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On Poisson’s Theorem of Building First Integrals
for Ordinary Differential Systems
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We consider Hamiltonian systems with n degrees of freedom. Among the general methods
of integration of Hamiltonian systems, the Poisson method is of particular importance. It
allows one to find the additional (third) first integral of the Hamiltonian system by two known
first integrals of the Hamiltonian system. In this paper, the Poisson method of building first
integrals of Hamiltonian systems by integral manifolds and partial integrals is developed. Also,
the generalization of the Poisson method for general ordinary differential systems is obtained.
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1. Introduction

Consider a canonical Hamiltonian system with n degrees of freedom

dq; dp; .
%—apiH(q,p), pre —8qu(q,p), i=1,...,n, (1.1)

where ¢ = (¢4,...,¢,) € R" and p = (p,...,p,) € R" are the generalized coordinates and
momenta, respectively, ¢ € R, and the Hamiltonian H is a twice continuously differentiable
function on the domain D C R?",

Among the general methods of integration of the Hamiltonian system (1.1), the Poisson
method is of particular importance. It makes it possible to find the additional (third) first
integral of the Hamiltonian system (1.1) by two known first integrals of the Hamiltonian sys-
tem (1.1). And thus, in certain cases, to build an integral basis of the Hamiltonian system (1.1).
Due to this property, the Poisson method is included in almost all monographs and textbooks
on analytical mechanics (see, for example, [1, pp. 298-306], [2, p. 216], and [3, pp. 85-86]) and
is formulated as the following statement (the Poisson theorem).
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Theorem 1. Suppose twice continuously differentiable functions g, and g, are first integrals
on the domain D of the Hamiltonian system (1.1). Then the Poisson bracket

812(¢,p) = [g1(q,p), 82(q,p)] for all (q,p) € D (1.2)

of the functions g, and g, is also a first integral of the Hamiltonian system (1.1).

In his Lectures on Dynamics [1, p. 303], C.G.J.Jacobi referred to Poisson’s theorem as
“one of the most remarkable theorems of the whole of integral calculus. In the particular case
when H =T — U, it is the fundamental theorem of analytical mechanics.”

Of course, Poisson’s theorem does not always supply further first integrals. In some cases
the result is trivial, the Poisson bracket being a constant. In other cases the first integral
obtained is simply a function of the original integrals. If neither of these two possibilities occurs,
however, then the Poisson bracket is a further first integral of the Hamiltonian system (1.1).

Our aim in this paper is to develop the Poisson method for integral manifolds and partial
integrals (or Darboux polynomials) of the Hamiltonian system (1.1). Also, we focus our attention
on generalizations of the Poisson method for general ordinary differential systems.

To avoid ambiguity, we stipulate the following notation and definitions. At the same time,
we will mainly follow the approaches described in the monograph [4].

The Poisson bracket of functions u,v € C*(D) is the function

n

[u(g. ), v(a,p)] = (9, ula,p) 8, v(a,p) — 3, ula,p) 8, v(a,p)) forall (q,p) € D.

i=1

The functions u and v are in involution if [u(q,p),v(q,p)] = 0 for all (¢,p) € D.

A function g € CY(D) is called a first integral on the domain D of the Hamiltonian sys-
tem (1.1) if &g(q,p) =0 for all (q,p) € D, where the linear differential operator

n

(q.p) = Y (9, H(a,p)d, —8, H(a,p)d,) forall (q,p) € D.
=1

Notice that the Hamiltonian H is a first integral on the domain D of system (1.1).

