied in the following theorem.
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Theorem 46 Let (X,gs) be any 5—generalized topological space, generated by § € T,
and (X, Dx) be the discrete space, then:

1 Gints =85 C 8w C g0 C 8p C geis = Dx.
2 go Cgr Cgp-

Proof The proof is easy, since for all A C X, it follows that:

(@) ints(A) C A C cls(A).
(b) ints(A) C a(A) Co(A) C B(A) C cls(A).
(¢ a(A) Ccm) C BA).

Conclusion

In this paper, the family of monotonic functions I' (X) have the following properties:

1 The monotonic map ints € I'(X) is the smallest monotonic map in the equivalence
class of all monotonic maps I's, which is defined by the same generalized topology 4.
Moreover, the monotonic map cls € I'(X) is the largest monotonic map in the asso-
ciated equivalence class I’ to the class I's.

2 Using the invariant systems < G, Hg >, it is shown that there exists a one-to-one
correspondence between the family of G—continuous functions and the family of
f(G)—continuous functions: & <> Yp-10 ho Yrs h € Hg; for any one-to-one corre-
spondence f € XX.

3 The family of monotonic maps {int;s, cls, o, «, 7w, B}, for every §—Csazsar generalized
topological space (X, gs) is closed under the composition operation and has interest-
ing relations (see article 4).
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