A smooth manifold g(q,p) = 0 is said to be an integral manifold of the Hamiltonian sys-
tem (1.1) if the derivative of the function g € C*(D) by virtue of the Hamiltonian system (1.1)
is identically zero on the manifold g(q,p) = 0, i.e.,

6g(g,p) = ®(g,0), (g, p), =0 forall (¢,p) € D. (1.3)

g(q,p)=0

If the Hamiltonian system (1.1) is polynomial, i.e., the Hamiltonian H is a polynomial
of degree h in the variables ¢ and p, then we will use the notion of partial integral. A func-
tion g € CY(D) is called a partial integral on the domain D of the polynomial Hamiltonian
system (1.1) if the derivative of function g by virtue of system (1.1) equals

&g(q,p) =g(q,p) M(q,p) forall (¢,p) € D,

where the polynomial M in the variables p and ¢ has the degree deg (.a) M < h — 2. Moreover,

the polynomial M is the cofactor of the partial integral g.
The theory of partial integrals (or the Darboux theory of integrability) was established by
the French mathematician Jean-Gaston Darboux [5] in 1878, which provided a link between the
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existence of first integrals and invariant algebraic curves (partial integrals) for polynomial au-
tonomous differential systems. This theory is related to the Poincaré problem [6], which asks to
find the upper bound of invariant algebraic curves of planar polynomial differential systems. The
Darboux theory of integrability is also involved in the study of Hilbert’s 16th problem (see, for
example, [7]). For the current status of the theory of integrability see the monographs [4, 8-13]
and references therein. Note also that recently the theory of partial integrals has been success-
fully applied to the study of some physical models (see, for instance, [14-19]).

Let I(&) (M(®) and J(&)) denote the set of all first integrals (integral manifolds and
partial integrals) on the domain D of system (1.1). The phrase “the function g defines an
integral manifold of the Hamiltonian system (1.1) such that the identity (1.3) holds” is denoted
by (g, ®) € M(®). And the phrase “the function g is a partial integral with cofactor M on the
domain D of the Hamiltonian polynomial system (1.1)” is denoted by (g, M) € J(&).

The paper is organized as follows. In Section 2, we provide the Poisson method of building
first integrals by known integral manifolds for the Hamiltonian differential system (1.1). In
Section 3, we work with the notion of partial integral and state our main results about integral
characteristics of the polynomial Hamiltonian differential system (1.1), which are determined
by the Poisson bracket (1.2). Finally, in Section 4, we apply the results of Sections 2 and 3 to
general ordinary differential systems.

2. Integral manifolds

Theorem 2. Suppose (g, ®,) € M(®) and g, € C*(D), k = 1,2. Then the Poisson
bracket [gy,g,] € I(&) if and only if the following identity holds:

[21(q,p), ®3(q,p)] = [ga(q,p), ®1(q,p)] for all (q,p) € D. (2.1)

Proof. Since (g, ®,.) € M(&), k = 1,2, we have (by the definition of integral manifold)

[ge(a.p), H(q.p)] = ®1(q,p) forall (¢,p) € D, k=12,

where the functions ®, are such that @k(q,p)’ =0 for all (¢,p) € D, k=1,2.

g, (¢,p)=0
Using these identities and the properties of Poisson brackets (Jacobi identity and anticom-
mutativity), we obtain the derivative of the function (1.2) by virtue of system (1.1)

& [g1(a,p), 82(¢,0)] = [[21(a,0), 820, D)), H (g, p)] =
= [[g1(a:); 82(a:p)), H(g,p)] +[[H(q,p),gl(q,p)],gz(q,p)]+[[ 2(¢,0), H(q,p)], g1 (a,p)] —
— ([1H(a,p),21(0,p)], £2(0:p)] + [[g2(a. p), H(,p)} 210 p)] ) = [ ( p); [g2(a:p), H(g,p)]] =
— [22(4,0), [81(¢,0), H(q, P)]] = [21(¢:P), P2(q,p)] — [g2(a,p), ®1(g,p)] for all (¢,p) € D.

Therefore, the Poisson bracket (1.2) of the integral manifolds g; and g, of system (1.1) is
a first integral of the Hamiltonian system (1.1) if and only if the identity (2.1) is true. O

Note that, under the conditions of Theorem 2, we get the following statement. If the
function

®(q,p) = [21(¢,p), P2(q, )] — [22(q,0), ®1(q,p)] for all (¢,p) € D
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such that the following identity holds:

<1>(q,p)‘ =0 forall (¢,p) €D,

21 (¢,p),85(q,p)]=0

then the Poisson bracket (1.2) is an integral manifold of the Hamiltonian system (1.1).

As a consequence of Theorem 2, we obtain

Corollary 1. Let g; € (&), (gy,P,) € M(8), g, € C%(D), k =1,2. Then the Poisson
bracket (g, g,] € I(®) if and only if the functions g; and ®, are in involution, i.e.,

21(¢:p), ®o(q,p)] =0 for all (g,p) € D.

If g,, gy € I(®), then from Theorem 2 (or Corollary 1) we have the statement of the Poisson
theorem (Theorem 1).

3. Partial integrals

In this section, we assume that the Hamiltonian system (1.1) is polynomial.

Proposition 1. Suppose (g, M,) € J(&) and g, € C*(D), k = 1,2. Then the Poisson
bracket ([gy,g,), My + My) € J(®) if and only if the following identity holds

22(0,0)[81(0:p), My (q,p)] — 21(q,p)[82(q.p), My (q,p)| =0 for all (q,p) € D. (3.1)

Proof. Using a similar method as in the proof of Theorem 2, we obtain the following
identity:
& [g1(4:p), 82(a: )] = [81(a,P), 82(a:P) M3 (a,p)] —
— [g2(a:p), &1(a,p) My (g,p)] for all (¢,p) € D.

From the properties of Poisson brackets (Leibniz’s rule and anticommutativity), we have

&[g,(¢:p). 82(a:p)] = (M (q,p) + My(q,p)) [g1(q,p), 82(q, p)] +

+ 25(¢:0) [81(4, 1), My (q,p)] — &1(¢,P)[82(a:p), M (q,p)] for all (q,p) € D. (32)

Thus, the Poisson bracket (1.2) is a partial integral with cofactor M;+M, of the Hamiltonian
system (1.1) if and only if the identity (3.1) holds. O

Taking into account the proof of Proposition 1, we get the following statement.
Theorem 3. Let (g, M,) € J(8), g, € C*(D), k=1,2. Then the Poisson bracket (1.2)

is a first integral of the Hamiltonian system (1.1) if and only if this Poisson bracket on the
domain Dy C {(q,p): M,(q,p)+Ms(q,p)#0} has the form

l21(2,p), 82(q,p)] = 21(¢,p) [22(q,p), My(q,p)] — 82(q,p) [81(q, D), My(q,p)]
S M, (g, p) + My(q,p) '

Theorem 4. Suppose the Hamiltonian system (1.1) has partial integrals (g, M) € J(&),
g, € C2(D), k=1,2, such that the sum of cofactors

M, (q,p) + My(q,p) =0 for all (q,p) € D, (3.3)
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and the following identity holds:

22(0,p)[81(¢:p), My (q.p)] + 21(q,p)[82(a.p), My (q,p)| =0 for all (q,p) € D. (3.4)

Then the Poisson bracket (1.2) is a first integral of the Hamiltonian system (1.1).

Proof. From Proposition 1 it follows that if the identities (3.3) and (3.4) are true, then the
Poisson bracket (1.2) is a first integral of the Hamiltonian system (1.1). O

Proposition 2. Suppose g, € 1(8), (g, M,) € J(8), and g, € C*(D), k =1,2. Then the
Poisson bracket ([g, g5, My) €J(S) if and only if the functions g, and M, are in involution

[g1(¢:p), My(q,p)] =0 for all (q.p) € D. (3.5)

Proof. By the identity (3.2) under M; = 0, it follows that the derivative of the Poisson
bracket (1.2) by virtue of the Hamiltonian system (1.1)

&[g,(q,p), 22(q,p)] = My(q,p) [21(a, ), 82(q: )] + 82(q, ) [81(q: p), My (g, p)]. (3.6)

Therefore, the Poisson bracket (1.2) is a partial integral with cofactor M, of the Hamiltonian
system (1.1) if and only if the identity (3.5) holds. O

Theorem 5. Under the conditions of Proposition 2, we see that the Poisson bracket (1.2)
is a first integral of the Hamiltonian system (1.1) if and only if the following identity holds:

My(q,p) [21(q,p), 82(a,p)] + 82(q:p) [81(a.p), Ma(q,p)] =0 for all (q,p) € D. (3.7)

Proof. The proof follows from the identity (3.6). O

Theorem 6. If the functions g, € 1(®), (gy, M) € J(&), g, € C?(D), k=1,2, such that
the following identity holds:

[21(¢:p), My(q.p)] = aMy(q,p) forall (¢,p) €D, a€R, (3.8)

then a first integral of the Hamiltonian system (1.1) is the function

[21(a,p), 22(q,D)]
(¢, p)

g(¢,p) = g5(q,p) exp< - ) for all (q,p) € Dy, (3.9)

where Dy is a domain from the set {(q,p) € D: gy(q,p) # 0}.

Proof. Using the identity (3.6) under (3.8) and (g,, M,) € J(&), we obtain the derivative
of the function (3.9) by virtue of the Hamiltonian system (1.1) on the domain Dy

_ [gl(Qap)v gQ(Qap)]
&g(q,p) = agy (g.p eXp<— &g,y(q,p) —
(¢,p) 5 (¢:p) 2 (0.0) 2(¢,p)
25(¢,0) 6 [2,(¢,p), 8(q,p)] — [81(4,D), 82(q,p)] Bea(q,p) =
—8(a,p) - 5 =0.
25(¢,p)

For example, the system (1.1) with the Hamiltonian

H(q,p) = aip1 — dap2 — aqi +bas  for all (q,p) ER', a,bER, (3.10)

__ RUSSIAN JOURNAL OF NONLINEAR DYNAMICS, 2019, 15(1), 87-96 _E



92 A. F. Pranevich

has the first integral g;(¢,p) = P17 4 the domain D {(g¢,p): ¢ # 0} and the partial
4

integral g,(q,p) = p, — bg, with the cofactor M,(q,p) = 1 for all (¢,p) € R*. Using Theorem 6
under o = 0, we can build the additional first integral of the Hamiltonian system (3.10)

P — aqy Dy — bq
sap) = @ een] 1 e " P p-a
’ (¢, p) Py — bay 43 (py — bay)

for all (¢,p) € Dy,

where the domain Dy C {(g,p): g5(py — bgy) # 0}.

4. Application

In this section, we extend the results obtained in Sections 2 and 3 for the Hamiltonian
system (1.1) on an nth order ordinary differential system

dg;

p =X,(q), i1=1,...,n, (4.1)

where the functions X, are continuously differentiable on the domain @ C R".
Using the Liouville method [20, pp. 429-430], we can build the following augmented Hamil-
tonian system for the differential system (4.1)
dp;,

dqi . .
Ez@piH(q,p), i=1,...,n, E:—quH(q,p), i=1,...,n, (4.2)

n
with Hamiltonian H(q,p) = ) X,(q)p, for all (¢,p) € Q x R™.
i=1

The Hamiltonian system (4.2) is such that the first n equations are the system (4.1) and
the second n equations are the auxiliary system for defining redundant variables py,...,p,.
Moreover, the auxiliary differential system has the form

dp; " .
= _Zainj(Q)pj’ 1=1,...,n. (4.3)
j=1

The system (4.1) and the augmented Hamiltonian system (4.2) induce, respectively, the
first-order linear differential operators

n

X(q) = ZXi(q) 8% for all ¢ € Q

i=1
and
&(q.p) =) Xi@)d, =) > 0, X;(a)p;0, =
i=1 i=1 j=1
=X(0)-)_ > 9, X;(a)p;0, forall(q,p)€QxR"
i=1 j=1
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4.1. Analytical relations between systems (4.1) and (4.2)

Lemma 1 ([21, p. 111]). Suppose g € C?(Q) is a first integral on the domain Q of the
differential system (4.1). Then the functions

p;i(q) = aqig(q) forall ¢ge@, i=1,...,n, (4.4)

are a partial solution to the auziliary differential system (4.3).

Lemma 2. A continuously differentiable function

g(g,p) = glq) for all (¢,p) € Q xR" (4.5)

defines an n-cylindrical integral manifold of the augmented Hamiltonian differential system (4.2)
if and only if the scalar function

g(q) forall q€@ (4.6)
defines an integral manifold of the ordinary differential system (4.1).

Proof. Necessity. If the function (4.5) defines an n-cylindrical integral manifold of the
augmented Hamiltonian system (4.2), then (by the definition of integral manifold) we have the
identity

&g(q,p) = ®(q,p) forall (¢,p) € @ xR™,
Now, taking into account &g(q,p) = Xg(q), we obtain the identity
g(q) = ®(q,p) for all (¢,p) € Q@ x R", (4.7)
where the function ®(q,p) lst@=0 =0 for all (¢,p) € Q@ x R™.

Since the left-hand side of 1dentity (4.7) does not depend on the variable p, we see that the
function ® from identity (4.7) is n-cylindrical with respect to the variable p, i.e.,

®: (q,p) = ®(q) forall (¢,p) € Q xR".

This implies that the identity (4.7) has the form

Xg(q) = ®(q) forall ¢ € Q, (4.8)

where the function ®(q =0 for all ¢ € Q.

‘g(q
Thus, the function (4.6) defines an integral manifold of the differential system (4.1).
Sufficiency follows from (4.8) and Xg(q) = &g(q,p) for all (¢,p) € @ x R™. O

As a consequence of Lemma 2, we obtain the following

Lemma 3 ([21, p. 112; 18]). A continuously differentiable function (4.5) is an n-cy-
lindrical first integral of the augmented Hamiltonian differential system (4.2) if and only if the
function (4.6) is a first integral of the differential system (4.1).

In the case of the polynomial differential system (4.1), from Lemma 2, we get the following

Lemma 4. A continuously differentiable function (4.5) is an n-cylindrical partial integral of
the augmented Hamiltonian differential system (4.2) if and only if the function (4.6) is a partial
integral of the polynomial differential system (4.1).
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4.2. Integral manifolds and partial integrals

Using integrals and integral manifolds of the Hamiltonian system (4.2), we can build
(by Theorems 7-11 and Corollaries 2-5) integral characteristics for system (4.1).

Theorem 7. Suppose g € I(X), (g,,®,) € M(&). Then, if the function

) = ailar)) _, ., foral a€Q (4.9)

q
defines a manifold, then this manifold is an integral manifold of the differential system (4.1).

Proof. Since the function (4.4) is a partial solution (Lemma 1) of system (4.3), we see that
the differential of the function (4.9) by virtue of the system (4.1)

81(9)) () = ;Qh_gl(q’p)‘p8qg(q)Xi(Q)dt + ;apigl(q )o@ ( Z > dt =
(ZX )9, gl 4,p) 121 ]Zl 9, X;(q)p; 8p g1(q, p)) \p:aqg(q) dt = &g, (q,p)’pzaqg(q) dt.

Now from (g;, ®,) € M(®) it follows that

dg,( =d,( dt = O dt
’(41 q p ’ —~0,8(q) 1(Q) )

where the function &>1(q)’ng (=0~ (<I> (q,p ’g (ap)= )’p 5,2(a) =0.
1 - 1

Thus, the function (4.9) is an integral manifold of system (4.1), i.e., (g, 51) eM(x). O

Corollary 2. Letg € I(X), (g, M) € J(&). Then, if the function (4.9) defines a manifold,
then this manifold is an integral manifold of the polynomial system (4.1) and

&)1(61) = gl(Qap)Ml(Qap)‘p:a «(@) for all q € Q.

q

Moreover, if Ml (q) = M, (q,p)’ el for all ¢ € @ is a polynomial in the variable ¢, then
484
the function (4.9) is a partial integral of the polynomial system (4.1), i.e., (g, Ml) e J(%).

Corollary 3 ([21, p. 112]). Ifg € I(X) and g, € (&), then the function (4.9) is a first
integral of the differential system (4.1).

The analogue of Theorem 2 for the ordinary differential system (4.1) is the following
Theorem 8. Suppose g € I(X) and (g, ®,) € M(8), g, € C*(D), k = 1,2, such that the
identity (2.1) holds on the domain D = @Q x P, P C R™. Then the Poisson bracket

22(0) = [81(4:9); 82(4:9)]|,_g ) for all 4€Q (4.10)

is a first integral of the differential system (4.1).

Proof. Let (g,,®,) € M(&). By Theorem 2, the function (1.2) is a first integral of the
Hamiltonian system (4.2).

Using the first integrals g € I(X) and gy, € I(&), by Corollary 3, we can build the first
integral (4.10) of the ordinary differential system (4.1). O
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REMARK 1. Suppose g; and g, are infinitely continuously differentiable functions with respect to
the variable q. Then, under the conditions of Theorem 8, we find that the functions

gl?,k(q) = [gl(qap)v g2(qap):| for all qe Q7 k= 17 27 ) (§12,0 = g)a

|p:6q§127k,1(Q)
are also first integrals of the ordinary differential systems (4.1).

REMARK 2. If the functions g, € I(X), £ =1,...,m, are functionally independent first integrals
on the domain @ of system (4.1), then the functions (by Theorem 8)

Em,g(Q) = [gl(qvp)v gQ(qvp)] |p:aqg0€(q) forall e @, &=1,...,m,
are also first integrals of the ordinary differential systems (4.1).

If one of the integral manifolds is n-cylindrical with respect to the variable p, then from
Theorem 8, Lemma 2, and the definition of Poisson bracket we have

Corollary 4. Suppose g € 1(X), the integral manifolds (g;, ®,) € M(X), g, € C*(Q), and
(89, ®y) € M(®), gy € C%(D), such that the following identity holds:

Za £1(q) 0, ®o(q,p) = Za ®1(q) 9, &2(q,p) for all (¢,p) € D =QxP CR*".

Then a first integral of the dzﬁerentml system (4.1) is the function

g12(q Za g1(q 8¢g2(q’p)‘p:a «(@) Jor all q € Q.

q

From the Poisson theorem (Theorem 1), Lemma 3, and Corollary 3, we get the generalized
Poisson theorem [21, p. 112; 18] of building first integrals for the differential system (4.1).

Corollary 5 (the generalized Poisson theorem). If g, € I(X), g, € C?(Q), and
g, € I(8), g, € C2(D), then a first integral of system (4.1) is the Poisson bracket

812(0) = [21(0): £2(0.P)] |, 5 () for all 1€ Q.

Using the main statements (Theorems 4, 5, and 6) of Section 3 and Corollary 3, we obtain
the approach (Theorems 9, 10, and 11) to building an additional first integral of the polynomial
differential system (4.1) by the known first integral of the polynomial differential system (4.1)
and the known partial integrals of the Hamiltonian system (4.2).

Theorem 9. If g € I(X) and (g, M,) € J(®), g, € C*D), k = 1,2, such that the
identities (3.3) and (3.4) are true, then the Poisson bracket (4.10) is a first integral of the
polynomial differential system (4.1).

Theorem 10. Suppose g; € I(X) and (g, M,) € J(8), g, € C*(D), k= 1,2, such that
the identity (3.7) holds under g,(q,p) = g,(q) for all (q,p) € D. Then the Poisson bracket (4.10)
is a first integral of the polynomial differential system (4.1).

Theorem 11. Suppose g; € I(X) and (gy, M,) € J(&), g, € C*(D), k = 1,2, such that
the identity (3.8) holds under g,(q,p) = g,(q) for all (q,p) € D. Then the function

21(9), 82(q,p)]
2,(4,p)

g12(q) = g5(q,p) eXp< - > forall qe@Q
|p=0,8,(2)

is a first integral of the polynomial differential system (4.1).
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